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Abstract: The Heat Equation is a well-known partial differential equation that can be solved numerically by finite difference
methods in time coupled with finite element methods in space. Crank-Nicolson methods can therefore be applied as finite
difference methods and coupled with linear Lagrange finite element methods in order to solve the Heat equation and obtain an
efficient convergence rate, the Heat equation is said to be solved by a Crank-Nicolson finite element method. However, the
convergence rate of the Crank-Nicolson finite element method for the Heat equation can be affected if the exact solution entails
time singularities; in that case the lack of smoothness of the solution though it is local in time, affects the convergence of the
finite element method in the whole domain. This paper presents a Crank-Nicolson finite element method coupled to a Predictor-
corrector algorithm to recover the optimal convergence rate when the solution has time singularities. The finite element method
presented is based on the approximation of the time singular functions using a Fourier decomposition of the exact solution that
leads to computable formulas of the time dependent coefficients of singularities that reduce the smoothness of the solution; so
removing those coefficients ameliorate the efficiency of the Crank-Nicolson finite element method. Numerical experiments are
presented to show the efficiency of the method.
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1. Introduction
The Heat problem is an initial boundary value problem of

particular importance in mechanical and chemical engineering
(see [1]). Most of the problems involving partial differential
equations are confronted to singularities (see [2–7]) due to
the geometry of the domain of study, the boundary or initial
conditions or the source term and the Heat problem is not an
exception. Finite Element Methods (FEM) are well known and
mostly used for elliptic boundary value problems (see [8, 9])
but are also efficient for problems of parabolic type like the
Heat equation. One can cite the Space-time FEM (see [10])
and the well known method of lines that is a FEM coupled with
some finite difference σ-weighted schemes like the Backward
Euler (σ = 1), the Forward Euler (σ = 0) or the Crank-
Nicolson (σ = 1/2) (see [11, 12]). The efficiency of those
methods of lines is also related to the convergence rate, reason
why the Crank-Nicolson scheme, which has a convergence rate
2 is preferred to the Backward and Forward Euler schemes that

have convergence rates 1. However, the convergence rate of
the Crank-Nicolson FEM can be affected when a singularity
due to the smoothness of the source term occurs and then
affects the convergence to the exact solution (by the Shift
Theorem from [13]).

Predictor-corretor methods are well known adaptive
methods to ameliorate and recover the convergence rate of
solutions of differential equations (see [14–16]) in the case
of geometric singularities. This paper studies the one-
dimensional Heat equation with time singularities and presents
a Crank-Nicolson FEM based on a Fourier decomposition of
the solution, the approximation of the time singular term in the
Fourier decomposition and a predictor-corrector algorithm to
approximate the solution.

This article is organized as follows: in section 2 the
initial value problem is presented with the existence and
uniqueness of the solution and its Fourier decomposition.
Section 3 presents the Crank-Nicolson finite element scheme,
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the predictor-corrector algorithm with some error estimates
and section 4 is devoted to some numerical experiments to
show the efficiency of the method.

2. The Model Problem; Fourier
Decomposition

2.1. The Initial Value Problem

This paper consists of solving the Problem: Find u =
u(x, t) such that

∂u

∂t
− c2

∂2u

∂x2
= f in (0, L)× (0, T ]

u(0, t) = u(L, t) = 0
u(x, 0) = g0(x)

(1)

where c ∈ R, L > 0, T > 0, f and g0 are given real valued
functions.

In order to prove the existence and uniqueness of solutions
the following function spaces are defined.

1) Given an interval or a product of intervals I , the space
L2(I) of classes of Lebesgue-measurable and square
integrable functions over I with the norm

||u||0 =

(︃∫︂
I

|u(x)|2dx
)︃1/2

whre x can be a vector or a scalar depending on the
interval I .

2) Given an interval I and the Hilbert space X , Ck(I,X)
will denote the space of bounded k-continuously
differentiable functions of the form t ↦→ u(·, t) ∈ X

equipped with the norm

||u||Ck = sup
t∈I,|α|≤k

||∂αu(t)||X .

3) The space Hm(0, L), m ∈ N, m ≥ 1 will denote
the space of measurable classes of functions u such that

u ∈ L2(0, L) and
dku

dxk
∈ L2(0, L) for 0 < k ≤ m with

the norm

||u||m =

(︄∫︂ L

0

(︄
|u|2 +

m∑︂
k=1

⃓⃓⃓⃓
dku

dxk

⃓⃓⃓⃓2)︄
dx

)︄ 1
2

4) The space V := H1
0 (0, L) = {u ∈ H1(0, L) : u(L) =

u(0) = 0} equipped with the norm || · ||1.
5) The space V ′ := H−1(0, L) is the dual space of V in the

sense of distributions.
6) The space L2((0, T ), V ) is the completion of

C((0, T ), V ) with respect to the norm

||u||L2((0,T ),V ) =

(︄∫︂ T

0

∫︂ L

0

|u|2 +
⃓⃓⃓⃓
∂u

∂x

⃓⃓⃓⃓2
dxdt

)︄ 1
2

.

