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Abstract: Typhoid fever is a life-threatening infection caused by the bacterium Salmonella Typhi, and it is still an important
issue in developing countries. There are two infection routes of Typhoid fever, namely, the human-to-human transmission
and the environment-to-human transmission. It is evident that people living near rivers may have a higher rate of typhoid
infection, and temperature changes also have significant impacts on Typhoid transmission dynamics. In the model, the population
of human will be divided into susceptible individuals, infected individuals, carrier individuals, individuals under treatment,
and recovered individuals. Then a periodic dispersion-reaction system is used to describe the transport and the interactions
between human and bacteria in the environment. The solution maps of the proposed periodic dispersion-reaction system lack the
compactness since the population under treatment has no diffusion term, which makes analysis more difficult. After the feasible
domain is chosen carefully, the eventually boundedness of the solutions can be established, and the loss of compactness is
overcome if the initial data is chosen from the feasible domain. In order to introduce the reproduction number R, the linearized
system around the disease-free state is constructed, and the basic reproduction number is defined as the spectral radius of the
next generation operator. Then the comparison principle and persistence theory can be utilized to establish that the index R
completely determines the threshold behavior of the typhoid spread. Brief mathematical and biological interpretations are also
presented.

Keywords: Typhoid Fever, Spatial Variations, Seasonality, Basic Reproduction Number, Global Dynamics,
Reaction-diffusion Model, Noncompact Solution Maps

1. Introduction a mathematical system of ordinary differential equations was
proposed to model the spread of typhoid under the situation
that the resource of the treatment is restricted. A higher
incidence of typhoid fever usually occurs during the rainy
season [10, 11], due to the fact that the excreta with pathogenic
bacteria pollutes drinking water. On the other hand, it will
be more realistic to incorporate spatial variations into the
governing model since it is observed that people living near

According to the report of World Health Organization,
typhoid fever is a life-threatening infection caused by the
bacterium Salmonella Typhi (S. Typhi) and it is still an
important issue in developing countries. The infection routes
of typhoid fever include human-to-human transmission and
environment-to-human transmission, and it is usually spread
through the ingestion of contaminated food or water. In [17],
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rivers may have a higher infection rate of typhoid [3]. Another
observation is that the effects of temperature also play central
roles in the transmission of typhoid fever [3], which motivates
researchers to include the seasonality in the model.

There are two approaches of modeling the seasonality and
spatial homogeneity. One simple approach is the two-patch
system in a temporal environment, namely, the environment
is divided into two zones, and the gradient of human and
bacteria between different zones is modeled by the migration
[12]. In this paper, we shall adopt the second approach using
a reaction-diffusion model to describe the movements and
transmission between human and bacteria in a periodic and
bounded environment. The above discussions motivate us

to propose the following periodic reaction-diffusion system
describing the interactions of populations and bacteria in
the environment. Assume that 2 C R? is the habitat of
populations, and 8% denotes the differentiation along the
outward normal v to the boundary of €, 0f). For the
population of human, S(x, t) represents the susceptible class at
the location x and time ¢; I(x, t) stands for the infected class;
C(x,t) is the carrier class; Q(z,t) represents the individuals
under treatment; R(z, t) represents the recovered individuals.
Besides, B(x,t) stands for the density of bacteria at the
location z and time ¢. Then the system takes the following
form:

S+ITCTQ+R

S+I+C+Q+R BYKp

Here the parameter A(x) represents the recruitment of
susceptible population on the location z, and p stands for the
natural mortality of human population. In the following, the
abbreviation resp. always means respective. The parameter
Bc(z,t) (resp. Bp(x,t)) is the transmission rate (resp. the
per capita contact rate) between susceptible individuals and
infected/carrier individuals (resp. the environmental bacteria).
The parameter 7 is the measure of the relative infectiousness
satisfying 0 < 1 < 1 (resp. n > 1) when the infectiousness
of carriers is weaker (resp. stronger) than infected individuals;
Kp is the saturation constant. Then susceptible population
S(z,t) can be either infected by the infected people I(x,t) at

Beo(,t)(I(x,t)+nC(x,t))S(x,t) ;
the rate S(x,t§+l(w,t)+0(x2)+Q(9c,t)+R(ac,t) or infected through

the bacteria B(xz,t) at the rate BB(I’EEZ)E%ZS(%”. People
in infected class can become the carrier individuals (resp.
treatment class) at the rate o (resp. 0); €; (resp. €¢) represents
the recovery rate for I(z,t) (resp. C(x,t)); d; (resp. d¢)
represents disease-related death rate for I(z, t) (resp. C(x, t));
ay(x,t) (resp. ac(zx,t)) stands for the bacteria shedding rate
by I(z,t) (resp. C(x,t)). The disease-related death rate for
people under treatment is g, and ~y represents the recovery
rate. People in the recovered class can become susceptible at
the rate p. The generation of bacteria is g B(x, t) with g being
a positive constant; the bacteria can become non-infectious at
the rate pp(x). The Laplace operator is denoted by A; Dg,

A™ = min A(z), fE* :=  max

e

(z,t)€Qx[0,w]

%?‘ _ DSAS+A($) _ B (z,t)(I+nC)S _ Be(x,t)BS —MS+pR, x € Q7 t> 0’

B+Kp

9L — DAL Be@DUIEn)S | Bo@)BS (1) 4 646+ er) — 01, € Q, t >0,
90 = DcAC + oI — (n+dc +ec)C, z €Q, >0,

% =0 — (u+v+00)Q, €, t>0,

9 — DRAR+YQ + €11 +ecC — (u+p)R, x € Q, t > 0,

%—Jf = DpAB+gB+ aj(x,t)] + ac(x,t)C — up(x)B, x € Q, t > 0,

Qulrt) — 0, 2 €99, t >0, u=S,1,C,R,B,

uw(z,0) =u’(z), 2€Q, t>0, u=251C,Q,R,B.

