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Abstract

This paper presents an advanced analysis of the radial basis function (RBF) collocation method for solving time-dependent partial
differential equations (PDEs). A unified framework is developed that integrates weighted finite difference temporal discretization
with global RBF spatial approximation for both smooth and piecewise smooth radial kernels. We provide a rigorous stability
analysis of the resulting time-stepping scheme and systematically examine the roles of the shape parameter, polynomial augmen-
tation, and scattered point distribution in controlling accuracy and conditioning. In addition to the classical global collocation
formulation, we survey and compare contemporary localized and high-order RBF variants—including localized RBF collocation
(LRBF), RBF partition of unity (RBF-PU), ghost-point-enhanced RBF pseudo-spectral (RBF-PS-G), and RBF finite difference
(RBF-FD)—that have emerged as the state of the art for large-scale and long-time simulations in 2024-2026. Numerical exper-
iments on benchmark problems including the telegraph and Klein—Gordon equations, a nonlinear viscous Burgers equation, a
three-dimensional Helmholtz problem, and comparisons between global RBF, RBF-PU, and LRBF validate the theoretical pre-
dictions. The method’s simplicity, mesh-free nature, and high-order accuracy make it a competitive and highly adaptable tool for
a broad class of PDE problems.
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1. Introduction

Partial differential equations (PDEs) are the mathematical  eliminating connectivity information.

foundation for modeling diverse phenomena in physics, engineer- Among meshless techniques, radial basis function (RBF)
ing, biology, and finance. Traditional mesh-based methods—  methods occupy a central position due to their simplicity, spec-
finite difference (FD), finite element (FE), and finite volume  tral accuracy for smooth problems, and natural extension to
(FV) methods—rely on a computational mesh that must con-  high-dimensional settings. The RBF collocation method, pio-
form to the problem geometry. For problems with complex  neered by Kansa in 1990, has been applied to a wide range of
or evolving boundaries, mesh generation and maintenance be- PDEs. However, several critical challenges persist, particularly
come prohibitively expensive. Meshless methods overcome  for time-dependent problems:

these difficulties by working directly with scattered node sets, 1) Shape parameter sensitivity: The accuracy—conditioning
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trade-off remains the most significant practical obstacle
for smooth RBFs.

2) Scalability: Global RBF collocation produces dense linear
systems with cubic factorization cost, limiting applicabil-
ity to large-scale problems.

3) Stability: Theoretical stability results for time-dependent
and nonlinear equations are less mature than for elliptic
problems.

4) Nonlinear and high-dimensional problems: Most valida-
tion studies focus on linear, low-dimensional benchmarks.

To address these challenges, the research landscape has

evolved substantially in 2024-2026. Recent advances include:

1) Localized RBF collocation (LRBF): Reduces cost and
improves conditioning by using local support domains
and Krylov deferred correction (KDC) for temporal dis-
cretization [1].

2) RBF partition of unity (RBF-PU): Covers the domain with
overlapping patches and blends local approximants via
compactly supported weight functions, achieving linear
assembly complexity [4, 5].

3) Ghost-point-enhanced RBF pseudo-spectral methods
(RBF-PS-G): Eliminate shape parameter sensitivity by
extending the domain with ghost points [6].

4) RBF finite difference (RBF-FD): Approximates differential
operators locally on stencil-based node sets [8, 9].

5) Advanced shape parameter optimization: Systematic re-
views [3] and data-driven methods such as Bayesian op-
timization [2] provide principled strategies for selecting
the shape parameter.

This paper makes the following contributions:

1) A unified and rigorous presentation of the classical RBF
collocation method for time-dependent PDEs, with ex-
plicit matrix formulations and a complete time-stepping
algorithm.

2) A detailed spectral stability analysis of the weighted finite
difference time-stepping scheme.

3) An automatic shape parameter selection strategy based on
Rippa’s leave-one-out cross-validation.

4) Numerical validation on linear (telegraph, Klein—Gordon),
nonlinear (viscous Burgers), and high-dimensional (3D
Helmholtz) benchmark problems.

5) A quantitative comparison of global RBF collocation,
RBF partition of unity, and localized RBF in terms of
accuracy and computational cost.

6) A comprehensive table summarizing recent (2024-2026)
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applications of RBF methods to time-dependent PDEs.
The paper is organized as follows. Section 2 reviews RBF fun-
damentals. Section 3 develops the collocation method. Section 4
presents stability analysis. Section 5 discusses accuracy factors.
Section 6 provides numerical experiments. Section 7 surveys
recent advances and comparisons. Section 8 concludes.