7) The space H1((0, T ), V ′) with the norm

||u||H1((0,T ),V ′) =

(︃∫︂ T

0

||u||2V ′ +

⃓⃓⃓⃓⃓⃓⃓⃓
∂u

∂t

⃓⃓⃓⃓⃓⃓⃓⃓2
V ′

dt

)︄ 1
2

,

where

||u||V ′ = sup
v∈V

(︃
|u(v)|

||v||H1(0,L)

)︃
The equivalent variational formulation to Problem (1) is: Find
u such that

∫︂ L

0

∂u

∂t
v + c2∇u · ∇vdx =

∫︂ L

0

fvdx ∀v ∈ H1
0 (0, L)∫︂ L

0

u(·, 0)vdx =

∫︂ L

0

g0vdx ∀v ∈ H1
0 (0, L)

. (2)

In this paper it is assumed that f ∈ L2((0, T ), V ′) and
g0 ∈ L2(0, L) with g0(0) = g0(L) = 0. It is assumed that the
solution of Problem (1) has only one time singularity located at
t = t0, t0 ∈ [0, T ]. The existence and uniqueness of Problem
(2) is given by the following theorem.

Theorem 2.1 ([17, p. 382 (11.3)]).
Assume that the functions f ∈ L2((0, T ), V ′) and g0 ∈

L2(0, L) are given. Then (1) has a unique solution u ∈
L2((0, T ), V ) ∩H1((0, T ), V ′).

By the Sobolev imbedding theorem (see [18], page 98) the
solution u of (1) belongs to C([0, T ], V ′). The following
Theorem from [17] (Lemma 11.4, page 383) gives a better
continuity results for u.

Theorem 2.2 ([17, p. 383 (11.4)]).
Suppose that u ∈ L2((0, T ), V ) ∩H1((0, T ), V ′), then
u ∈ C([0, T ], L2(0, L)).

Remark 2.1.
L2((0, T ), V ) is imbedded in ⊂ L2((0, L) × (0, T )) since

V is imbedded in L2(0, L).

2.2. Decomposition of the Solution

Considering the homogeneous equation associated to the
first equation of (1) and setting u(x, t) = v(x)φ(t) one has
φ′(t)

φ(t)
= c2

v′′(x)

v(x)
. The operator −d2(·)

dx2
: L2(0, L) →

L2(0, L) is positive and self-adjoint then it is compact and
from the Hilbert -Schmidt theory (see [19] Theorem 2.34 page
47), its eigenvalues are positive and discrete. Hence there exist

αk ∈ R, k ∈ N such that
v′′(x)

v(x)
= −α2

k

c2
, this leads to

v(x) = Ak cos(
αk

c x) +Bk sin(
αk

c x), Ak, Bk ∈ R.



Applied and Computational Mathematics 2026; 15(4): 133-143 135

The condition u(0, t) = 0 implies that Ak = 0 for any

k ∈ N while the condition u(L, t) = 0 implies that αk =
kcπ

L
,

k ∈ N \ {0} = N⋆. The case k = 0 is excluded since the
eigenvalues α2

k are positive.{︁
sin(kπL )

}︁
k∈N⋆ is an orthogonal basis of L2(0, L) then the

decomposition

v(x) =

∞∑︂
k=1

Bk sin
(︂αk

c
x
)︂

holds and for a certain t0 ≥ 0

one can assume the decomposition

u(x, t) =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∞∑︂
k=1

vk(t
α)sk(x) if t0 = 0

∞∑︂
k=1

vk((t0 − t)α)sk(x) if t0 > 0

(3)

where sk(x) = sin
(︁
kπ
L x
)︁

and α is a given positive real

number that will be determined by the regularity of the solution
u. Using (3), the change of variables y = tα in (1) if t0 = 0
and y = (t0−t)α in(1) if t0 > 0 together with the othogonality
of the basis {sk}k∈N⋆ in L2(0, L) one obtains the systems

αy
α−1
α

dvk
dy

+ β2
kvk = fk(y

1/α) , y ≥ 0

vk(0) = g0k

if t0 = 0

and

−αy
α−1
α

dvk
dy

+ β2
kvk = fk(t0 − y1/α) , y ≥ tα

vk(t
α
0 ) = g0k

if t0 > 0.

where βk = kcπ/L, fk(t) =
2

L

∫︂ L

0

f(x, t)sk(x)dx and

g0k =
2

L

∫︂ L

0

g0(x)sk(x)dx. The solution is

vk(y) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︄
g0k +

∫︂ tα

0

1

α
fk(τ

1/α)τ
1−α
α eβ

2
kτ

1/α

dτ

)︄
e−β2

kt

if y = tα(︄∫︂ tα

(t0−t)α

1

α
fk(t0 − τ1/α)τ

1−α
α e−β2

kτ
1/α

dτ

)︄
eβ

2
k(t0−t)

+ g0ke
−β2

kt if y = (t0 − t)α

.