(D

Dj, D¢c, Dg, and Dpg are the diffusion coefficients related
to human and bacteria, respectively. It is worth pointing out
that the class Q(x,t) is supposed to be on treatment, and no
diffusion term AQ is included in system (1). This will cause
some troubles in mathematical analysis.

The parameters S (-, t), B (-, t), ar(-,t), and ac (-, t) are
assumed to be w-periodic functions, and

pup(z)—g>0,VreQ, )
which can coincide with the parameters provided in Table
2 of [17]. The organization of the rest of this paper is as
follows. The well-posedness of our system (1) is provided in
the next section; the basic reproduction number is defined in
section 3. Section 4 is devoted to the establishment that the
persistence/extinction of typhoid fever can be determined by
the basic reproduction number. A brief conclusion is presented
in Section 5.

2. Well-posedness

This section is devoted to the study the well-posedness for
system (1). Let X := C(Q,R%) be the Banach space with
the supremum norm || - ||x. Define X* := C(€,RY%), then
(X, X*) is a strongly ordered space. Let

max

z,t), max .__
ﬁC( ) B (z,t)€Qx[0,w]

ﬂB(x,t).
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Assume that ( is a positive number satisfying

Amin
(L+)BE™ + B~ + 4

Let er = {¢ = (¢1, P2, P3, Pa, G5, P6) € XT : ¢ < ¢1(x), forall z € Q}.
From Corollary 4 in [18] and Lemma 2.2 in [8] (see also [14]), the following result can be proved.
Lemma 2.1. Assume that ( is given in (3). For every initial value function

0<(<

3)

UO() = (Sov IO) Coa Qoa RO? BO)() € XZ_7
system (1) admits a unique solution
u(a,t,u’) = (S(z,1), I(z,1), Oz, 1), Q(z, 1), R(x,t), B(x,1)) € X{

on (0, 7y0) with u(-,0,u%) = u° where 7,0 < o0

Proof Suppose that Ty (t), To(t), T3(t), Ts(t), Te(t) : C(,R) — C(£2,R) are the Cy semigroups associated with DgA — j,
DiIA—(p+0+4+0r+er+60), DA —(p+0c +€ec), DRA — (u+ p) and DA — pp(-) subject to the Neumann boundary
condition, respectively. It then follows that for any ¢ € C(Q,R), t > 0,

(T1 () (x) = e / Ty (t, 2, y)p(y)dy.

(TEUJW)(x)::6““*”*ﬂ1+6f*0”./;Ib(t,w,y)w(y)dy,

(T3(t)p) () = ¢~ (Hocteot /Q Ta(t, 2, 4)e(y)dy.

(T5(t)p) (x) = e~ (w0t / Ts(t, 2, 9)e(y)dy,

and

(Ts(t)p) () = /Q Lot 1) () dy,

where I'y, T'y, I's, I'5 and T'g are the Green functions associated with DgA, D;A, DA, DrA and DpA — up(-) subject to
the Neumann boundary conditions, respectively. Let

Ty(t)p = e~ W)ty v e C(Q,R),

and

T(t) = (T1(t), To(t), T5(t), Tu(t), T5 (1), Ts(t)).-
Define F(t) = (Fl(t),Fg(t),F37F4,F5,F6(t)) : XZL —X,t>0, by

N — _ Bo(zt)($24nds)dr _ Belz.t)deds
¢ (ZS)( ) - A(x) P1+P2+¢3+pPatoe $6+Kp + pPs,
to) () = Be(z.t)(p2+nds)o1 | Bp(z.t)Pedr
’ d1+P2+d3+datds b6t+Kp

¢) ) = O—d)Qa

Then system (1) can be rewritten as the following integral equation

t

u(t) =T(t)p + /0 T(t—s)F(s,u(-,s))ds.
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Observing that

Be(z,t) (g2 +nd3)p1 ®2 ¢3
bt datdatontos - B et P e i ge !
< BB + AR,
and B (x, 1) o0 p
B(z,t)pep1 6 max
KRR TE Pl
Hence,

B _ Bel,t) (2 +n¢s3)d1 Bz, t)dedr
O R g = o ) Gt bat o5 e+ Kp TP
> ¢1 + h[AInin _ ( g}ax + ﬂglaxn + 5g1ax)¢1]

— [1 _ h(ﬁglax 4 ﬁgaxn _|_ ﬁgax)](bl + hAmin’ Vh > 0
Thus, the following relation holds
lim dist(¢ + hF(t,¢),X*) =0,V ¢ € X[
h—0t
By Corollary 4 in [18] or Theorem 7.3.1 in [20], it follows that for every initial value function u0(~) € XZ‘, system (1) admits

a unique solution u(x,t,u%) € X* on (0, 7,,0) with u(-,0,u’) = u°, where 7,0 < cc.
On the other hand, it is easy to see that

Bo(z,t)(I +nC)S I ¢ max g | gmax
= t t <
StI+CrQr R ewSe ey R T IS g e gy R ST T AETNS
and
ﬁB(l‘,t)BS s
B Ky PR, ST

Then the susceptible population S(z, t) satisfies

S . . . .
5 Z DSAS+AH11H _ (5?&}( +ﬁgaxn+ﬂg}dx +/,L)S.

