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Abstract: The essence of this paper is to analyze the stability and implementation of a newly derived explicit fourth-stage
fourth-order Runge-Kutta method. Efforts will be made to carry out a comparative analysis with an existing classical fourth
stage fourth order explicit Runge Kutta method. The implementation on initial-value problems revealed that the method
compared favorably well with the existing classical fourth stage fourth order explicit Runge Kutta method. The stability
analysis revealed that the method is absolute stable, and capable in handling initial value problems in ordinary differential
equations. The Taylor series expansion was carried out on the general explicit fourth stage fourth order Runge Kutta scheme,
and then, parameters and coefficients were varied with the expansion to generate a set of linear / nonlinear equations which
were resolved to generate the method. This approach has shown that when parameters are properly varied, and all equations in
the set, whether lineaer / nonlinear, it will definitely give birth to a method that will improve results.
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1. Introduction

Runge-kutta methods are numerical (one-step) methods for
solving initial value problems of the form:

y’(x)=f(x,}’),}’(xo)=J’0- (1)

According to Butcher [2, 5-9], in Ordinary Differential
Equations, initial value problems are problems with
subsidiary conditions which are called initial conditions and
are applicable to solving real life problems like growth and
decay problems, temperature problems, falling body
problems, problems in chemical engineering, electrical
circuit problems, dilution problems e.t.c. For example, a
person opens an account with an initial amount that accrues
interest compounded continuously and assuming no
additional deposits or withdrawals, we can transform this
problem to an initial-value first-order ordinary differential
equation and solve for the amount that will be in the account
after a period of time at a particular interest rate. Here, the

initial amount will be the initial condition while the interest
rate will be the constant of proportionality. The above
problem is growth problem because it has to do with interest.

Explicit Runge-Kutta methods have proven to be one of
the best methods for solving initial value problems in
Ordinary Differential Equations. It has overtime been
discovered that the method is subject to improvement, hence
more research is still been carried out to get better efficiency
and accuracy of the method. Many researchers have worked
to improve on the accuracy of the method as can been seen in
the work of Agbeboh, Barletti, Brugnano, Gear, Gianluca and
Van Der Houwen [1, 3, 4, 10-13] e.t.c. This is what
motivated us to work on a fourth—stage fourth-order method
to find out how variation in parameters can yield further
efficiency.

2. Methods of Derivation

i. Obtaining the Taylor series expansion of k;;sabout the
pOint (xnv y‘n.)s 1 = 293a4a



International Journal of Systems Science and Applied Mathematics 2022; 7(3): 52-59 53

ii. Carry out substitution to ensure that all the k;,sare in x, y and their coefficients.
terms of k; only. v. Compare the coefficients of all partial derivatives
iii. Insert the k) in terms of k; only into by ks + byk, + involving only y with Taylor series expansion
bsks + byk, involving only partial derivatives with respect to y of

iv. Separate all partial derivatives involving only y with the form:

their coefficient from all partial derivatives involving
h h? n3 h*
Or(x,y,h) = f+ ;ffy + ?(ffyz + fzfyy)"’_Z(Al'fzfyfyy + ffy3 + fgfyyy)+ ;(7f3fyfyyy + 4’f3fyzy + 11f2fyzfyy +
F5+ vy

vi. Arising from (v), a set of linear/nonlinear equations will be generated. Represent these equations and their partial
derivatives on Butcher’s rooted trees.

vii. Compare the coefficient of all partial derivatives involving x, y only with Taylor series expansion involving partial
derivative of x, y only of the form:

00y 1) = f 4+ 2t D (for b 2f iy + fify) + o e + 3ffiny + 32y + 3fufuy + Sffyfuy + 3ffifiy +
fucky + FifD)

viii.As a result, also, a set of linear/non-linear equations will be generated. Represent those equations and their x, y partial
derivatives on Butcher’s rooted trees.
ix. Vary the parameters from the two different sets of equations generated above. Two new fourth-stage fourth-order
explicit Runge-Kutta formulae will be birthed with their various Butcher’s rooted trees.
From the steps above, we present here the derivation of our proposed formula whose basis is predicated on the scheme in
(1), hence, the fourth-stage fourth—order method is:

