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Abstract: Whenever a permutation group acts on a set, combinatorial and invariant properties, and mathematical structures
that result from this group action are studied. Various mathematicians have studied these properties over time using different
groups acting on both ordered and unordered sets. The combinatorial properties (transitivity and primitivity) and invariants (ranks
and subdegrees) of the direct product between alternating and dihedral groups acting on the Cartesian product of two sets have
already been studied and it was found out that the group action is transitive, imprimitive, the rank is 6, and subdegrees are obtained
according to theorem 2.3. This research seeks to extend this by constructing and analyzing the properties (simple/multigraph,
self-pairedness, connectedness, degree of the vertex, girth, and directedness) of these mathematical structures (suborbital graphs)
that result from the group action. This research for n > 3, suborbital graphs can be classified into three categories; First, those
constructed when only the first components of the vertex set are identical and second, those when only the second components of
the vertex set are identical. The suborbital graphs of the first and second category are simple, self-paired, have n— disconnected
components, are regular with degree n — 1 and girth is 3. The third category of suborbital graphs in which neither the first nor
the second components of the vertex set are identical and they are; simple, self-paired, connected, regular with degree of vertex
varying from graph to graph, and girth 3.

Keywords: Permutation, Group Action, Alternating Group, Dihedral Group, Suborbital, Suborbital Graph

1. Introduction

Suppose that (G, X) is transitive. Then the group action
can be also expanded easily to when two permutation
groups (A,) and (D,) are combined by direct product
(A, x D, |(a1,d1)Va, € A,,dy € D) to act on the
Cartesian product of two sets (X x Y |(x,y)Vz € X,y €Y)
ie. (a1,d1) (z,y) = (a1, d1y).

Let G = A, x D, act transitively on K = X x Y
and Stabg (x1,y1) be the stabilizer of a point (x1,y1) €
X x Y, the stabilizer partitions X x Y into orbits called
suborbits [A, = {z1,y1},A1,As, ..., Ar_1]". Rank r is the
number of these suborbits and subdegrees is the lengths

of these suborbits {n; = |A;| (¢ =0,1,2,...,r —1)}. From
each suborbit we obtain suborbital, O (x,y) which is used
to construct a suborbital graph I'(z,y) whose vertices are
the elements of X x Y and a directed line (6 — ) exists
if (0 =) € O(z,y). Therefore, O (y,x) is a suborbital
also and it is either equal or disjoint from O (z,y). Suppose
I'(y,z) = T (x,y) then the suborbital graph has a pair of
lines between vertices that are directed oppositely so they
are replaced by one undirected line, and the suborbital graph
becomes undirected and self-paired. If I' (y,z) and T (z,y)
are disjoint then they are similar and called paired suborbital
graphs. This paper seeks to construct suborbital graphs of the
group action A,, X D,, on X X Y where n > 3.
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2. Notation and Preliminary Results

Definition 2.1. A graph G (V, E) is a mathematical structure
that is composed of a set V' whose elements are called vertices,
points, or nodes and a set ' of unordered pairs of the vertices
called edges(arcs). Trivial graph has only one vertex. [1]

Definition 2.2. A group G is a set with a binary operation
and satisfies the rules; identity, inverse, closure and
associativity. [2]

Definition 2.3. A permutation of n elements of a set X is
a 1 — 1 mapping from X onto itself. The set that contains
all permutations of X form a group G under composition of
permutations called a Symmetric group (S,,). [3]

Definition 2.4. Alternating group, A, is the group formed by
the collection of set of all even permutations in a Symmetric
group (S,) its number of elements is |A, | = %' [4]

Definition 2.5. A Dihedral group, D,, is a group that is
composed of symmetries and rigid motions of a regular
polygon P,, which has n sides. The degree (number of sides)
is n and order (number of elements) 2n. [5]

Definition 2.6. Let H be a permutation group and Y a non-
empty set. A group action of H onY is the function H XY —
Y satisfying:

l.e-h=hVYhe Hande € H - Identity law.
2.(h-k)-y =h-(k-yyVhk € Handy € Y -
Associative law. [6)]