So by setting

γk(t) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(︄
g0k +

∫︂ tα

0

1

α
fk(τ

1/α)τ
1−α
α eβ

2
kτ

1/α

dτ

)︄
e−β2

kt

if t0 = 0

g0ke
−β2

kt+(︄∫︂ tα

(t0−t)α

1

α
fk(t0 − τ1/α)τ

1−α
α e−β2

kτ
1/α

dτ

)︄
eβ

2
k(t0−t)

if t0 > 0

(4)

one has

dγk
dt

(t) = fk(t)− β2
kγk(t). (5)

and u(x, t) =

∞∑︂
k=1

γk(t)sk(x). Using the Taylor expansion Theorem, e−β2
k(t−t0) =

∞∑︂
n=0

(−β2
k(t− t0))

n

n!
then

γk(t) = φk(t) + wk(t) where if t0 = 0 one has

φk(t) =

[︄
g0k +

∫︂ tα

0

fk(τ
1/α)τ

1−α
α eβ

2
kτ

1/α

dτ

]︄
3∑︂

n=0

(−β2
kt)

n

αn!

wk(t) =

[︄
g0k +

∫︂ tα

0

fk(τ
1/α)τ

1−α
α eβ

2
kτ

1/α

dτ

]︄
∞∑︂

n=4

(−β2
kt)

n

αn!

(6)

dφk

dt
(t) =

[︄
g0k +

∫︂ tα

0

fk(τ
1/α)τ

1−α
α eβ

2
kτ

1/α

dτ

]︄
3∑︂

n=1

(−β2n
k )tn−1

α(n− 1)!

+ fk(t)

3∑︂
n=0

(−β2
kt)

n

n!
for any k ∈ N, k > 0, and if t0 > 0,
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φk(t) = g0ke
−β2

kt+[︄∫︂ tα

(t0−t)α

1

α
fk(t0 − τ1/α)τ

1−α
α e−β2

kτ
1/α

dτ

]︄
3∑︂

n=0

(β2
k(t0 − t))n

n!

wk(t) = g0ke
−β2

kt+[︄∫︂ tα

(t0−t)α

1

α
fk(t0 − τ1/α)τ

1−α
α e−β2

kτ
1/α

dτ

]︄
∞∑︂

n=4

(β2
k(t0 − t))n

n!

dφk

dt
(t) = −β2

kg0ke
−β2

kt + fk(t)

3∑︂
n=0

(β2
k(t0 − t))n

n!

−

[︄∫︂ tα

(t0−t)α

1

α
fk(t0 − τ1/α)τ

1−α
α e−β2

kτ
1/α

dτ

]︄
3∑︂

n=1

β2n
k (t0 − t)n−1

(n− 1)!

(7)

for any k ∈ N, k > 0.

Hence u(x, t) = w(x, t) +

∞∑︂
k=1

φk(t)sk(x) with

w(x, t) =

∞∑︂
k=1

wk(t)sk(x) (8)

where φk and wk are defined in (6) and (7).
Remark 2.2.
1) The value t0 ∈ [0, T ] is a time singular point of the

solution u.
2) The function w defined in (8) is an element of

C3([0, T ], H2(0, L)).

3. A Predictor-corrector Algorithm;
Error Estimates

3.1. A Crank-nicolson Scheme

The numerical treatment of Problem (1) can be performed
by a finite difference in the time variable t coupled with
a finite element scheme in the space variable x. Let us
consider a quasi-uniform partition (xi, xi+1), i = 0, · · · , Nx

of (0, L) into Nx intervals of length h and let us set Vh :={︁
vh ∈ H1(0, L) : vh|[xi,xi+1] ∈ P1(xi, xi+1), i = 1, · · · , Nx

}︁
Let us also define

V0h := {vh ∈ Vh : vh(0, t) = vh(L, t) = 0} ,

the finite element discretization of (2) consist of finding uh

such that uh(·, t) ∈ V0h such that
∂uh

∂t
(·, t) ∈ L2(0, L) for

any t ∈ (0, T ) and∫︂ L

0

∂uh

∂t
vh + c2∇uh · ∇vhdx =

∫︂ L

0

fvhdx ∀vh ∈ V0h∫︂ L

0

uh(·, 0)vhdx =

∫︂ L

0

g0vhdx ∀vh ∈ V0h.

(9)

Let (φj)j=1,··· ,Nx be a basis of Vh and set

u(x, t) =

Nx∑︂
j=1

uj(t)φj(x) = Uh(t)
TΦ(x) where

Uh(t) = (uj(t))
T
j=1,··· ,Nx

and Φ(x) = (φj(x))
T
j=1,··· ,Nx

. The

discretized system (9) is equivalent to the system

Mh
dUh

dt
(t) +AhUh(t) = Fh(t), t ∈ (0, T )

MhUh(0) = F0h

(10)

where Mh =

(︃∫︂ L

0

φjφidx

)︃
1≤i,j≤Nx

,

Ah =

(︃
c2
∫︂ L

0

∇φj · ∇φidx

)︃
1≤i,j≤Nx

,

Fh(t) =

(︃∫︂ L

0

f(·, t)φjdx

)︃
1≤j≤Nx

,

F0h =

(︃∫︂ L

0

g0φjdx

)︃
1≤j≤Nx

.

The finite difference scheme consists of subdividing the interval
(0, T ) into a partition of Nt subinterval (ti, ti+1) of the same length
τ , i = 1, · · · , Nt. Setting U i

h = Uh(ti), F i
h = Fh(ti), 0 ≤ i ≤ Nt,

using the σ-weighted scheme,

dUh

dt
(ti+σ) ≊

U i+σ
h − U i

h

στ
≊

U i+1
h − U i+σ

(1− σ)τ

then U i+σ
h ≊ σU i+1

h + (1− σ)U i
h. The system (10) becomes

(Mh + στAh)U
i+1
h = (Mh + (1− σ)τAh)U

i
h + στF i+1

h

+ (1− σ)τF i
h,

i = 1, · · · , NtMhU
0
h = F0h.

