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Abstract: The problem of critical patch size — a threshold condition for population persistence — is investigated in the
context of discrete habitats, modeled as graphs with a distinguished subset of vertices acting as sinks. These sinks impose
boundary-like constraints analogous to Dirichlet conditions in continuous domains. The population proliferates locally at the
vertices and diffuse across the network through the graph Laplacian. In the sinks the population cannot survive. The Dirichlet
eigenvalue of the habitat is defined as the smallest eigenvalue of the principal submatrix of the Laplacian obtained by removing
the rows and columns associated with sink vertices. This spectral parameter governs the habitat’s viability: survival occurs when
the Dirichlet eigenvalue of the habitat lies below a critical reaction-to-diffusion ratio. We study survival conditions for a sequence
of random habitats built on binomial random graphs. We establish a law of large numbers for the corresponding sequence of
Dirichlet eigenvalues and prove the emergence of a sharp threshold phenomenon: with high probability, a large random habitat is
either viable or non-viable, depending on whether the reaction-to-diffusion ratio lies below or above this threshold. Our results
provide the first general spectral theory for critical patch size on graphs, with implications for ecology, synthetic biology, and the
modeling of processes on brain connectomes.
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1. Introduction satisfies

Aom < p(H),

Population survival in spatially structured environments can
be formulated as a threshold problem: given local proliferation
and spatial dispersal, under which conditions does a population

persist rather than go extinct? A central question is therefore

with p(H) = r/D. The latter inequality defines the survival
condition for the habitat H. Note that we treat p(+) as function
of H to allow for general dependency of the parameters r and
D on H. Equation (1) is a simple extension of the original

how spatial structure and boundary effects jointly determine
persistence thresholds.

In classical reaction-diffusion models, this problem reduces
to a spectral condition. For a species density u : [0, 00) x H —
[0, 1], diffusing in a bounded habitat H C R? and evolving
with a logistic growth term according to

dyu = DV%u + ru(l — u), ulog =0 (1)
persistence occurs if and only if the principal Dirichlet
eigenvalue of the problem

(VPu+ M) [g =0, ulog =0

KiSS model, whose principal Dirichlet eigenvalue, in a one

dimensional island of size H = [0, L], is given by )\ffif) =
72 /L2, resulting in the well known KiSS critical patch size
L=mn/\p.

Model (1) has been extended in multiple directions,
including metapopulation dynamics [1], demographic and
environmental stochasticity [2], spatial heterogeneity [3], and
individual-based frameworks [4]. However, limited attention
has been devoted to understanding how strong environmental
heterogeneity and complex connectivity structures influence
population survival and the determination of critical patch
size in biological systems. Although ecological dynamics
on networks have recently received growing attention, as in
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[5, 6], to the best of our knowledge, the first attempt to
discuss survival conditions in discrete habitats, modeled as
graphs, was introduced in [7]. However, a general spectral
characterization of survival thresholds in strongly stochastic
network-structured habitats is still lacking.

In the following we refer to a discrete setting in which
habitats are represented as random graphs to which the spectral
viewpoint discussed above naturally extends. Let {H,} be
a sequence of habitats where H,, = (G,,S,) consist of a
binomial random graph G,, and a set S,, of s, sink nodes.
Denote by L(G),,) the graph Laplacian and by L(5»)(G,,) the
principal submatrix of L(G,,) obtained by removing rows and
colums corresponding to sinks S,,. In the present work, we
define the critical habitat size as the smallest real number
v such that, for n > -, the habitat H, ensures population
survival, and we provide probabilistic bounds on it (see
Theorem 3.2). We investigate the asymptotic properties of the
inequality

)\min (L(S") (Gn)) < p(Hn)v

which, in reaction-diffusion models, characterizes population
persistence. Some examples of deterministic and stochastic
graphs have been investigated in [7], but the fully stochastic
case remains largely unexplored. We show that, in
large random habitats, population survival is asymptotically
determined by the expected number of connections between
viable sites and sinks. Formally, our main result establishes a
law of large numbers for the Dirichlet eigenvalue in the regime
SnPn > logn. Under this assumption we prove that

Amin (L%S”))/snpn -1 almost surely.