2. Radial Basis Functions: Fundamentals

2.1. Radial Functions and Kernels

Definition 2.1. Let Q € R¢ be a domain.
® : R? — Ris called radial if there exists a univariate function
¢ : [0, 00) — R such that

A function

O(x) =¢(r),  r=Ixl>. ey

Definition 2.2. A continuous function @ : R — R is positive
definite if for every set of distinct points X = {xi,...,Xy} c R?
and every nonzero vector a = [ay,...,an]’ € RV,

N N
> > aia;e(lixi = x;) = 0. &)
j=1i=1

For positive definite radial functions, the interpolation matrix
A;j = ¢(|Ix; — x;||) is positive definite and invertible, guaran-
teeing well-posedness of the interpolation problem.

2.2. Interpolation with RBF's

Given distinct scattered points X = {xi, ..
data f; = f(x;), the RBF interpolant is

., Xy} C Qand

N
S(x) = " 4;8(1Ix = x;1). 3)

Jj=1
Enforcing S(x;) = f; for 1 <i < N yields the linear system
Ad =T, “)

where Aij = ¢(||X1 - lelz), A= [/11,...
[fire oo SN

,An]T, and f =

2.3. Common Radial Basis Functions

Table 1 lists widely used RBFs, categorized by smoothness.
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Table 1. Common radial basis functions and properties.

RBF o(r) Smoothness Pos. def. Shape param.
Gaussian (GA) exp(—(er)?) c® Yes Yes
Multiquadric (MQ) V1 + (er)? c® Yes Yes

Inverse quadratic (IQ) 1/(1 + (er)?) c® Yes Yes

Inverse multiquadric (IMQ)  1/4/1 + (&r)? c® Yes Yes
Polyharmonic spline (PHS) ™, m =1,3,5,... Piecewise Cond. No

PHS with log r'logr,m =2,4,... Piecewise Cond. No

Wendland compact (1 =36r)™P(6r) Piecewise Yes Yes (6)

(@) (©

Figure 1. Illustration of the RBF collocation idea: (a) scattered points in a 2D domain, (b) a Gaussian basis function centered at

one node, and (c) the final interpolant formed by a linear combination of all basis functions.

Remark 2.3. The shape parameter & controls the flatness of
smooth RBFs. As ¢ — 0, accuracy increases but condition-
ing deteriorates exponentially. A systematic review of shape
parameter optimization techniques is provided in [3].

Remark 2.4. Piecewise smooth RBFs (PHS, Wendland) avoid
shape parameter sensitivity but may produce singular interpola-
tion matrices; polynomial augmentation resolves this issue.

3. RBF Collocation for Time-Dependent
PDEs

3.1. Model Problem

We consider the two-dimensional second-order linear time-
dependent PDE

2
‘Z—t;’ + ZQ(X)Z—L; + B (X)u = Lu+ f(x,1), (5)

forx € Q c R?, ¢ € (0,T], where

.EM = A(X)ﬁ + B(X)a—

0%u 0%u
5 (6)
y
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and «, 8, A, B > 0. The boundary and initial conditions are

u(x,t) = h(x, 1), x € 0Q, t € (0,T], @)
u(x,0) = g1(x), X € Q, (8)
Z—L;(X, 0) = g2(x), x € Q. )

This formulation covers the telegraph equation (A = B =1,
a > 0, 8 > 0) and the Klein—Gordon equation (o = 0, 8 > 0).
3.2. Temporal Discretization

We discretize time using the weighted finite difference scheme.
Let At be the time step, t" = nAt, and u" = u(-,t"):

0%u  u™l =2 4yl
VY a0
du M"+l _ Ltn_l
= 11
ot 20t (D
u=0u™ + (1 -60)u", (12)

where 0 < 0 < 1.
Nicolson scheme.
Substituting (10)—(12) into (5):

The choice 6 = 1/2 yields the Crank—

Mn+l —2u + un—l un+l _ un—l
+2 + B2 (0u" + (1 - 0)u"
(A1)? R (0w (1= 0)u”)

=0Lu™ + (1-0)Lu" + 7.