Yn+1 = Yn + h(biky + byky + bsks + byk,)
ki = f (xn, yn)
ky = f (xp+ Co, Y + hayiky)
ks = f (xp+ csh,y, + h(az ky + aszky))
ky = f Qep+ cah, vy + h(agky + anzk, + auzks)) 2)
Using Taylor’s series expansion for k;s, we have:
ky = f (xnym)

o a a
ko = £ (2h o=+ hagiky 3) £ (n ¥n)
o 1 a a
k; = Zr:o;(%h Py h(asiky + aszk;) E)rf(xn'J’n)

w 1 d a
ky = Y7o (csh o—+ h(asks + agk; + a43k3)5)rf(xn,yn) 3)
Hence, we have:
ky=f
ky =+ (cshfy + hazksfy) + = (cshfy + haziksf,)" + (cshfy + hagkif,)’ + (cshfy + hazkif,)" + 0(h%)
k3 =
1 2 1 3
f+ (C3hfx + h(az ik, + aszks;) fy) + z(%hfx + h(azik, + aszzks) fy) + ;(%hfx + h(az ik, + aszks;) fy) +
4
i(%hfx + h(azik, + aszk;) fy) + O(hs)
2
ko = f+ (cahfy + h(@uiky + ks + ausks) f) + 5 (Cahfy + h(auky + ks + aisks) )" + 5 (cohfy +
1 4
h(asiky + agky + assks) f,)° + Z(Cz;hfx + h(ag ks + agk, + agsks) f,) + 0(h°) C))

Expanding fully and substituting the various k;’ s, 1 = 2, 3, 4 into their various positions in terms of k; only and collecting
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like terms, in terms of y derivatives and (x, y) derivatives separately, we have:
ky=f
n? 3

ko = f+hapffy + Sadif 2y + S ad iy + o adif  fyy F hCf R+ W20 fry S fren +

B Ganffiy + o8  fryy + o xRS frny o B [ frnyy + G301 [y + O (Bks = f +
h(az; + az)ffy + h*azas,fff + Z_?(a§1 + 2az1a3, + a3,)f*fyy + hS—Ta21a32(a21 + 2(az; + a32))f2fyfyy +
h??(agl + 3a3,a3; + 3a3105; + a3)f>fyyy + h3—‘!}(a32a§1 + 3031a3,0,1 + 303,051 + 6a3103,021)f > f fyyy +

h* h* h*
;a§1a32(a31 + az)f3fA + _,a§2a§1f2fy2fyy + I(agﬁ‘ 4a3 a3, + 603,03, + 4az1a5,+ a3)f*fyyyy + hesfy +

2!
h? h3 h3 h3
;Cgfxx + h%c3(azy + asp)ffyy + h2crasfify + ;Cgfxxx + ;Cz?(aﬁ + a3)f frxy + 503(‘1%1 + 2az;a3; +
h3 h*
a%z)fzfxyy + h3cyaz,(as; + a32)ffxfyy + h3ayas,(c; + CS)ffyfxy + ZCZZaSnyfxx + h3C2C3a32fxfxy + ZCgfxxxx +
h* h* h* h*

5 s foafy + 5 C302a52 fifuxy + 5 A21052(c3 + D) ffyfrxy 5 021832202031 + 3€2051 + 6c3a30)f fy fryy +
h* h* h*
gcsaszczzfxxfxy + 5522‘132(‘131 + az)f fexfyy + ;‘121“32(202“31 + 2003, + 300 [ foyfyy + h¥czazy0a51 5 +
h* h* h*
S G203 fyy + R aaaaiCof ffyfyy + 5 C3C232(6a31 + 2a35)ffefiyy + 57 C2032(a31 + 2031055 + aZ)f P ffyyy +

h* h* h*

;Cg(a31 + a32)ffxxxy + ﬁcg(agl + 2aBla32 + a%z)fzfxxyy + ECS(agl + 3a§1aSZ + 3aSla%Z + agz)f3fxyyy +

0 (hs)
h2
ky=f+h(ay+ as+ a4-3)ffy + hz(a21a42 + az1043 + a32a43)ffy2 + ;(azzu + 2041047 + 2041043 + 2045043 +
h3
ai; + aiz)f*fyy + ;(a§1a42 + 05,043 + 203103, A4z + 52043 + 2051047 Ay + 2031041 Qg3 + 2037047 Qg3 +
h3
203104 Qg3 + 203704 Qg3 + 2031047 Qu3 + 205105, + 2031053 + 2a3,053) f2f, fry+h3az a3, agsffy) + ;(as’a +