(11)

The Crank-Nicolson scheme is considered when σ = 1/2 and it is
shown to be unconditionnally stable and consistent of order 2 when
the solution is smooth enough, then convergent with order O(h2+τ2)
(see [20] or [12], page 562).

3.2. The Predictor-corrector Algorithm

It is well known (from [21] Theorem 13.7 page 162 or [22],
Chapter 18) that if the solution of (1) u belongs to C([0, T ], L2(0, L))

and
∂u

∂t
is piecewise continuous then for any N ∈ N, N > 0,⃓⃓⃓⃓

⃓
⃓⃓⃓⃓
⃓u−

N∑︂
k=1

γksk

⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓
0

≤ C√
N

(12)

where sk(x) = sin( kπ
L
x), γk is computed using the formula (4) and

C > 0 is an arbitrary constant. So for the Fourier series to converge
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at the order O(h2 + τ2) it suffices to have N ≥ C(h2 + τ2)−2.
Moreover if h = τ one has N ≥ h−4.

The predictor-corrector method presented is based on the
decomposition of the approximate solution uhτN (x, t) =

whτ (x, t) +

N∑︂
k=1

φk(t)sk(x) where uhτN is the solution of (11),

sk(x) = sin( kπ
L
x), γk is computed using the formula (4), N ∈ N,

N ≥ (h2 + τ2)−2 and whτ ∈ C3([0, T ], H2(0, L)).
Predictor-Corrector Algorithm
1) Solve the problem: Find uhτ such that

∂uhτ

∂t
− c2

∂2uhτ

∂x2
= f in (0, L)× (0, T ]

uhτ (0, t) = uhτ (L, t) = 0 t ∈ [0, T ]
uhτ (x, 0) = g0(x)

2) For N ∈ N fixed, do
a) For k = 1, · · · , N , compute φk(t) using the formula in

(6) or (7) and find an interpolation φkτ (t) at the points
ti, i = 0, · · · , Nt of the triangulation of [0, T ] by
polynomials of degree 2.

b) For k = 1, · · · , N , compute
dφk

dt
(t) using the formula in

(6) or (7) and find an interpolation φp
kτ (t) at the points

ti, i = 1, · · · , Nt of the triangulation of [0, T ] by
polynomials of degree 2.

c) If V1h :=

{︄
vh ∈ Vh : vh(0, t) = −

N∑︂
k=1

φk(t)sk(0),

vh(L, t) = −
N∑︂

k=1

φk(t)sk(L)

}︄
, solve the problem:

Find whτ ∈ V1h such that

∂whτ

∂t
− c2

∂2whτ

∂x2
= f −

N∑︂
k=1

φp
kτsk + c2

N∑︂
k=1

φkτ
d2sk
dx2

in (0, L)× (0, T ]

whτ (0, t) = −
N∑︂

k=1

φkτ (t)sk(0) t ∈ [0, T ]

whτ (L, t) = −
N∑︂

k=1

φkτ (t)sk(L) t ∈ [0, T ]

whτ (x, 0) = g0(x)−
N∑︂

k=1

φkτ (0)sk(x) x ∈ [0, L]

d) Recompute

uhτN (x, t) = whτ (x, t) +

N∑︂
k=1

φkτ (t)sk(x).

Remark 3.1.
The formulas of the φk and

dφk

dt
are exact and do not depend

on the solution uhτ , but can be very expensive in the computational
sense so they are replaced in the Predictor-corrector Algorithm by

piecewise interpolations φkτ of φk and φp
kτ of

dφk

dt
at the points

ti, i = 1, · · · , Nt of the triangulation of [0, T ] by polynomials of
degree 2. These approximations by interpolation converge at the order
O(τ2).

3.3. Error Estimates

Let u be the solution of Problem (1) and uhτN the approximate
solution of u using the Predictor-corrector algorithm 3.2. Suppose
that

uhτN (x, t) = whτ (x, t) +

N∑︂
k=1

φkτ (t)sk(x) with

N ≥ (h2 + τ2)−2, one has the following lemma.
Lemma 3.1.
If the solution u of (1) is such that u ∈ C([0, T ], L2(0, L)),

t ↦→ ∂u

∂t
(·, t) is piecewise continuous and u(x, t) = w(x, t) +

∞∑︂
k=1

φk(t)sk(x) with w ∈ C3([0, T ], H2(0, L)) and the φk defined

as in (6) or (7). If uhτN is an approximation of u using the Predictor-
corrector FEM with the decomposition uhτN (x, t) = whτ (x, t) +
N∑︂

k=1

φkτ (t)sk(x), N ∈ N, N > 1, then
∫︂ t

0

⃓⃓⃓⃓⃓⃓⃓⃓
∂w

∂t
(·, s)

⃓⃓⃓⃓⃓⃓⃓⃓
2

ds < ∞

and⃓⃓⃓⃓⃓⃓⃓⃓⃓⃓g0 −
N∑︂

k=1

φkτ (0)sk

⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓
2

< ∞.