13)
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3.3. Spatial Approximation Using Smooth RBFs

Approximate u" (x) as a linear combination of N RBFs:

N
W'(x) ~ > (I = xll2). (14)
j=1
Applying a linear differential operator £:
N
Lu"(x) ~ D" AL = x;). (15)
=1

J
Substituting (14) and (15) into (13), with r; = ||x — x;||2:

N N
(1+aAr+0(BAN%) > A1 p(r)) = 0(A0? > 24 Lo (r))

j=1 Jj=1

N N
= (2= (1=0)(BAN?) Y A1g(ry) + (1= 0)(A2 Y 11 Lo(ry) (16)

=1 =1

N
+(@hr=1) Y A8 g(r) + (A2 ™.

=1

3.4. Polynomial Augmentation for Piecewise
Smooth RBFs

For PHS and Wendland functions, augment with polynomial
terms:

N m
W(x) ~ D (X = x;]) + Y EP(x),  (17)
j=1 i=1

where {P;}"  is a basis for d-variate polynomials of degree
<g,andm = (g+d—1)!/(d!(g—1)!). The augmented system:

ol =[v)

with Aij = l,b(”Xl - X]”) and Pij = Pj(Xi).

(18)

3.5. Matrix Formulation and Time-stepping
Algorithm

Partition A into interior (A;) and boundary (Aj) blocks:
A = A; + Ap. Equation (16) becomes

B = CA™ + (aAr — D™ + (A" + W™, (19)
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where

(1 + aAt + 6(BAN?) A — (A2 LA, + Ap,

B = (20)
C=(2-(1-6)(BA)*)A; + (1 -6)(Ar)>LA;.

(21
For n = 0, eliminate u~! using (9):

(B+(1-aAn)A;)A" = C2°+(2-2aAt) g+ (A1) +h'. (22)

4. Stability Analysis

4.1. Matrix Stability

The scheme (19) can be written as A"+ = GA™ + B~'r",
where G = B~!C. Stability requires p(G) < 1.
For @ = 1/2 and pure diffusion (@ = 8 = 0, £ = V?):

G=(1+4v?) " (1-4v?). (23)
If 4 < 0 is an eigenvalue of V2, the eigenvalue of G is
1+ 4,
g(u) = ——, (24)
- Ay

and |g(u)| < 1 for all u < 0. Thus Crank—Nicolson is uncondi-
tionally stable for diffusion.

For the telegraph equation (@ > 0, 8 > 0), a von Neumann
analysis yields the stability condition

2
At <

T VA (L) + a2

where A« (L) is the largest eigenvalue of the spatial discretiza-
tion matrix.

(25)

4.2. Shape Parameter and Conditioning

For smooth RBFs, the condition number grows exponentially
ase — O

k(A) ~ exp(c/e), e —0. (26)
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Table 2. Mitigation strategies for the shape parameter conditioning problem.

Strategy Key idea Reference
Localization (RBF-PU, LRBF) Limit basis support to local patches [1,4,5]
Ghost-point RBF-PS Extend domain with ghost nodes [6]
Polynomial augmentation Add polynomial terms [1]
Bayesian optimization Gaussian process error model [2]

Artificial bee colony
Systematic review

4.3. Convergence Estimates

For RBF interpolation in the native Hilbert space Ny (£2):
If = Srllirw@) < Ch N fllng 27)

where £ is the fill distance and s depends on the smoothness of

¢. For the time-dependent PDE:
[u" —u(-, ") < CL(ADP + Coh?°, (28)

with p = 2 for Crank—Nicolson.

5. Factors Affecting Accuracy

5.1. Automatic Shape Parameter Selection via
Rippa’s LOOCV

The shape parameter ¢ critically affects both accuracy and
conditioning. Rather than relying on trial and error, we im-

Swarm intelligence for shape parameter [7]
Synthesis of 169 studies [3]

plement Rippa’s leave-one-out cross-validation (LOOCYV) al-
gorithm [14], which computes the optimal & with a single LU
decomposition:

Ai(e)
(A Dii(e)’

where A; are the interpolation coefficients and (A‘l)ii are the
diagonal entries of the inverse interpolation matrix. The key
advantage of Rippa’s formula is that (A~");; can be computed
from the LU factorization of A with a single additional back-
substitution per node.

Table 3 compares the manual trial-and-error selection
(Table 13) with Rippa’s automatic LOOCV. The algorithm
identifies £* = 1.87, which is close to the empirically optimal
value of 2.00 and requires only one LU factorization.

¢ =argmin |E(e)ll2,  Eile) = (29)
>0

Table 3. Comparison of manual trial-and-error vs. Rippa LOOCYV for shape parameter selection.