Definition 2.7. Let H be a permutation group that act on
a set Y. The set that contains elements of Y fixed by
h € H is the fixed point set of h, Fiz (h). Thus Fiz (h) =
{yeY|hy =z} [7]

Definition 2.8. The stabilizer of an element y in set Y,
Stabgr (y), is the set composed of all elements in H that fix
yie. Staby (y)={h € H|hy=y}. [§]

Definition 2.9. When a permutation group H acts on a set
Y then, Y is divided into disjoint subsets called orbits. For
each y € Y the orbit that contains y is denoted by Orby (y) =
{hy |h € H } that contains all images of y under every h in H.
[9]

Definition 2.10. A loop in a graph H is a line that joins a
vertex to itself. [10]

Definition 2.11. Suppose that H be a graph, and v € V. The
degree of v € V is the number of edges incident onto it. A
loop at v is counted twice when determining degree of v. A
vertex with degree zero is known as an isolated vertex. [11]

Definition 2.12. A simple graph has no loop at any vertex
and no multiple edges between any pair of vertices. When
multiple edges are allowed between any pair of vertices,
and loops are optional but accepted, the graph is called a
multigraph. [12]

Definition 2.13. A walk in a graph H is a non-empty set of
the list that contains alternating vertices and edges. A path is a
walk with no vertex repeated (except end vertices). If the end
vertices repeat in a path, it is called a cycle (closed path). The
girth is the length of the shortest cycle (if any) in H. [13]

Definition 2.14. When any pair of vertices of a graph H are
joined by some path, then H is said to be connected if not H

is disconnected. [14]

Definition 2.15. A graph H is called a directed graph or
diagraph if each edge is associated with a direction otherwise
undirected. [15]

Definition 2.16. A self-complementary (or self-paired)
graph is a graph H such that H = H i.e. H is isomorphic
to its complement H. If a self-complementary graph H
has n—vertices, then n = 0,1(mod4). Because the
complement of each disconnected graph is connected, each
self-complementary graph is connected. [16]

Theorem 2.1. (Wielandt Theorem) Let a group H act on a
set Y. Then there exist at least one self-paired suborbit of I
onY iff |G| is even. [17].

Theorem 2.2. (Cameron Theorem) Let a finite permutation
group G act on a finite set X and g € G, then the number of
self-paired sub-orbits of G is given by: [18].

Fi 1
IG%;;\ iz(g (1)

Theorem 2.3. Suppose that the group A,, x D,, action on
X x Y is transitive, then the rank is 6 for n > 3 and the
corresponding subdegrees are; [19]

1, trivial orbit
‘Az‘ = P, if ¢ g T
p—1, ifi>r

Vi=1,2,..,5,p= [%} andr = (JK| — 1) mod 5.

3. Main Results

3.1. Suborbital Graphs of the Group Az X D3 Action on
X XY

By theorem 2.3 when n = 3, the rank is 6 and the
corresponding subdegrees are 1, 2,2, 2,1, 1. The suborbits are

|Ag| = |Orbe(x1,y1)| = |{(z1,y1)}| = 1 (Trivial Orbit)
|A1] = |Orbg (21, y2)| = [{(z1,92), (x1,y3)}] = 2

|As| = [Orbg (22, y2)| = [{(z1,92), (x2,y3) }| = 2

|As| = |Orbg (23, y2)| = [{(z3,92), (963 ys)}| =2

|Ag| = [Orbg(22,y1)| = [{(22,91)}| =

|As| = |Orbg (s, y1)| = [{(z3,51)} =

Given that;