By standard comparison arguments, it is not hard to show that if S(-,0) > ¢ then S(-,¢) > ( for ¢t > 0. The proof is complete.
Consider the following two scalar reaction-diffusion systems

%:DSAS—I—A(%)—/LS, reQ, t>0,
95 (x,t)

@) 0,z e a0, t >0, )
S(z,0) = S%x), € Q, t >0,
and
98 — DpAB + gB — up(z)B, 1 € Q, t > 0,
9B — 0, 2 € 90, t > 0, (5)
B(z,0) = B%z), x € Q, t > 0.
The global dynamics of systems (4) and (5) are described in (i) System (4) admits a unique positive steady state S*(x),

the following lemma.
Lemma 2.2. ([14, Lemma 1])
The following statements are valid. (i1) System (5) admits a unique non-negative steady state
0, which is globally asymptotically stable in C(Q,R})

which is globally asymptotically stable in C(2, R, );
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provided that the assumption (2) is imposed. We are ready to establish that system (1) has a compact

global attractor in X[,
Lemma 2.3. For every initial value function
u’(-) = (8°,1°,¢° Q% R%, B°)(-) € X[,
system (1) has a unique solution
u(z, t,u’) :== (S(z,t), I(x,t),C(z,t), Q(x,t), R(z,t), B(z,t))

on [0, 00) with u(-,0,u°) = u®. Further, the solution is eventually bounded and the solution maps ®(t) : Xz' — XZ‘ associated

with system (1) are given by ®(t)u’(-) = u(-,t,u®), t > 0, which has a global compact attractor in XZ‘, Vit >0.
Proof Let A™® := max,q A(z) and

Ut) = /Q 1S, ) + I(z,8) + Cla, 1) + Qa 1) + R(x, 1)) da.

Then it follows from (1) that

uty) _ / Adz — U (t) _51/ de—ac/ Cdx—5Q/ Qdx < / Adz — pU (t).
dt Q Q Q Q Q

Thus,
PO w00 < [ Awpts < fojams,
which yields
Q Amax
U(t) <U(0)e ™ + ||u(1 — e M), (6)

Then it follows from (6), Theorem 1 in [9] (see also [13]), and the positiveness of solutions that there exists a positive constant
M, depending on initial data such that the solution (S, I, C, R) of (1) satisfies

IS¢ t) o) + LG5 D)l o) + 1CC Dl o) + |1 R( )| oo (@) < My, VE > 0. (7
Furthermore, it follows from (6) that

Q AIl’laX
limsup U(t) < L,

t—o00 1%
o Ame

where m is independent of initial data. By applying Theorem 1 in [9] to (1) again, it follows that there exists a positive
constant M independent of initial data such that

IS¢ Ol (o) + 1 )l () + 1CC o) + I1RC Bl L) < Mz, Vt 2 4, ®)
for some large time ¢ > 0. Let

o™= max  ar(z,t), o™=  max ac(x,t), pp" = minpp(x).
(z,t)eQx[0,w] (z,t)eQx[0,w] €

Then it follows from (1) and (7) that

0
8—?§0M1—(u+’y+5Q)Q,xEQ,t>O, ©

and

(10)

9Bt _, 7 €00, t> 0.

{%’? < DEAB + (a4 )M, — (15" — g)B, z € Q, ¢ > 0,
ov
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Note that M is independent of initial data. By comparison arguments, together with (9) and (10), it follows that there exists a
positive constant M; depending on initial data such that the solution (Q, B) of (1) satisfies

1QC, Loy + 1B )| Le ) < My, ¥t > 0.

On the other hand, it follows from (1) and (8) that

0 ~
8—?§9M2—(,u+’y+5Q)Q,x€Q,t2t, (11
and
92 < DpAB+ (o™ + aB™) My — (ug™ — g)B, x € Q, t > 1, (12)
9Bl — 0, €90, t > 0.

By comparison arguments, together with(11) and (12), it follows that

M max max M
lim sup max Q(z,t) < — 72 and lim sup max B(z,t) < (af + ™) ey
t—oo xEQN n+y+ 5Q t—oo x€EQ Mrgm —g

From the above discussions, it follows that ®(¢) is point dissipative on er, and forward orbits of bounded subsets of Xé
for ®(¢) are bounded. Since the equation of @ in (1) has no diffusion term, system (1) lacks the property of compactness. To
overcome this problem, it is clear that the reaction term of @ in (1) takes the form

FIL,Q) =0 = (u+7+60)Q,

which satisfies

9f(1,Q)
oQ

=—(u+v+6g)<0,VI>0,Q>0.

Recall that the Kuratowski measure of noncompactness (see, e.g., [2]) is defined by

k(B) := inf{r : B has a finite cover of diameter < r}

for any bounded set B C er By similar arguments to those in
Lemma 4.1 in [7], it is not hard to show that the solution maps
®(t) are x-contracting in the sense that lim;_, o, (P (t)(B)) =
0 for any bounded set B C er

By the continuous-time version of Theorem 2.6 in [19] (see
also [5]), ®(t) admits a compact global attractor that attracts
every point in X

3. The Basic Reproduction Number

This section is devoted to the definition of the basic
reproduction number for system (1). To this end, one will

adopt the theory developed in [16] (with delay 7 = 0) to define
the basic reproduction number, Ry. It is not hard to see that
the disease-free state of system (1) is as follows

Ey(z) = (S*(2),0,0,0,0,0).

It is not hard to see that the linearized system of (1) around
the disease-free state Eo(x) takes the following cooperative
system:

—(u+o+o+e)I—0I, z€Q, t>0,

9C = DcAC + 0l — (n+dc +ec)C, z €Q, t >0,

13)

%—’tg = DpAB + gB+ aj(z,t)] + ac(z,t)C — pp(x)B, z € Q, t >0,
ulol) — 0 2 €80, t>0, u=1,C,B.

