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Abstract: This paper is mainly concerned with the symmetry and monotonicity of solutions to a fractional parabolic Kirchhoff
equation. We first establishes the asymptotic narrow region principle, the asymptotic maximum principle near infinity, the
asymptotic strong maximum principle and the Hopf principle for antisymmetric functions in bounded and unbounded domains.
By the method of moving plane, it then derives the symmetry of positive solutions on the unit sphere and in the entire space.
Next, we point out how to apply these tools and methods to obtain asymptotic radial symmetry and monotonicity of positive
solutions in a unit ball and on the whole space. By some researches, we find that no matter how we set the initial value, it will
not affect the property of the solution approaching a radially symmetric function as t approaches infinity. Throughout the paper,
establishing the maximum principle plays a central role in exploring and studying the fractional parabolic Kirchhoff equation.
After establishing different maximum principles, one can study the properties of a solution to the parabolic equation under
different conditions. Finally, the novelty of this article is that it is the first time to apply method of moving plane to fractional
parabolic Kirchhoff problems and the ideas and methods presented in this article are applicable to studying different non local
parabolic problems, various operators and the symmetry of solutions in different regions.
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1. Introduction 0, the fractional Laplacian operator is defined as

u(z, t) — u(y,t)

This article studies the symmetry of the positive solutions of (=A)’u(z,t) = Cp PV | ¥ dy )
Rn r—y

the fractional parabolic Kirchhoff equation

where C,, ; is the standardized constant and PV represents the
Cauchy principal value.

The Kirchhoff equation originated from Krichhoff-type
problems. Krichhoff-type problems have been developed for
many years in various physical and biological models. In
order to extend the vibration of elastic ropes for this

9,1
s 2 :
(~8)5ute. 0 d ) (-a) a1
R"Z

= f(t,u(aj,t)),

+<a+b
u>0 (D

on the unit sphere and the entire space where a > 0,b > 0, s €
(0,1) is a constant and

/.

) 2
= [ Jpon MR dyda )

|z—y

. 2
—A2u(x, t)’ dx

holds for every fixed ¢ > 0. In this article, for each fixed ¢ >

classic D’ Alembert’s wave equation, Kirchhoff [1] studied the
following wave equation
2
32
) 5 =0 @)

da?

ou

Pu_ (P, E ["|0u
ox

"oz ~\ T tan),

Where v = w(x,t) is the lateral displacement of
coordinates x and time ¢, p is the mass density, P is the initial
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axial tensile, h is the cross-sectional area, F is the Young’s
modulus, L is the length. Moreover, Pohozaev [2] also studied
the Kirchhoff equation mentioned above. Afterwards, Lions
[3] studied an abstract functional model of the following
equation.

Ut + (a +b |Vu2> Au = f(z,u). %)
Q

In the following years, Alves [4], Spagnolo [5]
and Li [6] have studied a lot of research in this
area. Pucci and Saldi [7] established the existence and
multiplicity of non trivial and non negative global solutions
for a class of Kirchhoff eigenvalue problems involving
critical nonlinearity and fractional Laplacian operators. For
more fractional Kirchhoff problems, we can refer to
He [8] and Zhang [9]. This paper investigates the radial
symmetry of positive solutions to a class of fractional order
Kirchhoff equations for parabolic systems.

The study of non locality of fractional Laplacian operators
is quite difficult. Caffarelli and Silvestre [10] use the extension

Cp s lim

method to transform non local problems into local ones in high
dimensions. This extension method can be effectively used to
study equations involving fractional Laplacian operators. In
paper of Chen, Li and Ou [11], the author proved that if v €
H % (R") is the positive weak solution of

(—A)?u =uP(z), z € R, (6)

then it satisfies the integral equation

u(z) = C / Ly, )

n—«
n |z —yl

Thus, by using the integral form of the moving plane
method, the radial symmetry of the positive solution under
critical conditions and the non existence of the positive
solution under subcritical conditions can be obtained. Both
extension methods and integral equations need additional
conditions to be added to the solution. But this is not necessary
for directly studying pseudo differential equations such as
equation.

afa = () ~u() ) ®

e—0 R"\Be (:E)

|z — 2|

n+aoa

which involves consistent non local elliptical operators where 0 < ¢o < a(y) < C; and equation

Fo(u(z)) = Cyq lim

e—0 R”\BF (:E)

which involves completely nonlinear non local operators. Few
extension methods and integral equation studies are used
for these operators such that it is necessary for applying
direct methods necessary about studying typical non local
operators. Jarohs and Weth [12] studied direct methods
for non local operators. They introduced the maximum
principle of antisymmetric functions and proved the radial
symmetry of positive solutions through the moving plane
method. However, they only focused on the maximum
principle of bounded domains and only studied weak solutions
defined by the inner product of H 2 ().