In particular, when p,, = p > 0 and s,, > (logn)'T¢, the
principal Dirichlet eigenvalue concentrates around s,,p for any
€ > 0. This shows that, asymptotically, the survival threshold
is governed by the expected boundary degree induced by the
sinks.

2. Survival in Random Graphs with
Sinks

Let us briefly describe the theoretical and notational settings
we work in. We use the symbol # to denote the cardinality
of sets. As customary, for a positive integer n, we set [n] =
{1,...,n}. If Bis an order n matrix and S C [n], B is the
(principal) submatrix obtained by deleting rows and columns
whose index is in .S.

We consider undirected graphs on the vertex set [n] and we
define G,, as the set of all such graphs. For a graph G and
distinct vertices ¢, j € [n], we write ¢ ~ j to mean that ¢ and j
are adjacent in G. Notice that ~ defines a symmetric relation
on [n]. The graph Laplacian, (or simply the Laplacian) L(G)
of G is the self-adjoint matrix D(G) — A(G) where

A(G) = (ai,j) is the adjacency matrix of G

1 ifi~y
Qg5 = .
0 otherwise,

while D(G) = diag (dg(1),...,dg(n)) is the degree-matrix
of G, where d¢ (i) = Z?zl a; ;. If S is any subset of [n] and
i is any vertex in [n] \ .S, one has the following decomposition

da (i) = d(i) + (@),

where z;(G) = #{j € S : i ~ j} and dg(i) = #{j €
[n]\ S : i ~ j}. Hence z;(G) is the number of neighbors of
i in S while gg(l) is the degree of vertex i in the subgraph G
induced by [n] \ S. Clearly de; = dg. For ease of notation,
throughout the rest of the paper, when no ambiguity can arise,
we will omit the explicit reference to G in all the above-defined
symbols. A habitat H is a pair (G, S), where G € G, and
S C [n] is a set of s vertices thought of as sinks (or boundary
points).

Using the above definitions, the diffusion dynamics in the
habitat H = (G, S), near the extinction threshold, can be
described as

8tu—|—L(G)u = p(H) |d11 ui|i€S = O (2)

Defining A¥)(G) as the adjacency matrix of the subgraph
G of G induced by [n] \ S and L(5)(@) the Dirichlet matrix
associate to the habitat (G, S), the following identities hold

LG =DPNG) —ADG) = Z2+ LG @)

where Z is the diagonal matrix whose diagonal elements are
the z’s, i € [n]\ S, defined in (2) while L(*)(Q) is the
Laplacian of G. The above expression implies that, in general,
L%)(@) is not itself a graph Laplacian. Dynamics (2) can be
written as

dyu+ L (G)u = p(H)idu

and, considering that Dirichlet eigenvalue of (G, .S), denoted
by £9(G) = Amin (L9 (G)), ie. the smallest eigenvalue of
L)(@), survival condition for (2) is

¢9NG) < p(H). (4)

A binomial random graph G on [n] is a sample point from
the probability space G(n, pn) = (Gn, Pn p, ), Where

Py p, (G) = p2 (1 = p,)(3) (@),

where e(G) is the number of edges of G. More pictorially,
a binomial random graph is a graph on [n] where each of the
() pairs of different vertices is joined by an edge with the
same probability p,,, independently of each other pair. We
also stipulate that the sinks of a random habitat are always
located in the first s,, vertices of the underlying random graph
and we call the corresponding habitat, the standard random
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habitat. This assumption causes no loss of generality because
if (G,S) is any habitat where G € G,, and S has s sinks,
then there is a graph isomorphism 7 : [n] — [n] such that
7(8) = [sy,]. Therefore, the spectra of the matrices L) and
L%[S"D are the same, as they are conjugate by a permutation
matrix. From now on, we abridge the more precise, albeit
cumbersome and redundant, expression LSS"D by Lgf). We
tacitly apply the same convention to other related notations. In
particular, hereafter f,(f) will denote the Dirichlet eigenvalue of
a standard random habitat with s,, sinks and n — s,, non-sink
vertices.