Assume that E := C(€, R?) is the Banach space with the norm || - ||g, and ET := C(Q,R%). Let C,,(R, E) be the Banach
space which contains all w-periodic and continuous functions from R to E, where [|¢||c, rE) = maxse(o,.] ¢ (0)||E for any

p € Cy,(R,E). From (13), we define F(¢) : E — E by
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wy Bo(, tyws + nBo(x, tyws + §* () 22wy
Fe) | ws | = 0 7 (14)
w3 ar(x, t)wy + ac(z, t)ws
and
wq DIAwl—(u—i—a—i—éI—&—e[)wl—le
V| w | = DoAwy + owr — (1 + d¢ + ec)ws , (15)
w3 DpAws + gws — pup(x)ws

for any (w1, wa, ws) € E. Then system (13) can be written as

% =F{t)w—Vw, we E.

It is easy to see that F(¢) : E — E is positive in the sense that F(£)ET C E*, and hence, the condition (H1) in [16] holds.
Assume that {Y (¢, s), t > s} is the evolution family on E associated with the following system

dw(t) B
— =~ V() (16)

Clearly, Y (t,s)ET C E* forall ¢t > s, that is, Y(¢, s) is a positive operator on ET. Let w(Y) stand for the exponential
growth bound of the evolution family {Y (¢, s), ¢ > s}, which is given by

w(Y):=inf{@: 3M > 1suchthat | Y(t+s,s)||< Me*, Vs €R, t>0}.

In view of Proposition A.2 in [23] and Lemma 2.1 in [15], it follows that

_Inr(Y(w,0) _ Inr(Y(w+48)

w(Y)

Motivated by the arguments to those in Lemma 3.4 in [15], the following inequality can be proved.
Lemma 3.1. w(Y) < 0.
Proof Note that {Y (¢, s), t > s} is the evolution family on E associated with system(16), that is,

, V€€ 0,w]. 17)

%f:lhAWfWM+U+5r+anf9whxe(Lt>Q
aauzz = DcAwg + owy — (i + ¢ + ec)ws, x € Q, t >0,

6’(1}3

52 = DpAws + gws — pp(x)ws, © € Q, t >0,

Juilel) — 0 2 €90, t>0,i=1,2,3.

Assume that w(Y') > 0. Then it follows from (17) that (Y (w,0)) > 1. Since Y (w,0) is compact and monotone in E, and
the Krein-Rutman theorem (see [6]) implies that A* := LIn (Y (w,0)) > 0 is the eigenvalue of

DiAYy — (n+ 0+ 61 + €)1 — 0y = Mpy, x € Q,
DcAvy + o)1 — (4 dc + €c)ipa = Mpa, € Q,

(18)
DpAips + g3 — pp(z)hs = M3, © € Q,
Qilr) — 0, x €90, i =1,2,3,
with an eigenvector
(1,95, ¢5) € EF and (1,93, ¢35) # (0,0,0). (19)

After adding the first three equations of (18) and doing integration over the €2, it follows that
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)\*/(wl(ﬂc)—H/Jz(flf)+¢3(310))dﬂc
Q

—(u+dc +ec) /Q Yo(x)dr — /Q(ug(ac) — g)Y3(x)dx < 0,

where the Neuman boundary conditions of ¢ (), (2), and (19)
are used. Then it follows from (20) and (19) that \* < 0,
which is a contradiction. Thus, w(Y) < 0.

By Lemma 3.1, it is easy to see that the condition (H2)
in [16] holds. Thus, the basic reproduction number R can
be defined by the developed theory in [16]. Assume that
v € CuL(R,E) and v(t) is the initial distribution of the
infectious individuals at time ¢ € R. For any s > 0,
F(t—s)v(t — s) represents the rate of new infections produced
by the infected individuals who were introduced at time ¢ — s.
Then Y (¢, t— s)F(t —s)v(t— s) gives the distribution of those

= —(u+6r+er +9)/Qw1(:v)dx

(20)

infected individuals who were newly infected at time ¢ — s and
remain in the infected compartments at time ¢, for ¢ > s. Thus,
the integral

o0
Y (t,t — s)F(t — s)v(t — s)ds
0
is the distribution of accumulative new infections at time ¢
produced by all those infectious individuals v(-) introduced at
all time previous to t.
The associated linear operators on C,, (R, E) is given by

[Lo](¢) := /000 Y(t,t —s)F(t— s)v(t —s)ds, Vt e R, v € C,(R,E).

Motivated by the concept of next generation operators (see,
e.g., [1, 4, 23, 24, 26]), the basic reproduction number is
defined as the spectral radius of L, namely,

Ro :=r(L). 21

For any given t > 0, let P(t) be the solution maps of system
(13) on E given by P(t)¢ = w(-,t, ¢), where w(z, t, ¢) is the
unique solution of system (13) with w(-,0,¢) = ¢ € E. Then
P(w) is the Poincaré map associated with system (13) on E.
Let r(P(w)) be the spectral radius of P(w). By Theorem 3.7
in [16] (see also Lemma 3.5 in [15]), the following relation
holds.

Lemma 3.2. Ry — 1 and r(P(w)) — 1 have the same sign.

Lemma 4.1. For every initial value function

By Proposition I1.14.4 in [6], the following statement holds,
which is crucial in the establishment of extinction/persistence
of typhoid fever.

Lemma 3.3. Let X\ = Llnr(P(w)). Then there exists a
positive, w-periodic function v*(-,t) such that e v*(x,t) is
a solution of system (13) on E.

4. Global Dynamics

In this section, the global dynamics of system (1) will be
investigated.