Due to the work of Chen and Li [13, 14], they have
developed a series of methods whether bounded or unbounded
for using the moving plane method on non local problems. For
example, we know fractional Laplace and p-Laplace which
no longer use extension methods and integral equations to
obtain the symmetry, monotonicity and non existence of
positive solutions for various semilinear equations involving
non local operators. Inspired by the use of the moving
plane method in [14], [15] and [16] to prove the symmetry
and monotonicity of the positive solutions of fractional
parabolic Kirchhoff equations containing non local operators

.
and non local term (fA)ﬁu‘ dxdt, this paper studies

R’VL
the asymptotic symmetry of solutions to fractional parabolic

Gu(z) —u(2))

o z|n+a dz = f(z,u) 9)

Kirchhoff equations which is a trend that the initial solution
of the parabolic equation has no symmetry and becomes
symmetric as time approaches infinity.

Here are some symbols that will be used in the following of
this article.

The w-limits set of u:

te—

() = {w| o i wu<-,tk)}7

T, ={z € R*|forsome xk € R, 1 = K}
are the moving planes,
Y. ={z € R"|x; > Kk}
is the right area of plane 7); and
1 Tn)

a® = (25 — x1, 29, . ..

is the reflection area of T}, for x.
To make (2) and (3) meaningful, it is assumed that

u € H (R") () Las [ | Clot (R™),

where
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H*(R") = {u(-,t) € L*(R") :

Lys = {U(',t) € Llloc(Rn)|

lu(z,t) —u(y,t)]
z—y|%F

€ L*(R™ x R™)for every fixed t} )

u(z, 1)]
R" 1 —|— |x‘

— dr < +oo}

and C’llo’c1 (R™) is the usual Holder space on each V' CC R™. For any function v that satisfies (1.1), let

I(u(z, b)) = a+b/

n

(—A)z2u(z,t)| dx,

s ‘ 2

wi () = ug(x) — u(zx),

wg(z) = —we ().

The Dirichlet problem on the unit ball is as follows:

u(xa t) =0,

{%) + I, ) (A u(w, t) = F(t,u(, 1),

Theorem 1.1. (Radial symmetry of solutions on a unit
sphere)
Assuming that function

u(z,1) € (C3H(Bi(0) NC(Bi(0)) x C1(0, +00) )
is a positive uniformly bounded solution of (1.1) where B (0) is
a open ball with center 0 and radius 1, B;1(0) is the closure
of B1(0), C(B1(0)) is the space composed of continuous
functions in B;(0) and C* (0, +00) is the space composed of
1-times continuously differentiable functions in (0, +00).
Leta € (0,1) and = € (0,1). Assume f(t,u) € L=(R* x
R)is Cfa for any ¢ and L (R* xR) where L>° (R XR) is the
space composed of Lebesgue measurable functions in Rt x

du(x,t)
ot
in the entire space. Firstly, the following assumptions are made
for the nonlinear term: .
(G):Leta € (0,1), 5= € (0,1), f(t,u) belongs to C2, for
time ¢ and it is uniformly Lipschitz continuous with respect
to ¢ for u. we also need

f(t,0)207 fu(t70)<_57 t>0
where § > 0 is a constant. But f, = % is continuous

near u = 0.
Theorem 1.2. (Radial symmetry of solutions in R™ )

Let u(z, t) € (C”(R”) A Ly N H(R™) x C1(0, +oo))

loc

+ I(u(m,t))(—A)Su(x,t) = f(t,u(x,t)),

(z,t) € B1(0) x (0,400), (10)
(z,t) € B$(0) x (0, +00).

R with ess supg+ g |f(t,u)] < 4o0. For ¢, f is Lipschitz
continuous with respect to u and

f(z,t,0) >0, Vt>D0.

For any w(z) € w(u), either

or w(x) € w(u) is radially symmetrical and strictly
decreasing about the origin.

The following section introduces the asymptotic symmetry
of the solution of equation KIRCHHOFF.

(x,t) € R™ x (0, +00) (11)

be the positive uniformly bounded solution of (11). It satisfies

lim  wu(z,t) =0,

|z|—+o00

12)

for sufficiently large twhere f satisfies (G). Then either for
all w(z) € w(w), it is always equal to 0, either w(z) €
w(u) is radially symmetrical and decreases for some points
in R™ which means there exists £ € R™ and x € R"” such that

w(x—2)=w(z—17|).
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2. Some Maximum Principles

This section mainly establishes some maximum principles
related to fractional parabolic Kirchhoff operators involving
antisymmetic functions. These play a key role in applying
the moving plane method to solve the radial symmetry of the
positive solution of equations.