The sequences of random objects (random variables,
matrices) we are interested in are defined on different
probability spaces for different n.  Using the standard
procedure of taking product of probability spaces, we can
ensure that all the objects are defined on the same probability
space, (Q,F,P). Our forthcoming convergence results are
always stated with respect to this probability space. Also, for
a sequence of random variable {U,, } and a random variable U,
all being defined on (€2, F,P), we use that shorthand notation
U, +%3 U to mean that U,, converge to U almost surely. We
will make an extensive use of the following variants of the so-
called Chernoff bounds (see [8], Chapter 27) that for a random
variable X ~ bin(v, p) and € > 0 read as

—e?vp/3 :
P(X > (14 ¢€)vp) < e ©"P/° Upper tail Chernoff Bound,
P(X <(1-¢€wp) < e~<¥P/2 Lower tail Chernoff Bound,

_ —eup/3 :
P(|X — p| > evp) < 2e Symmetric Chernoff Bound.

3. Results

In the present work, we extend this concept to that of critical
habitat size, defined as the smallest real number ~ such that,
for n > ~, the habitat H,, ensures population survival, and we
provide probabilistic bounds on it (see Theorem 3.2). Actually
the main aim of this paper is to study inequality (4) for a
sequence of habitats { H,, }, H, = (G, Sy,), namely,

g(sn)(Gn) < p(Hn,),

where G, is a binomial random graph on {1,2,...,n}, ie.,
a graph sampled from the probability space G(n,p,) (see
Section 3 for precise definition), S,, consists of s, sinks,
the sequence {s,} does not decrease and L(°)(G,,) is the
principal submatrix of the graph Laplacian of G,, induced
by the non-sink vertices. By what we have observed and
stipulated above, there is no loss of generality in assuming
that H,, is a standard random habitat. Consequently, for these
sequences, (4) is equivalent to

€ < p(H,). (5)

According to whether it satisfies the survival condition or
not, a habitat will be referred to as healthy or deadly. We
establish law of large numbers for the Dirichlet eigenvalue

of H, under the assumptions that s,p, grows faster than

logarithmically. In particular, we show that f,(f) /SnPn

converges to 1 almost surely. This happens, for instance,

when p,, is a fixed constant and s,, > (logn)!*¢ for any

€ > 0. Specifically, the following result holds, where, for

functions f, g : N — N, we write f(n) < ¢(n) to mean
fn) _

0.95
Sy
U):
@ 0.9
2
085 Pn=0.10 —m—
p,=0.05 e —
p,=0.02
‘ Py=0.01 -
1000 10000

n

Figure 1. Numerical computation of Esf) /Snpn vs n for fixed s, = 50 and different

values of py. The plot shows the mean and the standard deviation of {7&5) /SnPn
computed over 1000 random habitats.

Theorem 3.1. Consider a sequence { H,, } of random habitats
of the form (G, S,) where G,, is sampled from G(n,p,),
Sy, has s, sinks and the sequence {s,} is non-decreasing.

Let {5&5")} be the corresponding sequence of Dirichlet
eigenvalues.
1) If s, < n, then the sequence {p% }, pl, = 105”, is a sharp
threshold for the positiveness of the Dirichlet eigenvalue
of H,,i.e.,

n—00 if Z—:}ZlJre.

0 if B2<1—¢€
lim P(¢6) > 0) = {1 Pr —

for every € > 0.
2) Consider the following assumptions
(@) logn < (n — $p)Dn.
(b) lim,, o0 Sp/n < 1 and logn < s,p,.
(sn)

If assumption (b) holds, then converges to 1

almost surely. Assumptions (a) anﬁp(%) both imply that
]P’(limsupn {gr(f”)/snpn} < 1) = 1.

As a consequence, if assumption (ii).(b) holds, then the
sequence {p%}, p = Sppn, is a sharp threshold for habitat’s
viability ruled by the survival condition (5). Under assumption
(ii).(a), for every € > 0, if p(H,) > (1 + €)Sppn, then for
sufficiently large n, almost every habitat with n vertices is
healthy. This happens, in particular, if s, p,, converges to zero
and p(H,,) is bounded away from zero.