Proof. Let s ∈ [0, T ], suppose w has the Fourier decomposition (6)

or (7). w(x, t) =

∞∑︂
k=1

wk(t)sk(x), one has

⃓⃓⃓⃓⃓⃓⃓⃓
∂w

∂t
(·, s)

⃓⃓⃓⃓⃓⃓⃓⃓2
2

=

∫︂ L

0

⃓⃓⃓⃓
∂w

∂t
(x, s)

⃓⃓⃓⃓2
+

⃓⃓⃓⃓
∂2w

∂x∂t
(x, s)

⃓⃓⃓⃓2
dx

+

∫︂ L

0

⃓⃓⃓⃓
∂3w

∂x2∂t
(x, s)

⃓⃓⃓⃓2
dx

=

∫︂ L

0

∞∑︂
k=1

(︄⃓⃓⃓⃓
dwk

dt
(s)

⃓⃓⃓⃓2
|sk(x)|2

+

⃓⃓⃓⃓
dwk

dt
(s)

⃓⃓⃓⃓2 ⃓⃓⃓⃓
dsk
dx

(x)

⃓⃓⃓⃓2

+

⃓⃓⃓⃓
dwk

dt
(s)

⃓⃓⃓⃓2 ⃓⃓⃓⃓
d2sk
dx2

(x)

⃓⃓⃓⃓2)︄
dx

≤ L

2

∞∑︂
k=1

(︄
1 +

(︃
kπ

L

)︃2

+

(︃
kπ

L

)︃4
)︄ ⃓⃓⃓⃓

dwk

dt
(s)

⃓⃓⃓⃓2

But from [24] page 23 and 24,
⃓⃓⃓⃓
dwk

dt
(s)

⃓⃓⃓⃓
≤ C

k3
for any s ∈ [0, T ]

since w ∈ C3([0, T ], H2(0, L)). This implies⃓⃓⃓⃓⃓⃓⃓⃓
∂w

∂t
(·, s)

⃓⃓⃓⃓⃓⃓⃓⃓2
2

≤ C

∞∑︂
k=1

(︃
1

k6
+

1

k4
+

1

k2

)︃
≤ C1 < ∞

where C > 0 and C1 > 0. One can deduce that∫︂ t

0

⃓⃓⃓⃓⃓⃓⃓⃓
∂w

∂t
(·, s)

⃓⃓⃓⃓⃓⃓⃓⃓
2

ds ≤
∫︂ T

0

C1ds < ∞.
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⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓g0 −

N∑︂
k=1

φkτ (0)sk

⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓
2

=

⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓

∞∑︂
k=1

(φk(0) + wk(0))sk

−
N∑︂

k=1

φkτ (0)sk

⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓
2

≤
N∑︂

k=1

|φk(0)− φkτ (0)|||sk||2

+

∞∑︂
k=N+1

|φk(0)|||sk||2

+

∞∑︂
k=1

|wk(0)|||sk||2.

From [24] page 23 and 24, |φk(0)| ≤
C

k2
and

|wk(0)| ≤
C

k2
, then

∞∑︂
k=N+1

|φk(0)|||sk||2 ≤ C
L

2

∞∑︂
k=N+1

1

k2

≤ C

∫︂ ∞

N+1

1

x2
dx ≤ C

N
and

∞∑︂
k=1

|wk(0)| ||sk||2 ≤ C.

From Remark 3.1 |φk(0)−φkτ (0)| ≤ Cτ2, one can conclude that⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓g0 −

N∑︂
k=1

φkτ (0)sk

⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓
2

≤ C(τ2 + 1/N + 1) < ∞.

The following lemma from [11], Theorem 1.2, page 8 gives us
some error estimates for regular solutions.

Lemma 3.2. [[11, p. 8 (1.2)]]
Let uh be the solution of (9), u be the solution of (1) and assume

that g0(0) = g0(L) = 0. Then

||uh(·, t)− u(·, t)||0 ≤ ||u(·, 0)− g0(·)||0

+ Ch2

(︃
||g0||2 +

∫︂ t

0

⃓⃓⃓⃓⃓⃓⃓⃓
∂u

∂t

⃓⃓⃓⃓⃓⃓⃓⃓
2

ds

)︃
, t ≥ 0.

Here we require that the solution of the continuous problem has
the regularity implicitly assumed by the presence of the norms on the
right.

Theorem 3.1.
Let u be the solution of (1) such that u ∈ C([0, T ], L2(0, L)),

t ↦→ ∂u

∂t
(·, t) is piecewise continuous and u(x, t) = w(x, t) +

∞∑︂
k=1

φk(t)sk(x) with w ∈ C3([0, T ], H2(0, L)) and the φk defined

as in (6) or (7). Let uhτN be an approximation of u using the
Predictor-corrector FEM with the decomposition

uhτN (x, t) = whτ (x, t) +

N∑︂
k=1

φkτ (t)sk(x), N ∈ N, N ≥

(h2 + τ2)−2. Then there exists C > 0 such that ||u − uhτN ||0 ≤
C(h2 + τ2).