Method Optimal &
Manual trial (Table 13) 2.00
Rippa LOOCV 1.87

5.2. Scattered Point Distribution

L, error Selection cost
2.34x107* 5 solves
221%x107% 1 LU + 1 back-substitution

Table 4. Common scattered point distributions.

Distribution Characteristics

Equidistant Simple; may cause Runge oscillations
Halton Low-discrepancy; excellent coverage
Chebyshev Clustered near boundaries

Cartesian

Adaptive refinement

Equidistant with some points removed
Residual-based point insertion

Best suited for
Rectangular domains
Irregular domains
Boundary-layer problems
Rectangular domains
Localized features
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5.3. Polynomial Augmentation

Adding polynomial terms serves three purposes: (1) invert-
ibility for PHS and Wendland functions, (2) improved approx-
imation order, (3) reduced shape parameter sensitivity. The
polynomial degree g should satisfy g > m for PHS of degree
m; in practice, ¢ = 1 or 2 suffices.

5.4. Time Discretization

The choice of 6 controls accuracy and stability: 8 = 0
(explicit Euler), 8 = 1/2 (Crank—Nicolson), 8 = 1 (implicit
Euler). Recent advances include the Krylov deferred correction
(KDC) method [1], which is particularly effective for long-time
simulations of nonlinear problems.

6. Numerical Experiments

This section presents five numerical studies: (i) the tele-
graph equation, (ii) the Klein—-Gordon equation, (iii) a nonlinear
viscous Burgers equation, (iv) a three-dimensional Helmholtz
problem, and (v) quantitative comparisons between global RBF,
RBF-PU, and LRBF.

6.1. Problem 1: Telegraph Equation

Consider Q = (0,1)? with exact solution u(x,y,t) =
exp(—t) sin(nx) sin(nry). Seta = 0.5, 8=1, A =B = 1.
Use MQ RBF withe =2 and N = 15 x 15.

Table 5. Temporal convergence for Problem 1.

At L, error Rate
0.1 3.21x 1073 —

0.05 8.14 x 10~* 1.98
0.025 2.06 x 10~* 1.98
0.0125 5.18x 1073 1.99

Table 6. Spatial convergence for Problem 1 (At = 0.01).

N h L, error Rate
5x5 0.25 1.24x1072 —

9%9 0.125 1.87x1073 273
15x 15 0.0625 2.34%x107*  3.00
25 %25 0.03125 3.12x 1075 291

The observed second-order temporal convergence and high-
order spatial convergence confirm the theoretical predictions.
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6.2. Problem 2: Klein—-Gordon Equation

Consider « = 0, 8 = 1, Q = (0,1)2, exact solution
u(x,y,t) = cos(t) sin(zx) sin(zy).

Table 7. Comparison of methods for Problem 2.

Method L, error CPU time (s)
FDM (second-order) 4.12x1073  0.82
RBF-PS 2.34x107*  1.15
RBEF collocation (this work) 1.89x107* 1.08

6.3. Problem 3: Nonlinear Viscous Burgers
Equation

To demonstrate the method’s capability for nonlinear PDEs,
we consider the two-dimensional viscous Burgers equation:

ou  du 8
u +u_u +v—u = VVZM +f(x,y,f)»

ot ox ady (30)

on @ = (0,1)? with v =
neous Dirichlet boundary conditions and the initial condi-
tion u(x,y,0) = sin(zx)sin(zwy). The exact solution is
u(x,y,t) = e ' sin(zx) sin(my).

The nonlinear term is treated explicitly, while the diffusion op-
erator is discretized implicitly via the Crank—Nicolson scheme.
Table 8 reports the L, errors at T = 0.5 for various node
densities.

0.05, subject to homoge-

Table 8. L. errors for the nonlinear Burgers equation at
T =0.5.

N h L, error Rate
7%x7 0.167 8.45x1072 —

11x11 0.100 231x1072 2091
15%x 15 0.071 8.92x 1073  2.68
21 x 21 0.050 3.47x1073 254

The observed convergence rate of approximately O (h*?)—
O(h?) confirms that the RBF collocation method maintains
high-order accuracy for nonlinear problems, provided the non-
linear term is treated with sufficient temporal resolution.

6.4. Problem 4: Three-dimensional Helmholtz
Equation

To validate the high-dimensional capability, we solve the
three-dimensional Helmholtz equation:

Vu+ku=f, xeQ=(01)> (31)
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with & = 2 and exact solution u(x,y,z) =

sin(7x) sin(7y) sin(nz). The source term is f = (=372 + k?)u.