If the sequence {p,} is such that, eventually, p, >
C'logn/n for some constant C' > 1, then it is customary to
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say that random graph evolves in the connected regime while,
if np, > logn, then we may say that the random graph
evolves in the quasi-dense regime. Consequently, statement
(1) in Theorem 3.1 establishes that a non-zero limit for 5,(18")
can exist only in the connected regime while the subsequent
statement (ii) identifies this limit in the quasi-dense regime
under assumption (ii).(b). Note that assumptions (ii).(a) and
(i1).(b) are independent of each other and both imply that the
random graph evolves in the quasi-dense regime. In such a
regime, the condition s,p, — 0, occurring in the last part
of Theorem 3.1, can be realized with p, = log® n/n, for
some a > 1, and with s,, either constant or growing with
n. Actually, as explained in Remark 4.2, it is not difficult to
prove that, almost surely, for n large enough, s, p, — k(n) <
57({9”) < $ppn, where k(n) is o(npy,,) (see Figure ??). Also,

it is worth observing, that s, p,, is the smallest eigenvalue of

)

the expectation of the random matrix L%S ™/ rather then than

expected value of the random variable §£f") = Anmin (les")).
As explained in Remark 4.3, one has E (E,(f")) < $pPn.

We warn the reader that, by combining Oliveira’s matrix
concentration for random Laplacians (see [9]) with the
aforementioned identity s,,p, = Amin (E(Lgf))) (see Remark
4.3), one can prove the same asymptotic behaviour of the
Dirichlet eigenvalue in the dense regime. In fact, Theorem
3.1.(ii) can be recovered from these general results combined
with the deterministic bounds of Lemma 4.1. Since this route
requires substantially heavier machinery and does not simplify
the argument, for the sake of clarity and self-containment, we
prefer to derive Theorem 3.1.(ii) directly from elementary first
principles, using only Chernoff bounds and the Borel/Cantelli
lemma. While this avoids resorting the machinery of the
general theory of random graphs, it highlights the essential

mechanism behind the behaviour of fr(f).

/

0.95 | $
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Figure 2. Numerical computation ofESf) vs eford = 1072, p =1,and s = 10 (dark
green) and s = 100 (dark blue). The plot shows the mean and the standard deviation
of & 5;') computed over 1000 random habitats chosen according to (6) (points with error
bars), along with the 0.01 right-tail percentile of the sample distrution (full lines with the
corresponding colors).

Using the fact that the survival condition defines a monotone

graph property (see the proof of Theorem 3.2), we obtain
probabilistic bounds on the minimum size of healthy habitats,
i.e., the critical habitat size. Specifically, when habitats are
sampled uniformly at random from the set of all possible
habitats with a given number of non-sink vertices and,
possibly, a given number of edges, we have the following
‘probabilistic solution’ to the critical habitat size problem in
model (2):
Theorem 3.2. Let s be a positive integer number, p a positive
real number and § be a real number arbitrarily picked in (0, 1).
1) For any positive real number € let p. := pc(p, s) where
pe(p,s) = ﬁ. Set = spe. If n and m are positive
integer numbers such

3 4 n

n>s+ ﬁlogg and m §p5(2>, (6)
then all but at most fraction § of the habitats with s sinks
whose underlying graph has n vertices and m edges are
healthy

2) Except possibly for a fraction 4, if p > s/2, then all

habitats with s sinks and at least (sfﬁ log% non-sink
vertices are healthy, while, if p < s/2 all habitats with
s sinks and no more than Je(*=27)°/4s non-sink vertices
are deadly.

Theorem 3.2 provides a static counterpart to Theorem 3.1,
in that it quantifies the typical health of a uniformly sampled
habitat of size n (see Figure ??) instead of describing the
behavior of £°#(G,,) along a random growth process. Besides
the fact that the survival condition defines a monotone graph
property, the proof of the theorem uses only the standard
comparison between G(n, p,,) and G, .. Yet, the result offers
a clean ecological interpretation, stating that sufficiently large
habitats are almost surely healthy, while sufficiently small ones
are almost surely deadly.

For instance, when 6 = 10~2, p = 1and s = 10, according
to Theorem 3.2.(i), for e = 0.1 at least 99% of the habitats with
at least 1988 vertices are healthy, while for ¢ = 0.03 the same
fraction of the habitats is healthy with a much higher number
of vertices, at least 20581. However, as shown in Fig. ??, such
bounds become sharp only in the asymptotic regime of very
large n (i.e. for small €), not easily accessible to numerical
simulation.