3af1a4, + 305143 + 34105, + 6a41A42043 + 305043 + 3041055 + 342085 + ady + a3)f Py, + h3_T(a31a43 +
305132043 + 3a3103,043 + 30510514, + 331051043 + 3032051043 + 605104105, + 6a31A41042043 +
6032041042043 + 6051041042043 + 303105143 + 42031 + 3a3,05,a,3 + 6a21a22a42 + 6a31a41a53 + 603,04,05; +
603147053 + 603042053 + 3051042053 + 30,1033 + 3031033 + 30a3,a33) + %(a%1a32a43 + 2a31031a3,043 +
207105043 + 205103204143 + 2“21“32“42“434"‘ 2071031042043 + 2051035042043 + A5105 + Gp103043 + 3103 +
2a31a5afs + a5a)f 2 fyy + %(aﬁlaua“ + 031041 A4z + 203103504143 + Q5504143 + Q5104143 +

a%la

2 2 a%ﬂﬁz ‘151‘1
A31032042043 + A32Q42Q43 + —— +

2 2 4
13 2 a3np3¢2 L R 4 3 3 2 2
o T 31032043 + — ) fyy + o (ag; + 43104, + 4a3,a43 + 6a3,a5,; +
2 2 2 3 3 2 2 2 2 3 3. 4
12a31a42043 + 6a3,055 + 4a4,0335 + 4a42a4342- 12a4105,043 + 2041042043 +6a41a43+;}a42a43+ 4a4, Q3,1 Azt
h h
4N fa 2 2 2 2 2
ass) f fyyyy +heyfy +h*(chaq, + C3a4-3)fxfy +§ Cafox T hcs(asr + agy + a43)ffxy + o (c5a4, +c3 a43)fxxfy +
h?(C40p1 Q47 +C3031 043+ C3032043) f iy fy + W3 Coa3,a03 o fiF + h3(CaCa@unt €3€4043) fifiy ThPCra3,a03fifif + W3 (cacsa4,+
3 3 2
C3C4043) fafuy T h°(C2021047 + C4Q31043 T C4032043)f fy froy+ B7(C2041 A4+ C3A41A43F C3042A437T C2047043F Coa%, +
3 3 3
2 h” 3 h 2 2 2 h 2 2 2 \fF2
c3a33)ffifyy T ;C4fxxx o (ciagt ciauy™ ciass)f foxy™ 504(5141 + 2041047 + 2041043 + a4 + 2045043 + a43)f “fiyy
r* 3 3 4 2 2 2 2 2 2 h*
Ry (c3a42tC3a43) froxxfy + 7 (3¢5az1a42+C5031As373C5A3,A43 + 3C5 021 Ay T3C5 031043 +3C5032043) f frxyfy T o
2 2 2 2
(€20310427F 2€303103,043 + C3051A431C303,043 T 2402104104771 240310410431 2C4037041043F 20405105,
4
2 2 \F2 h 2 2 4
2C4031 042 Qa3 T2C4037 Q4303 T 204001 Aaz szt 204031 A3+ 2C4032053) [ fy fryy T (€232043) frxfy' + R (€2021 3243
h4
2 2
C30210320437F C4a21a32a43)ffxyfy +§ (2¢2031A32a43 + 2€,A3,043 + 2C503041 Qa3+ 2C5037A45043 120203142043

+2¢503,047043 + 203‘121‘142343“‘ 2050515, + CA32053 + C3031A53+ C33,053 103031531 €303,053)f ffy fyy +

h*(CaC3a3,043 + €3€4032043) fify fry "'% (c3catyy + €5¢4043) frx oyt h*(C2C4001 047 + €3C403143 + €3C4a37043) 5 +
4

% (€4031Q4p+ €4031 A3t 2C4031 032043+ C4052 043 + 2C051 Qg Aap F2C30310sq Ayt 203035041 Qa3+ 203031 Q42043+

203037045043 C2071 Q55+ C3031053 1C3032053) [ fuyfyy + %(2525351425143"‘ caZ,+ c3ais) i fyy + Z_T (cxciaq; +

4
2 4 2 2 h 2
C3€5A43) frfrxy T h*(C2€4041047 + €3€4041043 + C2C4A%, + C3C4A42043) TC2C4A42 Qa3+ €3€4053)f [ fryyt o (cpci1a47 +