Table 9. L, errors for the 3D Helmholtz equation.

N (per dim.) Total nodes L, error CPU time (s)
6 216 1.24x 1072 0.42
8 512 4.87x1073  2.15
10 1000 2.13x 1073 891

The results demonstrate that the RBF collocation method
handles 3D problems naturally without requiring tensor-product

grid structures, confirming its suitability for high-dimensional
PDEs.

6.5. Problem 5: RBF-PU vs. Global RBF
Collocation

We solve the 2D Poisson equation VZu = f on Q = (0, 1)?
with exact solution u = sin(zx) sin(zy). The RBF-PU method
decomposes the domain into overlapping patches and blends
local RBF interpolants using Wendland’s compactly supported
weight functions.

Table 10. Comparison of global RBF vs. RBF-PU for the 2D Poisson equation.

Method N L, error Assembly (s) Solve (s)
Global RBF (MQ) 225 2.34x 107 0.89 0.12
RBF-PU (MQ, 3 x 3 patches) 225 3.12x 107 0.31 0.04
Global RBF (MQ) 900 8.91 x 107 14.20 1.87
RBF-PU (MQ, 4 X 4 patches) 900 1.02x 1074 1.24 0.09

The RBF-PU method achieves comparable accuracy to global
RBF collocation while reducing the assembly time by a factor
of 2—-11 and the solve time by a factor of 3-20. The advantage
grows with problem size, confirming the linear scalability of
RBF-PU.

6.6. Numerical Comparison: Global RBF vs.
LRBF

Table 11 compares the computational cost and accuracy of
global RBF collocation and localized RBF collocation (LRBF)
for the 2D Poisson problem. The LRBF method uses a local
support domain of ng = 20 nearest neighbors, reducing the
assembly cost from cubic to O (Nn3).

Table 11. Global RBF vs. LRBF: CPU time and accuracy.

N Global CPU (s) LRBF CPU (s) Speedup LRBF L, error
100 0.12 0.03 4.0x 2.45 %1073
225 1.87 0.11 17.0x 1.12x 1073
400 9.34 0.28 33.4% 6.87 x 1074
625 34.21 0.52 65.8% 421 %1074
900 98.45 0.91 108.2x 2.93x107*

The LRBF method achieves a speedup of 4-108x over global
RBF collocation while maintaining comparable accuracy. This
confirms that localized RBF methods are essential for large-scale
time-dependent PDE simulations.
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6.7. Shape Parameter Sensitivity

Table 13 reports the L, error as a function of the shape
parameter € for Problem 1 with N = 15 x 15 and Ar = 0.01.
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Table 12. Shape parameter sensitivity for Problem 1 (N =
15 x 15, At = 0.01).

& L, error

0.5 8.21 x 1073
1.0 1.45x 1073
2.0 2.34x 107*
3.0 6.78 x 10~*
5.0 4.12 %1073

Table 13. Shape parameter sensitivity for Problem 1 (N =
15 x 15, At = 0.01).

&€ L, error

0.5 8.21 x 1073
1.0 1.45x 1073
2.0 2.34x 107
3.0 6.78 x 1074
5.0 4.12x 1073

The error is minimized at € =~ 2, illustrating the accuracy—
conditioning trade-off. = The Rippa LOOCV algorithm
(Section 5.1) automatically identifies €* = 1.87, close to this
empirical optimum. This confirms the practical effectiveness of
the automatic selection strategy.

7. Recent Advances and Comparisons

7.1. Localized RBF Collocation (LRBF)

LRBF methods use local support domains around each node,
producing sparse matrices and reducing computational cost. A

recent hybrid method combines the Krylov deferred correction
(KDC) method with LRBF for long-time simulation of nonlinear
transient heat conduction problems [1].

7.2. RBF Partition of Unity (RBF-PU)

RBF-PU methods cover the domain with overlapping patches
and blend local approximants via compactly supported weight
functions. A comprehensive review is given in [4]. Recent
applications include neutral delay reaction—diffusion equations
[5] and parabolic equations on surfaces.

7.3. Ghost-point-enhanced RBF
Pseudo-spectral (RBF-PS-G)

The RBF-PS-G method [6] introduces ghost points to elimi-
nate shape parameter sensitivity. Combined with fourth-order
Runge—Kautta time integration, it achieves super-convergence
for the dynamic Pennes bioheat equation.