To the best of our knowledge, this paper is the first
systematic attempt to give a general framework to address the
critical patch size problem in graphs.

4. Proofs

We preliminary need a couples of lemmas.
Lemma 4.1. Let (G, S) be a habitat where G has n vertices

and S has s sinks. For i ¢ S, let z; and d(i) be defined as
in (2). Let §%)(@G) be the number of edges of G with exactly
one end-vertex in S. Set ((°) = min;gs 2 and 99 (G) =
59 (G)/(n—s). Then, the Dirichlet eigenvalue £ of (G, S)
satisfies the inequalities (%) < £¢(9)(@) < ¥9) (@) and both
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the inequalities are sharp. Furthermore, if G is connected, then
L9)(@) is positive definite. As a consequence, if C,(f) and 9
are the random variable described by ¢ (G)(S) and ﬁ(G)(S)
respectively, when (G, S) is sampled from a standard random
habitat with s,, sinks, then the bounds stated above hold almost
surely under P with the latter symbols replaced by the former
ones.

Proof. The Laplacian L(G) of any graph G, is always positive
semi-definite and has not full rank ([10]): if e is the all ones
vector of appropriate dimension, then L(G)e = 0. For ease
of notation, throughout the proof we omit the reference to
G. The identities Apin (L) = Apin (D) — A9)) =
Amin (Z + L(s )) follows by (3) where all of the symbols retain
the meaning there defined. Therefore
)\min (L(S)) > )\min (Z) + Amin (Z(S)) = )\min (Z)

where the last equality holds because L(5) has not full rank.
The lower bound follows once we observe that Ay, (Z) =
mingcupns 2 = ¢ (5). To prove the sharpness of the bound
) < ¢ (G), it suffices to exhibit a graph whose Dirichlet
eigenvalues attains equality. Let G be a graph such that the
vertex « attaining the minimum of z; over [n] \ S is isolated in
G. Hence dg(x) = 0 and dg (k) = 2, = (). Let e, be the
k-th fundamental basis vector defined by e, (i) = 1ifi = &
and e, (i) = 0if ¢ # 0. Observe that

e LOe, = d&(k) = 0.

Hence

el L®e, =e] (Z + 16 >) e = e Zew =2, = (9.

Since in any real symmetric matrix B, the smallest
eigenvalue of B is the minimum value of the Rayleigh quotient
of B, namely the minimum of the quadratic form Q(z) =
2T Bz over the sphere {||z|| = 1}, it follows that

u' Ly

[[ull?

= min = (¢

() (S)
() < €9(G) = min

< e,—,irL(S)eN

which proves that, for the graph G we have constructed, ¢ (5) =
£9)(@) as required.

To establish the upper bound, observe that 6(%) =
Zie[n]\ g % Indeed, an edge of G contributes to the sum if

and only it has exactly one end-vertex in [n] \ .S and, hence,
exactly one end-vertex in S. Therefore

60 = Z zi=e ( LS — L(S)) e=e' LYe.
i€[n]\S
Therefore, after observing that ||e||? = n — s, it follows that

565

n—s

) LGy e'L®e
= min < =
w0 ull? el

>\min (L(S)

The Critical Patch Size Problem in Random Graphs

as claimed. As above, to prove the sharpness of the bound
€9(@) < 99(G), it suffices to exhibit a graph whose
Dirichlet eigenvalues attains equality. Let G be a graph such
that, for some positive integer 6 such that 0 < s, z; = 6 for

€ [n] \ S. Tt is clear that such a graph exists: for each
vertex in ¢ € [n] \ .S connect i to a arbitrarily chosen subset
of S of cardinality #. For such a graph 9#(%)(G) = 4. On the
other hand, L(S)(G) = I + L)(G) where I is the identity
matrix of order n — s. Since L(®)(S) is a diagonal update
of L(9)(S) by a scalar matrix, the spectrum of L(5) is shifted
by a with respect to the spectrum of L), Since L9 is a
Laplacian matrix, its minimum eigenvalue is zero. Therefore
the minimum eigenvalue of L(%) is 6 so that,

0 — 5(5‘)

which proves that, for the graph G we have constructed,
£9(@) = 99)(G) as required. To prove the last part of the
lemma, it suffices to observe that if G is connected, then L(5)
is an irreducible diagonally dominant matrix (see [11] for this
notion) and that, as consequence of Gershgorin circle theorem,
every symmetric and irreducible diagonally dominant matrix is
positive definite (Corollary to Theorem 1.8 in [11]).