The following result will play an important role in our
subsequent discussions.

u() = (8°,1°,0° Q% R°, B°) () € X[,

assume that system (1) has a unique solution

u(mvtvuo) = (S(x,t)J(:v,t), C(:L’,t), Q(‘Tvt)a R(l‘vt)v B(:L’,t))

on [0, 00) with u(-,0,u®) = u°.

(1) The following is always valid:

S(x,t,u’(-)) > ¢ >0, forx €Q, t >0,

and

liminf S(x,t,u%(+)) > ¢, uniformly for x € Q.

t—o0

(i) If (I°(-),C°(-), B°(+)) # (0,0,0), then

w(z, t,u’()) >0, forr €Q, t>0, w=2_5, I, C, Q, R, B.

(22)
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(iii) Assume that there is a & > 0 satisfying

litrn inf v(z,t,u’(:)) > &, uniformly forz € Q, Vv =1,C,B. (23)
— 00
Then there exists a £&o > 0 such that
litminfw(x,t,uo()) > &, uniformly for x € Q for, Vw = S,1,C,Q, R, B. (24)
—00
Proof Part (i). By Lemma 2.1 and and Lemma 2.3, we see that Part (i) is obvious.
Part (ii). In view of the equations I, C, and B in (1), it follows that (I, C, B) satisfies
9 = DA+ a(z,t)] + b(z,t)C + d(z,t)B — (n+o0+6r+e)] — 01, x €Q, t >0,
%—f:DcAC—&-JI—(u—I—(k—i—ec)C,xEQ,t>O, 25)
98 — DEAB + gB + ay(z,t)I + ac(z,t)C — pp(z)B, x € Q, t > 0,
dued) 0, 2€09, t>0,u=1,C,B,
where From the strong maximum principle (see, e.g., Theorem 4
of [25] on p. 172) and the Hopf boundary lemma (see, e.g.,
a(z,t) := 65 ﬁigig&;)@n’ Theorem 3 of [25] on p. 170), one can further show that
b(a,t) = g "Iﬁcgvgs(gt) =, (22) holds with w = B. The standard comparison arguments
i) = et implies that (22) holds with w — (. Thus, part (i) is proved.
7T Bl +Kp Part (iii). In view of (23), there exists a ty > 0 such that

In view of Par (i), it is easy to see that (22) holds with

1 _
w =9, and v(x, t,u’(+) > 551, forz e Q, t>ty, Vvo=1,C,B,

Then the equations of ) and R satisfies the following two

a(z,t) >0, b(z,t) >0, d(z,t) >0, Vo €Q, t>0. equations, respectively,

By the results developed in CH. 7 in [20], one can show oQ 1

7>7§197(N+7+5Q)Q7 $€Q7 t2t07

that the solution maps associated with system (25) are strongly ot — 2

monotone in C'(€2, R}). Thus,
and

w(x,t,u’(-)) >0, forr €Q, t>0, w=1I, C, B.
OR(z,t)

OB — (0, 2 € 90, t > t.

ov

{%ff > DrAR+ 361 (v +er +ec) — (u+p)R, x € Q, t > o,

Then it follows from the standard comparison arguments that

o £10 . ~
liminf Q(z,t,u°(+)) > ———————, uniformly for z € Q,
mint Qr, t1°0)) > 5o S y
and
liminf R(z,t,u(-)) > M, uniformly for x € Q.
t—o0 2(p+ p)
Let
10 §1(v + €1+ ec)

&2 == min{(, {1, 5

Then (24) holds. The proof of Part (iii) is finished.
In the following, it will be shown that R plays a central role in the extinction/persistence of system (1).

(n+v+dq)"  2(u+p) 5
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Theorem 4.1. For every initial value function
u’() = (8°1°,C% Q% R°, BY)(-) € X{,

the unique solution of system (1) is denoted by

u(z, t,ul) :== (S(x,t), I(x,t),C(z,t), Q(x,t), R(x,t), B(x,1))
on [0, 00) with u(-,0,u%) = u°.
() If Ro < 1 and p = O, then the state Eo(z) is globally asymptotically stable in X} ;

(i) If Ro > 1, then system (1) admits at least one (componentwise) positive w-periodic solution 4 (x,t) and there exists a
¢ > 0 such that for any u°(-) € er with 1°(:) # 0 or CO(+) # 0 or BY(+) # 0, we have

liminf min w(z, t,u’(-)) > &, forw = S,1,C,Q, R, B.

t—=o0 e

Proof Part (i). Assume that Ryp < 1 and p = 0. In view of Lemma 3.2 and Ry < 1, it follows that r(P(w)) < 1. For any
given ¢; > 0, let P, (t) be the solution maps associated with the following system on E:

9L = DyAI + oz, )] +nPe(z,t)C + (S*(x) + ) 2280 B

—(w+o+dr+e)—0I, x€Q, t>0,
%:DOA0+JI*(M+50+60)C,IEQ,t>O, (26)
%—Jf = DpAB + gB+ aj(z,t)] + ac(z,t)C — pp(x)B, z € Q, t >0,
ulat) — 0, 2 €80, t>0, u=1,C,B.

By continuity, it follows that lim, o 7(P;, (w)) = r(P(w)) < 1. Thus, one can fix a sufficiently small number ¢; > 0 such
that r(P;, (w)) < 1. Since p = 0, it follows from the first equation in (1) that

{%fSDSASJFA(@“)—uS, reQ, t>0,

. 27
98l — 0, 2 € O, t > 0.