2 2 2 2 2 2 2
C3Ca1 Qa3+ 2Co041057 + 20304104043 T2C2 041 Aap Qa3+ C3C52A43 T 205Ch7 Q3 + 20304143 + 203047053 + 04053+
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4 4 4
3 3 \f2 ™ 4 R® 3 3 3 h™ 2.2 2
C2CaTC3a33)f “ fifyyy +Zc4fxxxx+ o (czag + czagy + c3a43)f frxxy + i1 Ci (af1 + 2041047 + 2041043+ A4yt 2047043+
az:)f2f, +h—40 (a3, + 3a2,a4, + 3a2,a,3 +3a4102,+ 60,104,043+ 302,043+ 304,055 + a3, + ads) 3 feypyt
43 xXxXyy ' 3 4\%41 41442 41443 41442 41442443 42443 42443 42 43 xyyy

h4-
221 (2€5 Q41 Q4 + 26504143 + 205 Q4043+ 505, + €5053)f frxfyy. + 0(R7). Q)

Putting the k;,s (y derivatives only) into y,.q = Y, + h(b ky + bk, + bsks + byk, whered(x,y, h) = bk, + bk, +
bsks; + byk,, we have:

Vart = Yo+ huf +bo(f +hagiffy + 5 a3 f2f, + o adif oy + ki [ fy0y) + bs (F + B (ag + ag)ffy +
h2a21a32ffy2 + f;_zl(agl + 2az.a;3, + a%z)fzfyy + };_S!a21a32(a21 + 2(az; + a32))f2fyfyy + Z_T(agl + 3a§1a32 +
3a31a5; + a3;)f3fyyy + Z_T(aazag1 + 303103201 + 303,051 + 6a3103,051)f > fy fyyy + };_‘:a%1a32(a31 + az)f*f5 +
B 03,31 f2f2fyy + o (ad+ dadias, + 603103, + 45,03t ) f i) + ba(f +h (aur + ag + ag)ffy +

h* (1045 + G31043 + a3043)ff;F + Z—?(aﬁl + 2041047 + 2041043 + 2045043 + a5, + ad3)f2fyy + Z_T(a§1a42 +
31043 + 2031035 Qy3 + 35043 + 2031041 Qap + 2031041 Qu3 + 203041 Ay3 +3 2031047 Qg3 + 203,047 Ay3 +

205104 Qg3 + 203,05, + 2031053 + 2a3,033) f2f, fyyth3azas; agsffy + %(ail + 3a%,a4; + 3afia43 +

30415, + 6A4147043 + 325,043 + 3a41053 + 3a4,055 + ad; + a33)f Sy, + Z_T(agla43 + 3a3,a3,a43 +

2 2 2 2 2
3a31035,043 + 305105147 + 303105143 + 3A3051043 + 6051041057 + 603104143043 + 6A33041045043 +
2 3 2 2 2 2 2
60,1041042043 + 3031051 Q43 + 42051 + 303,035,043 + 6a21a42a434+ 6031041033 + 603,041a53 + 6a31a4,055 +
h
2 2 3 3 3 2 2
6a3,04,a53 + 3051042053 + 3031033 + 3az1a33 + 3as,a33) + ;(a21a32a43 + 2051031032043 + 20,105,043 +
2 2 2 2 2 2
2051037041043 + 20213043043 + 2051031042043 + 205103047043 + A543 + Q31035043 + a51043 + 203103043 +
4
2 2\ fF2F2 h® . 2 2 2 2
as,ai3)f f fyy + ;(a21a41a42 +a31a4104; + 2031037041043 + A3,0410Q43 + A31041043 + 2031032042043 +
2 a.1a3, | 451455 2 af1ads\ p3 02 Rt 4 3 3 2 .2 2
A32Q42043 + =+ == T A31a32a43 + — )1y T (a4 + 421047 + 4031043 + 603,05 + 1205142043 +
2 2 3 3 2 2 2 2 3 3. 4 4 4~ 4
603,053 + 4041Q53 + 404,53+ 1204105543 + 2041 Q45043 7605, Q3+ 44,043+ 4041 Q301 A4t ay3) [ fyyyy)) (6)

The Taylor series expansion for y derivatives only is:

Or(y,h) = f+ Sff+ S 2+ )+ @2 Sy + I+ P o)+ o Af 2 fy fyyy + 4F 22, + 11122, +
FEE+ £ ) )

Equating the coefficients, we have the following equations:

b+ b+ bs+ b, =1 ®)

byay, + bs(az, + azy) + by(ay + apt+az) =% ©)]

bzay, + bi(aza41 + ayg3(as, + aszy) =1/6 (10)

b,a3, + b3(a%, + 2a31a55 + a%;) + by(a2; + 2a41a4, + 2041043 + 204,043 + a2, + ad3) =§ (11)

bzagl + b; (agl + 3a§1a32 + 3“31“%2 + agz) + b4(a21 + 3az2L1a42 + 3a12LZa43 + 3a41az2;2 + 604,104,043 + 3“22‘143 +
3041033 + 304,05, + a3, + aly) = Va. (12)

b3a21a32(a21 + 2(az;, + ‘132)) + by(af1a4,+ ag3(azy + a32)% + 2051045(a41 + Aup + a43) + 2a3143(as; + ag; +
Ay3) +203,43(A41 + Ayp + ay3)) =173 (13)

bya5103,a43 = 1/24 (14)