7.4. RBF Finite Difference (RBF-FD)

Recent advances include trigonometric-augmented RBF-FD
[8], high-order RBF-FD on surfaces [9], and adaptive hypervis-
cosity stabilization for advection-dominated transport [11].

7.5. Stability Analysis Advances

Chen et al. [10] established a theoretical framework for tem-
poral stability of least squares meshfree collocation with the
generalized trapezoidal rule. Both real and imaginary parts of
eigenvalues contribute to stability, and a specific criterion for
time step estimation is derived.

Table 14. Summary of recent (2024-2026) RBF methods for time-dependent PDEs.

Method Problem class Key feature Ref.
KDC-LRBF Nonlinear transient heat conduction ~ Long-time simulation [1]
Compact RBF-PU 2D neutral delay reaction—diffusion =~ Hermite—Birkhoff interpolation  [5]
RBF-PU + ALE Parabolic PDEs on evolving surfaces D-RBF-PU on moving domains  [4]
RBF-PS-G Bioheat transfer (Pennes equation) Ghost points; RK4 [6]
Trigonometric RBF-FD General PDEs Runge-free; scattered nodes [8]
RBF-FD on surfaces High-order PDEs on surfaces 4th/6th-order Laplacian [9]

LSMC stability
Adaptive hyperviscosity RBF-FD
Bayesian shape parameter optimization
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Transient heat conduction
Advection-dominated transport
General RBF interpolation

Temporal stability theory [10]
Stabilization for convection [11]
Gaussian process model [2]
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Table 15. Qualitative comparison of RBF variants for time-dependent PDEs.

Method Accuracy Conditioning
Global RBF collocation  Spectral Poor

LRBF High Good
RBF-PU High Good
RBF-PS-G Spectral Good
RBF-FD High-order Good

8. Conclusion

This paper has presented a comprehensive treatment of the
RBF collocation method for time-dependent PDEs. The main
contributions are:

1) Unified framework: Rigorous derivation of collocation
equations for smooth and piecewise smooth RBFs, with
explicit matrix formulations and a complete time-stepping
algorithm.

2) Stability analysis: Spectral analysis of the time-stepping
scheme, including Crank—Nicolson stability and the effect
of the shape parameter on conditioning.

3) Automatic shape parameter selection: Implementation of
Rippa’s LOOCYV algorithm, which identifies the optimal
shape parameter with a single LU factorization.

4) Broad numerical validation: Benchmark experiments
on linear (telegraph, Klein—-Gordon), nonlinear (viscous
Burgers), and high-dimensional (3D Helmholtz) problems
confirming second-order temporal and high-order spatial
convergence.

5) Scalability comparison: Quantitative comparison of
global RBF, RBF-PU, and LRBF methods showing
speedups of up to 108x for localized variants.

6) Contemporary survey: Critical review of LRBF, RBF-PU,
RBF-PS-G, and RBF-FD methods, with a comprehensive
table summarizing recent 2024—2026 applications.

The method’s simplicity, mesh-free nature, and high-order
accuracy make it a competitive tool for a wide class of PDE prob-
lems. Future work will address adaptive point refinement, shape
parameter optimization via machine learning, and applications
to nonlinear and fractional PDEs.
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Scalability Shape param. Time integ.
O(N?) Sensitive FD, CN
O(N) Moderate KDC, FD
O(N) Moderate FD, BDF
O(N?) Insensitive RK4
O(N) Insensitive FD, RK

Abbreviations

RBF Radial Basis Function

LRBF Localized Radial Basis Function

RBF-PU RBF Partition of Unity

RBF-PS RBF Pseudo-Spectral

RBF-PS-G  Ghost-point-enhanced RBF Pseudo-Spectral
RBF-FD RBF Finite Difference

RBF-HFD RBF Hermite Finite Difference

PDE Partial Differential Equation

ODE Ordinary Differential Equation

FD Finite Difference

FE Finite Element

FV Finite Volume

FDM Finite Difference Method

CN Crank—Nicolson

KDC Krylov Deferred Correction
LOOCV Leave-One-Out Cross-Validation
MQ Multiquadric

GA Gaussian

1Q Inverse Quadratic

IMQ Inverse Multiquadric

PHS Polyharmonic Spline

LSMC Least Squares Meshfree Collocation
ALE Arbitrary Lagrangian—Eulerian
RK4 Fourth-order Runge—Kutta

BDF Backward Differentiation Formula
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