In view of (27), Lemma 2.2 and standard comparison arguments (see €. g., [20]), there exists a ¢; > 0 such that
S(z,t) < S*(x) +61, Vo €Q, t > t.
From the equations of I, C' and B in (1), it follows that
ar

91 < DyAI + fo(x, )] +nbo(z,t)C + (S*(x) + ) 22E0 B
—(/1,+U+5[+€])I—9I, T EQ,t>1t,

90 = DeAC + 0l — (u+dc +ec)C, z €Q, t > 1,
%—Jf = DpAB+ ¢gB+ aj(x,t)] + ac(x,t)C — up(x)B, x € Q, t > t1,
Ou(zx,t)

(28 0, 2 €00, t>t, u=1,C,B.

Let A, = 2Inr(P,, (w)). Then it follows from Lemma 3.3 that there exists a positive, w-periodic function v} (-, t) such that
6)\ t,,*

sifv? (z,1) is a solution of the linear system (26) on E. For any given u(-) € XZ‘ there exists a M7 > 0 such that

(I(z,t1,u°(+)), Oz, t1,u° ("), Bz, t1,u° (")) < Myeri"of (z,t1), Vo € Q.

Then the comparison theorem for the parabolic equation (see, e.g., [20]) implies that

(I(z,t,u’()), C(z,t,u’()), B(z,t,u’(-))) < Mye*itol (z,1), Vo € Q, t > . (28)
Since A\, < 0, it follows from (28) that

lim (I(z,t,u°(")), C(z,t,u’(-)), B(x,t,u’(-))) = (0,0,0), uniformly for all z € Q.

t—o0
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Thus, Q(x,t) in (1) is asymptotic to the following system

0Q _

5 =—(u+7+d0)Q, z€Q, t>0,

and B(z,t) in (1) is asymptotic to system (5). By Lemma 2.2 (ii), the theory of asymptotically periodic semiflows and internally
chain transitive sets (see, e.g., Theorem 3.2.1, Lemma 1.2.2 and Theorem 1.2.1 in [27]), it follows that

lim Q(z,t) =0and lim B(x,t) =0, uniformly for z € Q.
t—o0 t—o0
Then R(z,t) in (1) is asymptotic to the following system
{%fj = DrAR— (u+p)R, 2 €Q, t >0,

IR — 0, 2 € 89, t > 0.

By Lemma 2.2 and Theorem 3.2.1, Lemma 1.2.2 and Theorem 1.2.1 in [27]), it is easy to show that
thj& R(z,t) = 0 uniformly for z € €.
Thus, S(z,t) in (1) is asymptotic to system (4), and
tlggo S(z,t) = S*(x), uniformly for z € Q.

The proof of Part (i) is complete.
Part (ii). Assume that Rg > 1.
Let
C=xX{,

(CO = {uO() = (SO,IOaconovRovBo)(') eC: IO() 7_é 0, CO() 7_é 0, and BO() 7_é 0}7

and

dCqy :=C\Co = {u°(-) € C: I°()=00r C°(-) = 0 or B°(:) = 0}.

Note that the solution maps of system

(), (t) : X? — Xé, are defined in Lemma 2.3.

For any u’(-) € Cy, it follows from Lemma 4.1 that I (z,t,u°(-)) > 0,Vx € Q, t > 0and C(x,t,u°(:)) > 0,Yz € Q, t >0
and B(z,t,u%(-)) > 0,V z € , t > 0. Then ®(w)"Cy C Cp, Vn € N. Moreover, Lemma 2.3 implies that ®(w) has a strong
global attractor in C.

Let

Mp = {u’(-) € 9Cy : ®(w)"u’(:) € Cp,V¥n € N},

and &(u®(-)) be the omega limit set of the orbit 't = {®(w)™u’(+) : ¥n € N}. Set

Moy = {EO(*T)} = {(S*(x)70707070’0)}'

Let
Jo={u’()eC:1°)=0, and C°(-) =0, and B°(:) = 0},
and
Jo = {u’(-) € 8Cq : D(w)™u°(-) € Jo,¥n € N},

where u°(-) = (S°,1°,C°, Q°, R®, BY)(-). For any given u°(:) = (S°,1°,C° Q° R°, BY)(-) € M,

The following result will be established: one observes that ®(w)™(u’(-)) € 9Cy, ¥n € N. Thus,

Claim 1. My = Jy. . for each n € N, it follows that I(-,nw,u’(:)) = 0 or
_One only need to show that My C Jy since it is clear that C(-,nw,u’(:)) = 0 or B(-,nw,u’(-)) = 0. In view of
Jo € Mjy. Lemma 4.1, it can be further shown that for each ¢t > 0,

I(-,t,u’(-)) = 0or C(-,t,u’(-)) = 0 or B(,t,u’(-)) = 0.
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Assume, by contradiction, that I(-,t1,u%(+)) # 0, for some  Then C(-,¢,u°(-)) = 0 and B(-,t,u%(-)) = 0, for each ¢t > 0,
t; > 0. By maximum principle (see e.g., [25]), we see that  due to the the equation of I(z,t) in (1). Thus, u%(-) € Jo, and
I(z,t,u’(:)) > 0 forz € Qandt > t;. Foreacht > t;,it hence, My C Jo-
then follows that C(-,¢,u°(-)) = 0 or B(-,t,u°(-)) = 0. In
case where C(-,t,u°(-)) = 0, for each t > t;. Then it follows Claim 2. For any u’(-) € Mp, the omega limit set
from the equation of C(z,t) in (1) that I(-,t,u%(-)) = 0, for ~ @(u’(-)) = My, and no subset of {M;} forms a cycle for
each t > t;. This is a contradiction. Thus, C(-,t2,u°(-)) £0, ®(w) in Mp.
for some t; > ;. By maximum principle (see e.g., [25]), For any u°(-) € My = Jo, we have I(-,nw,u’())) =
it follows that C(z,t,u%(-)) > 0 forx € Qandt > t5. 0 and C(-,nw,u’(-)) = 0 and B(-,nw,u’(:)) = 0, for
Then one must have B(-,t,u’(-)) = 0, foreacht > t5. In  n € N. By Lemma 4.1, we see that I(-,¢,u°(-)) = 0 and
view of the equation of B(z,t) in (1), it is easy to see that  C(-,t,u°(-)) = 0 and B(-,¢,u°(-)) = 0, for t > 0. Then
I(-,t,u’(-)) = 0and C(-,t,u’(:)) = 0, foreach t > to. This  (S(x,t,u°), Q(z,t,u’), R(x,t,u’)) in (1) satisfies
is a contradiction. Therefore, I(-,¢,u"(-)) = 0, for each t > 0.