(G) <99N(G) =0

Remark 4.1. As innocent and folklore as it may seem,
Lemma 4.1 provides the optimal deterministic range for the
Dirichlet eigenvalue in a precise sense. Without imposing
further structural assumptions, such as conditions on the
internal graph G, the bounds (%) < ¢9)(GQ) < 99)(@Q)
cannot be improved: both extremes can be attained by suitable
families of graphs—via full localization of the Rayleigh
minimizer on a single vertex of [n] \ S or by taking a graph
with constant degree sequence on [n] \ S—and no sharper
universal estimate is possible without loosing the generality
of the random model we have chosen.

Lemma 4.2. If assumptions (a) or (b) in Theorem 3.1.(ii)
hold, then 19%5)/ SnPn LN (i only assumption (b) holds,

then Q(f)/snpn 25,

Proof. For ease of notation, let s = s,, p = p, and n =
n — s. For random variables X and Y write X ~ ber(p)
to mean that X is a Bernoulli random variable with mean
p and Y ~ bin(n,p) to mean that Y has a the binomial
distribution with parameters n ad p, which is the distribution of
the sum of n independent Bernoulli random variables having
the same mean p. Let 61('3') be the indicator of the event that
vertices ¢ and j are adjacent in the random graph Hence

ez(.z.) ~ ber(p) and 79y = 33 > et e/} with the e(”)
being independent. Therefore a0l ~ bin(sn, p) under P.

Fori=s+1,...,n,let Z(g) be defined by >_° ™. Hence

j=1i,j -
o = minizsﬂyn_’n Z( *) where Z( ~ bin(s, p). Let

Bin(e) ={we: 198 (w ) — sp| > esp}
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and
Ban(e) = {weQ: ¢ (w) — (n—1)p| > esp}.

By a standard application of the Borel-Cantelli Lemma (see,
e.g., [12], Chapter 6), if, for every ¢ > 0, we can prove that
> n>1 P (Bi,n(€)) is finite, under assumptions (a) or (b) and
that > -, P (B2, (€)) is finite under assumption (b), then we
have proved the lemma. To prove that > -, P (B (€)) is
finite for h = 1,2, we show that P (B}, ,,(¢)) is O(n™2). An

application of the symmetric Chernoff bound to ﬁﬂgf) yields
P(Bin()) = B(103 () — 5p| > esp)

= P(\Wﬁf)(w) —nsp| > gﬁsp) < 9p— € Tisp/3

Assumptions (a) and (b) both imply that nsp > logn.
Hence, for n sufficiently large, it holds that nsp > 6% logn
implying that P (By ,(¢€)) < 2~ Nsp/3 < 9e—2logn — 2/n?.
This establishes the first almost sure limit. To establish the
other one, observe that By, () C U}, Fj(e) where, for
i=s+1,...,n Fe) :={weQ: |Zl(“2(w) — sp| > esp}.
Therefore, since Zl(srz is distributed as Z where Z ~ bin(s, p),
it follows that P (Bs ,,(¢)) < nlP (|Z — sp| > esp), where the
factor n is due to the Union Bound. An application of the
symmetric Chernoff bound to Z yields

P (Ban(€)) <nP(|Z — sp| > esp) < e /3,
By assumption (b), if n is sufficiently large, then sp

9 logn. Hence P (B3, (€)) < 2ne 3l08m < 2pe=3losn
2/n?. This finishes the proof of the lemma.