Solving, we have, let A= a,,, B=a3; + as,,
P: a41 + a4_2 + a43
From the above, we have:

Ab,+Bby+ Pb, = (15)
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Aas,bs + Aay,b, + Baysb, =1/6 (16)

A%b, + B?bs + P?b,=1/3 17)

A3b, + B3by + P3b, =V (18)

A%a3, + 2BAas,bs + A%au,bs + B asshs + 2APas,by + 2Pas a4sb, + 2Pag,a,3b, = 173 (19)
Aas,ay3b, =1/24 (20)

Now from (9), setting b; =b, = 1/6, b, =b3; =2/6

(16) becomes: 2A+2B+P=3 2n
(18) becomes: 2A* + 2B* + P =2 (22)
(19) becomes: 2A° + 2B* + P*=3/2 (23)

From (22), (23), (24), we have:
A=%,B=%P=1 24

Hence, (17) becomes:

203 + Qg + a43 =2 25)
(21) becomes: az,a43 = %2 (26)
(20) becomes: 6as, + 5a4, + a4z + 8ay3a43 + 8a4,a43 = 8 27

From (27), let ay3 =, then az, = 1, From (26), a,, = ——, But A=,

1 1
B =4, P =1, therefore, ay; = 21031+ A3 =7

1
= A3 = T 04 t+aptas=1a0a,=1 (28)

In conclusion, b; = 1/6, b, =2/6, b3 =2/6, by, = 1/6

1 1 1 1
=, 031 = —7, 03, = 1,a41 = 1,(142 = —E,a43 = —

421 =3 2 2

The fourth-stage fourth-order explicit method (f(y) functional derivatives) becomes:
Yn+1 =Yn t %(kl + 2ky + 2ks + ky)
ki = f(n)
ky = f(+2ki)
ks = fOm+5 (=ky + 2ky))
ko = O+ 5 (2ky — by + ks))

The Butchers Tableau for the above fourth-stage fourth-Order method is:



International Journal of Systems Science and Applied Mathematics 2022; 7(3): 52-59

0

0 Y

0 - Y% 1

0 1 e e

1/6 1/3 1/3 1/6

3. Stability Function of Our Fourth Stage Fourth Order Method

Theorem 3.0: The explicit fourth-stage fourth-order method (f (v) only) is absolutely stable.
Proof: Applying the test equation y’ = Ay on the above method, we have:

A
ky= Ay ke = f(yn+5ks) = A0+
k= y(1+%)
h=d%ﬁ+h+%ﬁ=<nJﬂ+(w@+%D

ky= 2 (0 — 2+ hay +* y)

k4=f(yn+§(2k1 k2+k3))+1(yn+h/1y_f1y_h(1+f;l) Ayh(1+_ hT/lz))

292 292 323
k4=,1(yn+h,1y_/132/_h_h/1y+w_h+hAy+h/1y)

4 2 4 4
h3l3y>’ k, = /1}/( h /133/)

then Yoy = o = 2[2y + 229 (1+2) + 22y (142 +55) 4 2y (14 29+ 55))

ke =2

Ayh

Yn+1 = Yn [1+2(1+ )+2(1+ +h’12)+1(1+/1y+¥)]

Voog — Yy = 22 [6 + 34+ h22% + ]

Dividing by y and setting u = Ah, we have:

_ 3,3
eaodn = L6 4 300 + h22% + "]
Yn 6 4

2 3 4
M_1=[#+#_+l‘-_+l‘-_
Yn 2 6 24

Yoo oq g
Vn 20 3 4l

Hence, we have the stability polynomial, which is the same as the Classical fourth-order method.
Resolving the above polynomial using MAPLE, we have the complex roots as follows:
-1.72944423106770545660-0.888974376121865827171,
-1.72944423106770545660+0.888974376121865827171,
-0.27055576893229454343-2.504775904362434489701,
-0.27055576893229454343+2.504775904362434489701.
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Plotting the complex roots on a graph (the real parts on the x-axis and the imaginary parts on the y-axis) using MATLAB
CODE, we have the absolute stability region seen in the diagram below:

Figure 1. Region of Absolute Stability For fourth-Stage fourth-order (y derivatives).