93 = DgAS + A(z) — pS+pR, x € Q, t >0,
% = —(u+7+0Q)Q, z€Q, t>0,
98 — DRAR+~Q — (u+p)R, z € Q, t > 0,
ourd) 0, 2 €09, t>0, u=S,R.

(29)

By Lemma 2.2, the theory of asymptotically periodic semiflows and internally chain transitive sets (see, e.g., Theorem 3.2.1,
Lemma 1.2.2 and Theorem 1.2.1 in [27]), it follows that (S(x,t,u"), Q(z,t,u°), R(x,t,u%)) in (29) satisfies

tlim (S(x,t,u’),Q(x,t,u’), R(x,t,u’)) = (S*(x),0,0), uniformly for z € Q.
e el

This implies that the omega limit set &(u®(-)) = M. Obviously, system (29) is cooperative. For the attractivity of M, and
Lemma 2.2.1 in [27], one concludes that M is locally Liapunov stable. Thus, no subset of {Mj} forms a cycle for ®(w) in
My. Thus, Claim 2 holds.

In view of Lemma 3.2 and Ry > 1, it follows that 7(P(w)) > 1. For any given ¢o > 0, let P, (¢) be the solution maps
associated with the following system on E:

o — D;AT + 5c(a?,t)ml + nﬁc(at)mC +(S*(z) — 2)63(@ N g

S* (x)+562 S*(x)+562 Kp+s2
—(w+o+dr+e)—0I, x€Q, t>0,
L =DcACH+ ol — (u+dc+ec)C, x€Q, t>0, (30)

&2 = DgAB + ¢gB + ay(z,t) + ac(z,t)C — pp(z)B, z € Q, t >0,
9uwt) — 0, 2 €899, t >0, u=1,C,B.

By continuity, one can find a sufficiently small value g2 with 0 < ¢ < min S*(z) such that r(P,,(w)) > 1. From the
€N

continuous dependence of solutions on the initial value, there is another ¢; > 0 such that for all u°(-) with [|Ju®(:) — M| < <3,
it follows that ||®(t)u’(-) — ®(t) M| < s forall t € [0, w]. The following claim will be proved.

Claim 3. For all u®(-) € Cy, there holds lim sup,,_, . [|®(w)™(u’(:)) — Mo > ;.
Assume, by contradiction, that there is a ¢g € C such that

lim sup [|®(w)" (o) — Mol < <.

n— oo

Then there is a ng > 1 such that ||Q(w)™(¢o) — Mo|| < 5 for n > na. For any t > now, assume ¢ = nw + ¢’ with n = [t/w]
and t' € [0,w). Then it follows that

[@(t)po — P(t) Mol = [| () (D(w)" (¢0)) — D(t') Mol < 5. (31)
Forz € Q, t > 0, we see that

(®(t)Mp)(x) = (S*(x),0,0,0,0,0).
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In view of (31), for x € Q, t > now, it follows that
S*(x) —¢5 < S(x,t,¢0) < S*(x) + <5,
and

0 <w(x,t,do) <3, Vv=1,C,Q,R,B.
Thus, the equations of I(z,t, ¢g), C(z,t, ¢o) and B(x,t, ¢p) in (1) satisfy

S*(xz)— S*(z)— * T,
8L > DyAT + fo(w, ) 582 T+ nBo(w, 1) S =20 + (8% (2) — ) 2220 B

—(p+o+dr+e)l—0I, 2 €Q, t>now,

9C — DcAC + 0l — (u+dc +ec)C, x € Q, t > now,
98 — DpAB+ gB + ay(z,t)] + ac(z,t)C — pp(z)B, © € Q, t > naw,

w:(), x €I, t>now, u=1,C, B.

In view of Lemma 3.3, there is a positive, w-periodic function v}, (+,t) and A, := LInr(P, (w)) such that e*=*v? (z,t) isa

solution of the linear system (30) on E. In view of Lemma 4.1 and ¢y € C, one observes that
(I(-t,00), C(-,t,¢0), B(-,t,¢0)) > (0,0,0), ¥ t > 0.
Then there exists a My > 0 such that
(I(x, now, ¢o), C(x, naw, ¢o), B(x, naw, ¢g)) > Myes2m2% y* (7, m9w), Yz € Q.

G2

Then the comparison theorem for the parabolic equation (see, e.g., [20]) implies that

(I(.T,t, ¢0)7 C(l‘,t, (bo)a B(.’I},t, ¢0)) Z MQekgztU; (x?t)a Ve Q7 t Z Now. (32)

Since A, > 0, it follows from (32) that I(z,t,¢9) — oo, C(x,t,¢o) — oo, and B(x,t,¢g) — oo as t — oo. This
contradiction proves Claim 3.