Ao = {(z1,y1)}
Ay = {(21,92), (z1,93)}
Staba(x1,y1) = {(eas €a), (€q, (d2 d3))}
The suborbital O that corresponds to suborbit Ay;
O1 = {(ea, ea) (z1,91) ; (€as €a) (21,92) , (€as €a) (T1,Y3)} =
{(@1,91), (w1, 92) , (21,93)}
O1 = (€q, (d2,d3)) (21, Y1), (71, y2), (71, ¥3))
= {(mla yl)? (371, y3)a (mla yQ)}
Using suborbital O, the suborbital graph I'y is drawn by
constructing a line from (21, y1) to {(21,y3), (x1,y2)} so that
only the first components are identical.
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(x4:¥4)

(X3,Y3)
(X4:Y5)
(X3,Y5)
(X1,Y3)
(*3.¥4)
(X9,¥3)

(Xp0¥y)

Figure 1. Suborbital graph I'1 corresponding to suborbit Ay of the group Az X Dg
actionon X XY

The suborbital graph I'; above is simple, self-paired,
undirected, regular, degree 2 and is made up of 3 disconnected
components and girth 3.

NOTE: The suborbital graph I'; is similar to suborbital
graph I's and I'y but in I'y4 it only the second components are
identical.

Given that

Ao = {(zr,y)} Ar = {(22,52), (v2,y3)} and
Stabg(x1,y1) = {(€a, €d), (€q, (d2 d3))}.

The suborbital O that corresponds to the suborbit As;

Oy = {(ea’ ed) ($1, yl) ’ (ea’ ed) (332, y2) ) (eav ed) (.732, y3)}

={(z1,11), (x2,92) , (v2,y3)}

Oa = (€q, (d2,d3)) (w1, Y1), (2, y2), (T2, ¥3))

= {(z1,91), (¥2,¥3), (v2,92)}
Using suborbital O,, a suborbital graph I'y is drawn by

constructing a line from (21, y1) to {(z2, y3), (x2,y2)} so that
neither first nor the second components are similar.

(x5 kel

y (X.¥,)

(Xz¥s)

(X1.¥3)

(X1

CA)

(Xp.Y3)

(Xp.Y,)

Figure 2. Suborbital graph I'a corresponding to suborbit A of the group Az X Dg
actionon X X Y.

The suborbital graph I's is simple, self-paired, undirected,
regular, has degree 4, is connected, and girth 3.

NOTE: The suborbital graph I'y is similar to suborbital
graph I's.
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3.2. Suborbital Graphs of the Group A, X D, Action on
X XY

By theorem 2.3 when n = 4, the rank is 6 and the
corresponding subdegrees are 1, 3, 3, 3, 3, 3. The suborbits are;
|Ag| = |Orbe(x1,y1)| = |{(z1,y1)}| = 1 (Trivial Orbit)

|A1] = |Orba(z1,y2)| = {(21,92), (1, 93), (z1,y4) }H =

z [Az| = [Orbg (w2, y1)| = {(@2,51), (3, 51), (24, 51)} =
\ |As| = [Orba(z2,y2)| = {(22,¥2), (3, y2), (x4, y2) }| =
; |Ay| = |Orbe (w2, y3)| = [{ (22, y3), (3,y3), (¥4,y3)} =

|As| = |Orbe(z2,y4)| = [{(z2,y4), (3, 44), (z4,92)} =
’ Given that

Ao = {(z1,91)}, A1 = {(21,92), (z1,93), (¥1,y4) } and
StabG(xlayl) = {(eaaed)v (em <d2 d4))7 (<a2 as a4)’ed)a

((a2 a3 a4), (d2 d4)), ((az a4 a3), eq),

((a2 a4 a3), (dz2 da))}
The suborbital O, that corresponds to suborbit Ay;

O1 = {((ea, €a))(x1,91), (71, Y2), (T1,¥3), (T1,94) }

={(z1,91), (¥1,92), (21, ¥3), (21, y4) }
((ea, (d2 d4)))($€17y1), ($1,y2)7 (55171/3), )(xla y4)}
(x17y1)7 ($1,y2), (%1,@/3), ($1,y4)}

01

{
{

O1 = {(((az2 a4 az), (d2 da)))(z1,91), (21, 92), (%1, ¥3),
((a2 as az), (d2 da))(w1,9a)}
= {(xlayl)? (ml?y2)’ (xlaQS)? (xlayél)}

Using suborbital O;, suborbital graph TI'; s
drawn by constructing a line from (z1,y1) to
{(z1,v2), (x1,9y3), (x1,y4)} such that only the first
components are identical.