>
<

Proof of Theorem 3.1. Let us prove statement (i) first. Let
F, be the event that in H,, the the underlying random graph
is connected. By Lemma 4.1, event F;, implies the event
that L' is positive definite. Hence P(F,) < P( () S
0) < 1. Since in the connected regime lim,,_, . P(F},) = 1
(see, e.g., [8]), we conclude lim,, o, P( ,(f) > 0) = 1as
well. This proves the only if part. Conversely, if p,, is
below the threshold, then consider the sequence formed by
the random graphs induced by the non-sink vertices. Since
the event that the graphs in the sequence contain a isolated
vertex is an asymptotically almost sure event (see, e.g., [13]),
it follows that the event that Lgf) has an all zero row is also
asymptotically almost sure and so is the event that Lgf) is
singular and the proof of the statement is complete.

As for statement (ii), observe that by Lemma 4.1, it almost
surely holds that C,({g) < &(f) < 19,({9). On the other hand, by
Lemma 4.2, both ¢\ /sp,, and 9% /sp,, converge to 1 almost
surely under assumption (b). Hence {,(f) /spn —2% 1 follows
by squeezing. The second part follows straightforwardly from
the almost sure inequality 5%8) < 9%) and the almost sure limit

19%8)/ SnDn 225 1 under assumptions (a) or (b). These two

facts imply

§(8) 9
1> P | limsup <1 >P lim sup "<

n 577,pn n Snpn -
o5
=P lim <1l] =1L
n SnPn
The proof of the theorem is now complete. O

Remark 4.2. For a standard random habitat, let dsznin be the
minimum among the degrees of the non-sink vertices. Since
Amin (Dq({q) - A,(f)) > d® A (Asf)), it almost surely

holds that £5% > dsznin — Amax (A%)). Since, reasoning as

in Lemma 4.2, it can be shown dsznin =(1+0(1))(n—1)p,

and since Amax (Agf)) = (1+0(1))(n— s, — 1)p, (see [14]),
it follows that &5 = s,,p, — k(n) where k(n) < npy,.

Remark 4.3. By the results in [9], it can be shown that

SnPn = Amin (IE(LELS))), where IEJ(L%S)) is the expectation
under P of the random matrix Lgf). The map which takes
a symmetric matrix to its smallest eigenvalue is a concave
map on the set of real symmetric matrix. Hence, by Jensen
inequality, E( 7(15)) < SnPn-
Proof of Theorem 3.2. Let n and m be positive integers and
Gn.,m be the set of graphs on [n] with m edges. Let H$f2n be
the set of habitats (G, S) such that G € G,, ,,, and S consists of
s sinks. Likewise, ’HE{Q) is the set of habitats (G, S) such that
G € G, and S consists of s sinks. Also recall that a standard
habitat is a habitat (G, [s]). Let H(*)(S) be the subset of ’HSon
('H,(f), resp.) consisting of the habitats whose set of sinks is S.
It is clear that H(*)(S) and H(*) ([s]) have the same number of
elements. Denote by L(*) (@) the principal submatrix of L(G)
induced by {s+1,...,n}.

Let us prove statement (i) first. Let ng)m be the uniform
measure on Hgf)m and and let B(S) the event which occurs
when a habitat sampled uniformly at random from H&ilm is
healthy and its set of sinks is precisely S. Also, let B the
event that a habitat sampled uniformly at random from 7—[5:271
is healthy. The thesis of the statement is then equivalent to
IP’S%L(B) > 1 — 6. By symmetry of the uniform model
Gy,,m under vertex permutations, the probability that a habitat
(G, S) is healthy depends only on |S| = s and not on the
specific choice of S. Indeed, for any two sets S, S” C [n]
with |S| = |S’| = s, there is a permutation sending S to
S’ that takes L()(@) to a similar matrix L) (G’), hence
preserving the probability of B(S). Thus all events B(.S) have
the same probability. In particular, for S = [s], it holds that
P (B) = PE(B([s]) = Prm (LE)(G) < p), so that, to
prove the theorem, it suffices to prove that

Py (L(G) < p) 2146 (7)