Proof. In this proof C is an arbitrary positive constant. Let t ∈ [0, T ],

assume that w(x, t) =

∞∑︂
k=1

wk(t)sk(x) and

whτ (x, t) =
∞∑︂

k=1

whτk(t)sk(x) where wk and whτk are defined

by (6) or (7).

||u(·, t)− uhτN (·, t)||20 =

∫︂ L

0

⃓⃓⃓⃓
⃓

N∑︂
k=1

(φk(t) + wk(t)− φkτ (t)

−whτk(t))sk(x) +

∞∑︂
k=N+1

(φk(t) +wk(t)− whτk(t))sk(x)|2

=

N∑︂
k=1

∫︂ L

0

|φk(t) + wk(t)− φkτ (t)− whτk(t)|2|sk(x)|2dx

+

∞∑︂
k=N+1

∫︂ L

0

|φk(t) + wk(t)− whτk(t)|2|sk(x)|2dx

=

N∑︂
k=1

∫︂ L

0

(|φk(t)− φkτ (t)|2

+2|φk(t)− φkτ (t)||wk(t)− whτk(t)|

+|wk(t)− whτk(t)|2)|sk(x)|2dx+

∞∑︂
k=N+1

∫︂ L

0

(|φk(t)|2

+2|φk(t)||wk(t)− whτk(t)|
+|wk(t)− whτk(t)|2)|sk(x)|2dx

=

N∑︂
k=1

(︁
|φk(t)− φkτ (t)|2||sk||20

+2|φk(t)− φkτ (t)|
∫︂ L

0

|wk(t)− whτk(t)||sk(x)|2dx

+

∫︂ L

0

|wk(t)− whτk(t)|2|sk(x)|2dx
)︃

+

∞∑︂
k=N+1

(︁
|φk(t)|2||sk||20

+2|φk(t)|
∫︂ L

0

|wk(t)− whτk(t)||sk(x)|2dx

+

∫︂ L

0

|wk(t)− whτk(t)|2|sk(x)|2dx
)︃

≤ C
(︁
τ4 + 2τ2||w(·, t)− whτ (·, t)||0 + ||w(·, t)− whτ (·, t)||20

+
2

N2
||w(·, t)− whτ (·, t)||0 +

1

N

)︃
≤ C

(︁
τ4 + 1/N + (τ2 + 1/N2)||w(·, t)− whτ (·, t)||0

+||w(·, t)− whτ (·, t)||20
)︁

But from Lemma 3.2 and Lemma 3.1,
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||w(·, t)− whτ (·, t)||0 ≤ ||w(·, 0)− whτ (·, 0)||0

+Ch2

(︃
||whτ (·, 0)||2 +

∫︂ t

0

⃓⃓⃓⃓⃓⃓⃓⃓
∂w

∂t
(·, s)

⃓⃓⃓⃓⃓⃓⃓⃓
2

ds

)︃

≤

⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓g0 −

∞∑︂
k=1

φk(0)sk − g0 +

N∑︂
k=1

φkτ (0)sk

⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓
0

+Ch2

(︄⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓g0 −

N∑︂
k=1

φkτ (0)sk

⃓⃓⃓⃓
⃓
⃓⃓⃓⃓
⃓
2

+

∫︂ t

0

⃓⃓⃓⃓⃓⃓⃓⃓
∂w

∂t
(·, s)

⃓⃓⃓⃓⃓⃓⃓⃓
2

ds

)︄

≤
N∑︂

k=1

|φk(0)− φkτ (0)|||sk||0 +
∞∑︂

k=N+1

|φk(0)|||sk||0 + Ch2

≤ C(τ2 + 1/N + h2)

≤ C(h2 + τ2) since N = O((h2 + τ2)−2)

Then

||u(·, t)− uhτN (·, t)||20 ≤ C(τ4+(τ2+
1

N2
)(τ2+h2)+(τ2+h2)2)

and
||u(·, t)− uhτN (·, t)||0 ≤ C(h2 + τ2) for any t ∈ [0, T ].
Hence

||uhτN − u||0 =

∫︂ T

0

||uhτN (·, t)− u(·, t)||20dt ≤ C(h2 + τ2).

4. Numerical Experiments
The main prupose of this section is to present some computational

results carried out with the Predictor-corrector algorithm 3.2. Even
though the examples considered may not represent any real world
situation, the difficulties due to singularities in the solution are well
reflected. We consider three examples with a known solutions. In
Examples 4.1, 4.2 and 4.3 the error is computed in the discrete L2-
norm defined by the formulas

||u(·, t)− uh(·, t)||d =

(︄
1

Nx + 1

Nx∑︂
i=0

|u(xi, t)− uh(xi, t)|2
)︄1/2

for t fixed and for Nx,t = (Nx+ 1)(Nt + 1)

||u− uhτ ||d =

(︄
1

Nx,t

Nt∑︂
j=0

Nx∑︂
i=0

|u(xi, tj)− uhτ (xi, tj)|2
)︄1/2

.

It is worth noting that the discrete L2-norm || · ||d,0 and the
L2-norm are equivalent in the sense of convergence and order
of convergence. All computations are carried out using a code
developped in python and executed in a laptop computer so very
large computations cannot be done. However the results obtained are
sufficient to make definite conclusions about the efficacy of the FEM.
The resulting linear systems are solved iteratively with a generalized
minimal residual method (GMRES) and all the integrals are computed
using a 10-point Legendre Gauss formula on the stifness, mass
matrices and load vectors, and a 100-points Legendre Gauss formula
for integrals used to compute the Fourier coefficients. It is shown that
more quadrature points will not significantly change the numerical
results.