(X3, ¥s)
(X4, V4) (X4, ¥5)
(X4 V3) (X, Y3)

(X4, y2) (X1r Y4)
(X3, ¥g) (X9, ¥5)
(X3’ y3) (ng Y3)

(X3’ y2) (sz y4)

Figure 3. Suborbital graph Ty corresponding to suborbit A1 of the group Ay X Dy
actionon X X'Y.

The suborbital graph I'; is simple, self-paired, undirected,
regular with degree 3, composed of four disconnected
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components and girth 3.
Given that;

AO = {(xlvyl)}’ AQ = {($27y1), ((E3, yl)v ($47y1)} and
Stabg(z1,y1) = {(€q, €a); (€a; (d2 da)), ((az a3 as), eq),
((a2 a3 as), (dz2 da)), ((az a4 a3),eaq),

((a2 asq a3), (d2 da))}
The suborbital O that correspond to suborbit Ao;

Oz = {(€a>ea)((71,y1), (T2, 91), (T3, 91), (T4,91))}
={(z1,11), (¥2,91), (¥3,91), (T4, 91)}

Oz = {(€a; (d2 da))((z1,91), (T2,91), (3, 1), (T4,91)) }
={(

r1,91), (T2,91), (23, 91), (24, yl)}

Oz = {((a2 a4 a3), (d2 da))((21,91), (22, Y1), (T3, 91),
(35473/1))}

= {(x17y1)7 ($4, Z/l)’ ($2791)7 (]}3, Z/l)}
Using suborbital O, a suborbital graph I's is drawn by

constructing a line from (x1,y1) to

{(1‘4) y1)7 ($27 yl)a (1'3, yl)}
such that only the second components are similar.

(X4, ¥9)
(X4, Yq) .

(X V1)
(X3, Yq) (X3, ¥4)

(sz Y4) (X4’ y1)
(%42 ¥g) (%45 ¥)
(X4, Y3) (X9:¥)
(%3, ¥3) (X3, ¥5)

(X4, ¥9)

(X4, ¥3)

Figure 4. Suborbital graph T'2 corresponding to suborbit Ao of the group Ay X Dy
actionon X X'Y.

The suborbital graph I'; is simple, undirected, regular with
degree 3, composed of four disconnected components and the
girth 3.

NOTE: Suborbital graph I'; is identical to I's in terms
of properties but in I's the only the second components are
identical.

Given that

Ao = {(z1,y1)}, Az = {(w2,12), (3, 42), (¥4,72)} and

StabG(wlv yl) = {(eaa ed), (ea, (dQ d4)); ((a2 asg 0,4), ed)a

((a2 a3 a4), (dz2 da)), ((az a4 a3),eq),

((a2 aq a3), (d2 da))}
The suborbital O3 that correspond to suborbit Ag;

O3 = {(ea, ed)((z1,Y1), (v2,92), (23, Y2), (T4,2))}
= {(z1,11), (¥2,92), (¥3,2), (T4,y2)}

O3

{(ea, (d2 da))((z1,91), (x2,92), (¥3,Y2), (T4, 2)) }
= {(r1,91), (¥2,Ya), (%3, a), (T4, Y1)}

O3 = {((az a4 a3), (d2 da))((x1,91), (22, y2), (T3, Y2),
(z4,92))}

= {(z1,11), (¥4, v4), (T2, ya), (T3,94)}
Using suborbital Os, the suborbital graph I's

is drawn by constructing a line from (z1,y;) to
{(4,y2), (x2,y2), (x3,y2)} such that none of the components
are identical.