4. Implementation on Initial Value Problems
The results are presented in the table below:
Table 1. Table of Results.

@y =y —y%y(0) = 0.5,0 < x < 1. Theoretical Solution is y(x,) = ——

1+e~*n

XN TSOL YN (4"-stage) Error (4™) YN (Classical)
.1D+00 0.5249791D+00 0.5249791D+00 -.194D-08 0.52497D+00
.2D+00 0.5498340D-+00 0.5498340D+00 -.380D-08 0.54983D+00
3D+00 0.5744425D+00 0.5744425D+00 -.542D-08 0.57444D+00
.AD+00 0.5986876D+00 0.5986876D+00 -.665D-08 0.59868D+00
.5D+00 0.6224593D+00 0.6224593D+00 -.737D-08 0.62245D+00
.6D+00 0.6456563D+00 0.6456563D+00 -.749D-08 0.64565D+00
.7D+00 0.6681877D+00 0.6681877D+00 -.695D-08 0.66818D+00
.8D+00 0.6899744D+00 0.6899744D+00 -.573D-08 0.68997D+00
.9D+00 0.7109495D+00 0.7109495D+00 -.386D-08 0.71094D+00
.1D+01 0.7310585D+00 0.7310585D+00 -.137D-08 0.73105D+00
(i)y' = —y,y(0) = 1,0 < x < 1. Theoretical Solution is y(x,) = e%n, h=0.1

XN TSOL YN (4"-stage) Error (4"-stage) YN (Classical) Error (classical)
.1D+00 0.90483D+00 0.90483D+00 -.8196D-07 0.90483D+00 -.8196404044369D-07
.2D+00 0.81873D+00 0.81873D+00 -.1483D-06 0.81873D+00 -.1483282683346D-06
.3D+00 0.74081D+00 0.74081D+00 -2013D-06 0.74081D+00 -.2013194597694D-06
AD+00 0.67032D+00 0.67032D+00 -.2428D-06 0.67032D+00 -.2428818514089D-06
.5D+00 0.60653D+00 0.60653D+00 -.2747D-06 0.60653D+00 -.2747107467060D-06
.6D+00 0.54881D+00 0.54881D+00 -.2982D-06 0.54881D+00 -.2982822888686D-06
.7D+00 0.49658D+00 0.49658D+00 -.3148D-06 0.49658D+00 -.3148798197183D-06
.8D+00 0.44932D+00 0.44932D+00 -.3256D-06 0.44932D+00 -.3256172068089D-06
.9D+00 0.40656D+00 0.40656D+00 -.3314D-06 0.40656D+00 -.3314594766990D-06
.1D+01 0.36787D+00 0.36787D+00 -.3332D-06 0.36787D+00 -.3332410563051D-06
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(iii)) y' = y,y(0) = 1,0 < x < 1. Theoretical Solution is y(x,) = e*n,h = 0.1

XN TSOL YN(4"-stage) Error (4™-stage) YN (Classical) Error (class.)
.1D+00 0.1105D+01 0.1105D+01 0.847D-07 0.1105D+01 0.847D-07
.2D+00 0.1221D+01 0.1221D+01 0.187D-06 0.1221D+01 0.187D-06
.3D+00 0.1349D+01 0.1349D+01 0.310D-06 0.1349D+01 0.310D-06
.4D+00 0.1491D+01 0.1491D+01 0.457D-06 0.1491D+01 0.457D-06
.5D+00 0.1648D+01 0.1648D+01 0.632D-06 0.1648D+01 0.632D-06
.6D+00 0.1822D+01 0.1822D+01 0.838D-06 0.1822D+01 0.838D-06
.7D+00 0.2013D+01 0.2013D+01 0.108D-05 0.2013D+01 0.108D-05
.8D+00 0.2225D+01 0.2225D+01 0.136D-05 0.2225D+01 0.136D-05
.9D+00 0.2459D+01 0.2459D+01 0.169D-05 0.2459D+01 0.169D-05
.1D+01 0.2718D+01 0.2718D+01 0.208D-05 0.2718D+01 0.208D-05

5. Conclusion

It is clearly seen from the tables of results that the new
fourth stage fourth order explicit Runge Kutta method
compares favorably well with the classical fourth stage fourth
order explicit method. The error columns in our tables of
results justify our claim. Also, from our stability analysis it
shows that the method is absolutely stable.
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