In all the computations , starting from a triangulation Th0,τ0 , the
refinement are perfomed by dividing the concerned lentgh by two
(hi+1 = hi/2 and/or τi+1 = τi/2). If the exact solution u is known
then the order or rate of convergence ν is computed using the formula

ν =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

log2

⃓⃓⃓⃓
||u− uhiτj ||d − ||u− uhi−1τj ||d
||u− uhi+1τj ||d − ||u− uhiτj ||d

⃓⃓⃓⃓
if j is fixed

log2

⃓⃓⃓⃓
||u− uhiτj ||d − ||u− uhiτj−1 ||d
||u− uhiτj+1 ||d − ||u− uhiτj ||d

⃓⃓⃓⃓
if i is fixed

log2

⃓⃓⃓⃓
||u− uhiτj ||d

||u− uhi+1τj+1 ||d

⃓⃓⃓⃓
if hk = τk ∀k

.

In all the following examples νexp is the expected order of
convergence.

4.1. Example 1: A Smooth Solution

This example solves Problem (9) with the exact solution u(x, t) =
√
2t2 sin

(︁
3π
L
x
)︁

and f =
∂u

∂t
− ∂2u

∂x2
, g0(x) = 0, T = 1, L = 1. Set

ehτ (t) = ||u(·, t)− uhτ (·, t)||d, one has:
For τ = 1/4

Table 1. Error estimates in the discrete L2-norm and h = τ without adaptation (N = 0).

h 2−2 2−3 2−4 2−5 2−6 2−7 νexp

ehτ (1/2) 3.00e−3 1.13e−3 3.08e−4 7.92e−5 2.00e−5 5.03e−6

Order −− −− 1.18 1.84 1.95 1.98 2.00

ehτ (3/4) 4.44e−3 1.67e−3 4.55e−4 1.17e−4 2.95e−5 7.42e−6

Order −− −− 1.19 1.85 1.95 1.98 2.00

ehτ (1) 6.01e−3 2.26e−3 6.17e−4 1.59e−4 4.01e−5 1.01e−5

Order −− −− 1.18 1.84 1.96 1.98 2.00
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Table 2. Error estimates in the discrete L2-norm at t = 1/2, t = 1 and h = τ .

h 2−2 2−3 2−4 2−5 2−6 2−7 νexp

ehτ (1/2) 3.00e−3 1.12e−3 3.03e−4 7.80e−5 1.97e−5 4.95e−6

Order −− 1.42 1.88 1.96 1.98 1.99 2.00

ehτ (1) 6.01e−3 2.25e−3 6.14e−4 1.58e−4 3.99e−5 1.00e−5

Order −− 1.41 1.88 1.96 1.98 1.99 2.00

||u − uhτ ||d 3.66e−3 1.33e−3 3.58e−4 9.13e−5 2.30e−5 5.76e−6

Order −− 1.47 1.89 1.97 1.99 2.00 2.00

In this example the solution is smooth, the optimal convergence rates are observed, it is also showing the efficacy of the finite
element code.

4.2. Example 2: A singular Solution with a Finite Fourier Series Decomposition

This example solves Problem (9) with the exact solution

u(x, t) = t sin
(︁
π
Lx
)︁
− 1

2 t
3/2 sin

(︁
2π
L x
)︁
+
√
2t2 sin

(︁
3π
L x
)︁

and f =
∂u

∂t
− ∂2u

∂x2
, g0(x) = 0, T = 1, L = 1.

Table 3. Error estimates in the discrete L2-norm and h = τ without adaptation (N = 0).

τ = h 2−1 2−2 2−3 2−4 2−5 2−6 νexp

||u − uhτ ||d 8.14e−2 1.56e−2 8.75e−3 4.65e−3 2.40e−3 1.22e−3

Order −− 2.38 0.84 0.91 0.95 0.98 1.00

Table 4. Error estimates in the discrete L2-norm and h = τ with N = 1 and α = 1.

τ = h 2−1 2−2 2−3 2−4 2−5 2−6 νexp

||u − uhτ1||d 6.86e−2 4.03e−3 1.44e−3 4.00e−4 1.09e−4 3.12e−5

Order −− 4.09 1.48 1.85 1.87 1.81 1.5

Table 5. Error estimates in the discrete L2-norm and h = τ with N = 2 and α = 1.

τ = h 2−1 2−2 2−3 2−4 2−5 2−6 νexp

||u − uhτ2||d 6.86e−2 3.66e−3 1.33e−3 3.58e−4 9.13e−5 2.30e−5

Order −− 4.23 1.45 1.90 1.97 1.99 2.00

Table 6. Error estimates in the discrete L2-norm and h = τ with N = 3 and α = 1

τ = h 2−1 2−2 2−3 2−4 2−5 2−6 νexp

||u − uhτ3||d 8.68e−14 1.64e−13 5.37e−12 1.72e−11 2.05e−11 2.08e−11

In Table 3 the convergence rate is reduced to 1, proof
of the existence of a time singularity. In fact the solution
has a line singularity at t = 0. The predictor-corrector
algorithm is applied for the number of functions in the Fourier
decomposition to be N = 1, 2, 3 and the singular exponent
α = 1 (the convergence rate). In Table 4 the convergence rate
is ameliorated, proof that a singular part has been removed,
but the convergence is still not optimal, one needs to increase
the value of N . In Table 5 the optimal convergence rate
is recovered. In Table 6 the error is almost zero, this is

because the regular part approximated is 0 and is very well
approximated, only the errors due to the computations of
integrals appear.