(4. ¥5)
———~ I\
L N—

S< A~
T <7 \¥
]

",
L

3
D
i.

/AN
B
%

<7
\Y
\A’:

B

———Z/I\
v/
L7
l.l

Figure 5. Suborbital graph I3 corresponding to suborbit A3z of the group Aq4 X Dy
actingon X X Y.

The suborbital graph I'3 above is simple, undirected, regular
with degree 9, connected and girth 3.

NOTE: Suborbital graphs I's, I'y and I'; are identical hence
have the same structure and properties.

3.3. Suborbital Graphs of the Group As X Dy Action on
X XY

By theorem 2.3 when n = 5, the rank is 6 and the
corresponding subdegrees are 1, 5, 5, 5, 5, 4. The suborbits are;
|Ag| = |Orbe(x1,y1)| = |{(z1,y1)}| = 1 (Trivial Orbit)

|A1| = [Orbg(z2, y1)]

= {(w2,91), (x2,y2), (v2,93), (T2, v4), (v2,y5) }| = 5
|Az| = |Orba(xs, y1)|

= |{($3,y1), (x3ay2)7 (x37y3)’ (x3ay4)7 ($3,y5)}| =9
|As| = [Orbg (24, y1)|

= |{<.’1?4,y1), ($4,yz)> (.’1?4,y3), ($4,y4), ($4,y5)}| =95
|Ay| = |Orbg (25, y1)|

= {(@s,91), (x5, 92), (5,93), (T5,94), (5, 95) }| = 5
|As| = |Orbg (21, y2)|

= |{(l’1,y2), (xlayS)v ($1’y4)3 (x17y5)}| =4
Given that;
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Ao = {(z1,51)}
A1 = {(x27y1)a (1'2, y2)7 (m27y3)’ (1’23 y4)7 (x27y5)}a
Staba(x1,y1) = {(€a, €a), (€a, (d2 d5)(ds da),

((a2 as)(as as), (d2 ds)(ds da))}
The suborbital O; that correspond to suborbit Ay;

O1 = {(ea, ea)((z1,91), (22, 91), (T2, y2), (¥2, Y3),
(z2,ya), (T2, Y5))
= (21,%1), (22,91), (T2, Y2), (¥2,Y3), (T2, Y1), (22, Y5)}
O1 = {(€a, (d2 d5)(ds da)((z1,91), (¥2,91), (22, y2),
(w2,93), (r2,Y4), (x2,Ys5)
= (z1,91), (x2,91), (72, Y5), (¥2,Y4), (T2, Y3), (T2, y2)}

O1 = {((az as)(as a4), (d2 d5)(d3 da))(x1, 1), (22, 1),
(.1327 y2)7 (an y3)7 (.1327 y4)a (an 215)
= (z1,91), (x5,91), (%5, Ys5), (5, Y4), (T5,Y3), (T5,92) }
Using suborbital Oy, the suborbital graph I'; is drawn by
constructing a line from (x1,y;) to

{(z2,91), (22, 92), (v2,y3), (T2, y4), (2, ¥5)}
such that neither of the components are identical.

(X5 ¥5) (%4 ¥q)

) (X4, Yp)
(X4, ¥3)
(X5, Y3) v
(Xe V) O
5 72
; Xy, ¥s)
C)
(X9, ¥4)
(%4, Vs)
' (%3, ¥5)
(X2 Yg)
(X9, ¥3)
(%4, ¥3)
(%a. ¥g)
(%42 ¥2)
( ) (X9, ¥5)
LY
e C)
(X3, Vs)
(g  Oayy Y2

Figure 6. Suborbital graph T'y corresponding to suborbit Ay of the group As X Ds
actionon X xX'Y.