Since, as we shall show below, the event {G €
Gn | )\min(L(G)(s)) > p} defines a monotone increasing
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graph property P, we may apply the standard comparison
between G(n,p,) and Gy, ., (see e.g.. Lemma 1.3 in [8] or
Proposition 1.12 in [13]). In particular, with p = m/ (’2’), it

holds that
Ppm (G ePr) <AP,, (G e P;) <4P,, (GeP;) (B

where the constant 4 comes from the lower bound P(X >
m) > 1/4 valid for a binomial random variable X whenever
m < E(X) (see [15]) while the last inequality is due to the
hypothesis m < p.(%) upon recalling that P,, ,(G € P})
is not decreasing in p (see again [8, 13]). Consider now the
property Pi = {G € Gy | Amin (L(G)(S)) > p}. We claim
that P;; is a monotone graph property. It suffices to show
that if G’ has one edge more than G, then Ay, (L(S) (G’)) >
Amin (L©)(G)). Let e be the extra edge in G'. Suppose
that e connects the distinct vertices ¢ and j. If {i,j} C
{1,...,s}, then A\pin (L(s)(G’)) = Amin (L(S)(G)) because
LE)(G") = LY)(G) in this case. If either i or j belongs
to {1,...,s}, then Apin (LE(G)) = Amin (L(G) + L),
where /,, is an order (n — s) diagonal matrix all whose
entries are zero except for the x-th diagonal one which is
1, where k € {i,j}. If {i,5} C [n]\ {1,...,s}, then
Amin (LE(G") = Amin (L(G) + £;5), where {; ; is the
graph Laplacian of the graph ({s + 1,...,n},{e}). Since
both /,, and /¢; ; are semi-definite positive matrices, in any
case it holds that A\pin (L(S)(G’)) > )\mm( s)(G)). Hence
‘P is monotone as claimed. Recall now that by Lemma 4.2,

ﬁﬁ,(f) ~ bin(ns, p ), where 7 = n — s, and by Lemma 4.1, it
almost surely holds that f,(f) < 9% Hence

Pr p. (f&s) > P)

=Py, (650> (1+ )
< Pry, (W0 > (14 )un)

<ex —€2Mﬁ <§
S T B

where the last but one inequality is the upper tail Chernoff
bound, while the last inequality is granted by the assumption
n > (’)37’;)2 log%. The proof follows by (7) and (8) after
observing that Py, ,,, (G € Pjt) =1 —Ppy (L(S)(G) < p).
As for statement (ii), observe in the first place, that when
p = 1/2, the measure P, 1 assigns the same probability to
the graphs in G,,. Therefore P, 1 is the uniform measure on
G,. Borrowing the reasoning from the proof of Theorem 3.2,
we see that the first of the two statements is equivalent to the
statement

Prp (G €Pp) =

6s 1
n>— log = P () > ) < 6.
2 G 85 =BG 20 <
Observe that Pn}%(g,(f) > p) < Pn’%(ﬁgf) > p) because

€% < 9 holds almost surely by Lemma 4.2. Hence, after
recalling that ol ~ bin(ns, 1/2), the thesis follows by
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applying the upper tail Chernoff bound to ﬁﬂsf) with € =
(s — 2p)/s. Similarly, the second statement is equivalent to

< oelt T A (€0 < p) <6,

Since by Lemma 4.1, it almost surely holds that C,(LS) <
57(13), by applying the Union Bound as in Lemma 4.2, yields
P, 1(& < p) < AP, 1 (¢ < p)
follows by applying the lower tail Chernoff bound to Q(LS) with
€ = (s—2p)/s since () ~ bin(s, 1/2). The Theorem is thus
completely proved. O

The thesis now

5. Conclusion

In this work we investigated the critical patch size problem
in a discrete setting, modeling habitats as random graphs
with a subset of vertices acting as sinks. We showed
that population persistence is governed by the Dirichlet
eigenvalue of a Laplacian-type operator, providing a natural
discrete counterpart of classical reaction-diffusion models with
absorbing boundaries.

For sequences of Erdos-Rényi random habitats with
extensive sink sets, we established probabilistic bounds and
proved an almost sure asymptotic characterization of the
principal Dirichlet eigenvalue in the large-network regime.
These results yield sharp spectral thresholds determining
population survival with high probability and allow the
identification of a minimal habitat size ensuring persistence in
random environments.

Several directions remain open, including the extension
to structured or correlated networks, different growth term,
as in the Allee effect, and non-asymptotic regimes relevant
for finite-size habitats. These questions may contribute to a
broader understanding of persistence phenomena in complex
spatially structured systems.
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