4.3. Example 3: A Singular Solution with an Infinite
Fourier Series Decomposition and a Line Singularity

This example solves Problem (9) with the exact solution

u(x, t) = tx(x − 1) and f =
∂u

∂t
− 10−2 ∂

2u

∂x2
, g0(x) = 0,

T = 1, L = 1.
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Table 7. Error estimates in the discrete L2-norm and h = τ without adaptation.

τ = h 2−1 2−2 2−3 2−4 2−5 2−6 νexp

||u − uhτ ||d 1.57e−2 1.38e−2 8.67e−3 4.85e−3 2.57e−3 1.32e−3

Order −− 0.19 0.66 0.83 0.92 0.96 1.00

Table 8. Error estimates in the discrete L2-norm and h = τ with N = 40 and α = 1.

τ = h 2−1 2−2 2−3 2−4 2−5 2−6 νexp

||u − uhτN ||d 1.19e−5 2.05e−6 6.27e−7 2.45e−7 6.38e−8 1.60e−8

Order −− 2.54 1.71 1.36 1.94 1.99 2.00

Table 7 shows that a singularity occurs and affects the
convergence. In fact the solution has a line singularity at t = 0.
With the application of the predictor-corrector algorithm, the
optimal convergence rate is recovered for N = 40 as Table 8
illustrates.

4.4. Example 4: A Solution with an Infinite Fourier Series
Decomposition and with a Line Singularity

This example solves Problem (9) with the exact solution

u(x, t) = t1/2 cos(πx2 )(1 − e−x) and f =
∂u

∂t
− c2

∂2u

∂x2
,

c = 1/π4, g0(x) = 0, T = 1, L = 1.
Table 9 presents the finite element approximation with

τ = h without adaptation and it is shown that the optimal
convergence rate is not obtained. Table 10 presents the
Predictor-corrector solution with the singular exponent α =
1/2. The number N of Fourier coefficients to compute is
defined as a function of the diameter h of each triangulation
to be N = 1+

⌊︁
h−1

⌋︁
, where

⌊︁
h−1

⌋︁
is the integer part of h−1.

Table 9. Error estimates in the continuous L2-norm, h = τ , without adaptation.

τ = h 2−1 2−2 2−3 2−4 2−5 2−6 νexp

||u − uhτ ||0 7.57e−2 5.23e−2 3.68e−2 2.59e−2 1.83e−2 1.29e−2

Order −− 0.53 0.51 0.50 0.50 0.50 0.50

Table 10. Error estimates in the continuous L2-norm, h = τ , without adaptation with N = 1 +
⌊︁
h−1

⌋︁
.

τ = h 2−1 2−2 2−3 2−4 2−5 2−6 νexp

||u − uhτ ||0 −− 1.96e−4 5.31e−5 1.16e−5 2.31e−6 5.47e−7

Order −− −− 1.89 2.19 2.33 2.08 2.00

N 3 5 9 17 33 65

4.5. Example 5: A solution with an Infinite Fourier Series
and with a Line Ingularity

This example solves Problem (9) with the exact solution
u(x, t) = (1

√
1− t)(1 + cos(πx)) ln(x + 1) and f =

∂u

∂t
− c2

∂2u

∂x2
, c = 10−2, g0(x) = 0, T = 1, L = 1.

The number N of Fourier coefficients is defined to be N =
1 +

⌊︁
h−1

⌋︁
.

In Table 11 a convergence is observed and the convergence
rate that is 1 is better than the expected convergence rate
0.5. however the convergence rate is still not optimal and the
FEM requires an adptation. Table 12 shows that the optimal
convergence rate is obtained with the Predictor-corrector FEM.

Table 11. Error estimates in the continuous L2-norm, h = τ , without adaptation.

τ = h 2−1 2−2 2−3 2−4 2−5 2−6 νexp

||u − uhτ ||0 9.06e−2 3.86e−2 1.88e−2 9.38e−3 4.69e−3 2.34e−3

Order −− 1.23 1.03 1.01 1.00 1.00 1.00
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Table 12. Error estimates in the continuous L2-norm, h = τ , without adaptation with N = 1 +
⌊︁
h−1

⌋︁
.

τ = h 2−1 2−2 2−3 2−4 2−5 2−6 νexp

||u − uhτ ||0 4.34e−3 1.07e−3 2.25e−4 4.29e−5 7.83e−6 1.41e−6

Order −− 2.03 2.25 2.39 2.45 2.48 2.00

N 3 5 9 17 33 65

5. Conclusion
The Predictor-corrector FEM developped in this paper is

based on the Fourier decomposition of the solution and an
approximation of the time singular solution. The FEM is
proved to be efficient to recover the optimal convergence
rate of the Crank-Nicolson scheme. In this paper and the
various examples the solution is assumed to have only one
time singularity, the case with more singularities can be treated
locally by adding a time-dependent cut-off function or by
segmenting the time domain (0, T ) into subdomains where the
singular ponts are the endpoints of the subdomains, a sufficient
appoximation at each interior endpoint of a subdomain being
considered as an initial condition in the next subdomain. The
case of Neumann and mixed boundary conditions in space can
also be easiy adapted as the basis in L2(0, L) for the Fourier
decomposition can be found.
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