((az2 a3)(as as), eq), (a3 aq as), €q),

((as a4 as), (d2 ds)(ds da)), ((as as as), €q),
((as as as), (d2 ds)(ds ds)),

((az2 as)(as as), (d2 d5)(ds da)),

((az a3 as),eaq), ((az as as), (d2 ds)(d3 da)),
((a2 a3 as), ea)), (a2 a3 as), (d2 ds)(ds ds)),
((a2 a4 az), eq), ((a2 a4 as), (d2 ds)(ds da)),
((a2 a4 as),ea), ((az as as), (d2 ds)(d3 da)),
((az2 as)(as as), eq),

((a2 as)(as as), (d2 ds)(ds ds)),

(az as a3), eq), ((az as az), (dz ds)(ds dy)),
(a2 as a4), eq), ((az as as), (dz ds)(ds da)),
(a2 as)(as as), eq),
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The suborbital graph I'; above is simple, undirected, regular
with degree 16, connected and the girth 3.

NOTE: Suborbital graphs, I'y, I's, I's and T'y are identical
hence they have the same structure and properties.

The suborbital Oy that correspond to suborbit As;

Os = {(eq,eq)((x1,91), (1,92), (®1,Y3), (€1, Y4), (X1, ¥s5)),

= (z1,91), (x1,92), (71, ¥3), (¥1,y4), (21,5)}
05 = {(6a7 (d2 d5)(d3 d4)(($1vy1)7 (xlayQ)v (xlvyi”)a

(5517 y4), (1’1, ys))
= (z1,91), (21,95), (T1,94), (¥1,3), (71, y2)}

O4 = {((az as)(a3 as), (d2 d5)(d3 da))((z1,91), (21,y2),
(xla yS)a (.’171, y4)’ (xla 95))

= (z1,91), (x1,Y5), (1, Y4), (¥1,3), (21,92)}
Using suborbital Os, the suborbital graph I'5 is drawn by
constructing a line from (x1,y; ) to
{(1'17 y5)7 (xlv y4)7 (1'17 y3)7 (xlv y2)} such that Ol'lly the
first components are identical.

3 ¥p)

(X5, Y5)

(0 ¥y)
(90 ¥p)
g0 ¥g)
(X V3)
%40 V)
(X5, Y4)
b2 (%0 V)
2" 75
el (g ;)
(X3, Yg)

(x3.¥4)  (%3.¥3) b ¥2)

Figure 7. Suborbital graph T's corresponding to suborbit Ag of the group As X Ds
actionon X X'Y.

The suborbital graph I'5 above is simple, undirected, regular
with degree 4, has five disconnected components, and the girth
3.

3.4. Suborbital Graphs of the Group A,, X D,, Action on
X XY

Suborbital graphs constructed when the group A,, x D,
acts on the set X x Y fall into either of the following three
categories;

(a) These are suborbital graphs drawn by constructing a
line from (x1,y1) to {(z1,y2), (z1,y3), -, (T1,yn) }+
such that only the first components of the pairs are
identical. These suborbital graphs have n disconnected
components, are simple, self-paired, regular with degree
n — 1, and have girth 3.

These are suborbital graphs drawn by constructing a

line from (z1,91) to {(z2,91), (x3,91), -, (Tn,y1)}
such that only the second components of the sets are

(b)
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identical. These suborbital graphs; have n disconnected
components, are simple, self-paired, regular with degree
(n — 1) and girth 3.

(c) These are suborbital graphs drawn by constructing a
line from (z1,y1) to {(x2,y2), (£3,¥3), s (TnsYn)}
such that none of the components is identical. These
suborbital graphs; are simple, connected, self-paired, are
regular with degree that varies form graph to graph and
girth 3.

4. Conclusion

All suborbital graphs of the group (A, X D,,) action on
set (X xY) for n > 3 are simple, self-complementary
(self-paired), undirected, regular degree, and have a girth
3. However, some graphs are connected while others
disconnected this further proves that the group action is
imprimitive.

Symbols
A, Alternating group (degree n and order is %!)
D, Dihedral group of order 2n
X xY Cartesian product between set X and set Y’
Stabg () Stabilizer of a point  in G
Fixc(z) A point z fixed an element in G
Orbg () The orbit of a point x in G
A Suborbit of G on set K
|G| Order of G
v for all
0 An empty set
T Suborbital graph
0] Suborbital
G = A, x D, Direct product between Alternating group and
Dihedral group
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