The stable set of M for ®(w) is denoted by W*(M,). Then the above claims imply that M, is an isolated invariant set for
®(w) in C, and W5 (M;) (N Co = 0.

From Theorem 3.7 in [19] and [5], it is clear that ®(w) has a global attractor Ay in Cy. In view of Theorem 1.3.1 in [27] (see
also [21, 22]), it follows that ®(w) is uniformly persistent with respect to (Cp, 9Cy) in the sense that there is a ¢ > 0 such that

liminf d(®(w)" (u°(-)), 8Co) > o, Yu'(-) € Cy.

n—oo

Since Ag = ®(w) Ao, we have that 1°(-) > 0, C°(-) > 0and B°(-) > 0, forall u®(-) = (S°,1°,C°, Q°, R°, BY)(-) € Ap. Let
By := U @(t)Ao. Then By C Cg and tli{n d(Q(t)u’(-), By) = 0, Yu’(-) € Cy. Define a continuous function p : C — R
oo

te[0,w]
by
p(u°(-)) = min{min I°(z), min C°(z), min B®(z)},
€N zeQ) zeQ
for any u°(-) = (5°,1°,C% Q° R°, B°)(:) € C. Since By is compact subset of Co, it follows that inf p(u®(-)) =

uo(-)EBo

min_ p(u’(+)) > 0. Thus, there is a £* > 0 such that
u0(~)€Bo

. . 0. 1 . . . 0. . _ S g
htrglogfp(@(t)u () htlgégfmm{inelgv(x,t,u ():v=1I1C/B}>¢",

for any u°(+) € C.
In view of Lemma 4.1, there is another £ € (0, £*) such that

11£1nfv(t,u0(-)) > ¢, Vu'(-) € Cy, v=25,1,C,Q,R, B. (33)
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Furthermore, Theorem 1.3.6 in [27] implies that ®(w) has
a fixed point & € Cy and hence, system (1) admits an w-
periodic solution ®(¢)@ € Cy. By Lemma 4.1, one can further
show that 4(x, t) := ®(t)a is a (componentwise) positive w-
periodic solution.

Forany u”(-) € X{ with I°(-) £ 00r C°(-) # Oor BO(-) #
0, it follows from Lemma 4.1 that u°(-) ¢ J, for each integer
n. Thus, one concludes that there is an integer ng = n¢(u’(+))
such that ™ (w)u®(-) € Co. Otherwise, " (w)u(-) € OCy,
for each integer n, and hence, u°(+) € 9Cy, due to Lemma 4.1.
This implies that u®(-) € My = Jo, a contradiction. Since

(t)u’(-) = ®(t — now) (" (w)u’(+)), ¥Vt > now,

it follows from (33) that

liminfv(t,u’(:)) > & Vv =S,1,C,Q, R, B,
t— o0
where u%(+) € XZ‘ with I9(:) Z 0 or C°(-) # 0 or B°(-) # 0.
The proof is finished.

5. Conclusion

This paper investigates a reaction-diffusion model
describing the transmission of Typhoid fever with spatial
homogeneity and seasonality to reflect the effect of population
movement in an temporally periodic environment. A
mathematical problem comes from the first two equations
of system (1), namely, the denominator S(z,t) + I(z,t) +
C(z,t) + Q(x,t) + R(x,t) must be positive at any location
z € Q and any time ¢ > 0. To overcome this difficulty, the
constant ¢ in (3) is introduced, and it can be shown that the
feasible domain XZ“ is positively invariant under the solution
maps associated with system (1) (see Lemma 2.1). Another
mathematical challenge is that the solution maps associated
with system (1) lose the compactness since no diffusion term
is added on the class Q(x, t) representing the typhoid patients
who are quarantined symptomatic. This reflects the fact that
Q(x,t) cannot move randomly in the habitat, which makes
mathematical analysis more difficult. For this problem the
Kuratowski measure of noncompactness (see, e.g., [2]) is
introduced, and the solution maps associated with system (1)
will be s-contracting (see Lemma 2.3).

In order to introduce the basic reproduction number, R, for
the model, one first determines the disease-free state Eg(x)
and the linearized system around FEy(z) of (1) is constructed.
Basically, the linearized system around Fy(z) can be divided
into two parts; one is related to the new infection (see (14)),
and the other one is related to the internal evolution (see
(15)). Utilizing the concepts in [1, 4, 23, 24, 26], the basic
reproduction number, Ry, is defined as the spectral radius
of the next generation operator (see (21)). The index Ry
determines not only the local stability of the disease-free state

Ey(x) (see Lemma 3.2), but also the extinction/persistence of
Typhoid (see Theorem 4.1). Using the comparison principle
and the persistent theory, it can be shown that the Typhoid
fever will persist if Ry > 1 (Theorem 4.1 (ii)). On the other
hand, the Typhoid fever will die out if Ry < 1 and the rate
of immunity loss is ignored, that is, p = 0 (Theorem 4.1
(1)). From the study in this paper, it is worth pointing out
that incorporating with the immunity loss (i. e. p > 0), it is
challenging to show that the Typhoid fever will die out under
the condition Ry < 1. Although the rate of the immunity loss,
p, does not appear in the definition of R, it seems that p also
play an important in the extinction of Typhoid fever.

The mobility of the infected population (before they become
infectious) during the incubation period could be also a central
factor affecting the transmission of Typhoid fever, and the
modeling usually involves a delay term with spatial averaging.
This leads to a nonlocal and time-delayed system describing
the Typhoid fever transmission, in which the incubation in the
population is included. It will be also interesting to investigate
this reaction-diffusion model with nonlocal delay effect in the
near future.
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