Theorem 2.1. (Asymptotic narrow region principle)

Let 2 be a subset contained within a narrow area
{z|lk =l <21 <K} CE4

where [ is sufficiently small. For a sufficiently large ¢, Assume
for any =, w(z,t) € (C“(Q) ﬂLgs) x O ([, +00]) is

loc

uniformly bounded and semicontinous over region . It also
satisfies

5 (w,t) + I(u(z,t))(—A)’we(z,t) = cu(x, we(x,t), (z,t) € Q X [t, +00),
wﬁ(xat) ZO? (I7t) € (EK\Q) X [E,+OO), (13)
wi(z, t) = —w, (27, 1), (x,t) € Q X [t,+00),
where ¢, (z,t) is bounded. The following conclusion holds:
(1)If © is bounded, then for sufficiently small [,
lim wg(z,t) >0, Vo € Q.
t—o00
(ii)If 2 is unbounded, then for ¢ > ¢,
lim wg(z,t) >0, Vo € Q.
Proof: Let m be a constant to be selected. Let
Wi (2,t) = €M wi(z, 1),
then
a ~K K
g]}f = me™w, + emta%
and
I(u)(=A) B (@,t) = I(u)(=A)" (™ we(z,1))
K ;t - Yk ,f,
= 1(wyentc, py [ el = wsv:)
|z -yl
= I(u)e™ (=A) wg(x,t).
Therefore,
0wy, _ Owy,
;)t FI()(~A)%d, = em (mwﬁ + % + I(u)(—A)SwN)
=™ (mw, + cyw)
= W, (m + ).
The following will prove . 1131 wg(x,t) > 0 by proving for any VT' > i, (z,t) € Q x [t, T,
—+00
Wi (x,t) > min{O,igf Wy (z, 1)} (14)

If (14) is false, By observing the lower semicontinuity of (13) and w, on O x [¢,T], it can be concluded that the existence

of (zg,t0) €  x (t,T) such that

Wr (w0, to) = S, % (£,T]

min W (z,t) < min{0, inf W, (x,1)}.
Q
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Because (g, to) may reach its extremum inside the cylinder. Thus,

8t (Io,to) S 0

and
I(U)(—A)Sﬁ)n(xovto)
= I(U)Cn,gPV/ wn($03t0) - wﬁ(y’to)dy

n+2s
:3 lzo — yl
wm(x07t0) ( ) wﬁ(antO) - wn(y)
:I(u)C’msP.V/ oy 4 I(u)Crpy PV oy
s. lzo—yl r\z, |z — Y
_ K
I )CMPV wy (0, to) — wy(y )dy+I( )CnsP.Van”(xo’tO) wi(y")
n+23 ) Hn+2s
Iwo yl Iwo—y |
K 7t K 7t K
cnst/ wx (o, to WS( )iy + I(u )CMPV/ wi(o O)tffzs(y)
\xo—y \ —y" |

= 2I(U)Cn7swm (3307 to)/ :

- dy
5. |$0 _ yﬁ|n+2:>

Cc

< 125 wﬁ(an tO)I(u)

where the proof of the last inequality is shown in the proof of Theorem 2.1 in [15]. we can conclude that

85; (1’0, to) = 7](11,)(7&)512),{(560, to) -+ (m + CR(Io, to))ﬁ},@(zo, to)
> (—Z%I(u) +m + ce(xo, t0)> W (X0, to)-

Since ¢, (z, t) is bounded for all (x, t), we can choose sufficiently small [ such that

C C
s I(u) + Cp (o, to) < o

After this, we choose m = % > 0 so that the right-hand side of the above equation is strictly greater than

0. Since W, (xo,to) < 0, itis a contradiction. Thus, using the boundedness of w,;, there is a ¢; > 0 such that
(2, t) > min {O,igfwn(x,f)} >0y, (1,t) €Qx[LT), VI >i.

We have
w(z,t) > e ™(=Cy), Vt>t.
Let t — +o00, it can be derived that

lim wy(z,t) >0, z€Q.

t—+oo
As €2 is unbounded, the same conclusion can be drawn.
Theorem 2.2. (Asymptotic maximum of antisymmetric functions)
Let 2 be a bounded domain in X,.. Assume v(x,t) € (Cloc ()N Ly N H*) x O ([0, +00]) is semicontinuous on ) with

respect to x and satisfies

%(z,t) +1(v)(=A)v(x,t) > cplx, t)o(x,t), (z,t) € Q x [0, +00),

v(z"t) = —v(z,t), (z,t) € (Ex X [0,400), (15)
v(z,t) >0, z,t) € (X,:\Q) x [0, +00),

v(z,0) >0, x €.
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If ¢, (z, t) is bounded, then
v(z,t) >0, (x,t)eQx][0,T], VT >O0.
Proof: Because ¢,;(x, t) is bounded, we can select m < 0 such that m + ¢,;(x,%) < 0. Let
o(z,t) = e™v(z,t),
then 0(x, t) satisfies

00

En + I(0)(=A)°0 > (m + cp(x, t))v(Z,t), (x,t) € Q% [0,+00).

The following statement states that
o(x,t) > igf@(:c, 0)>0

is established in region Q x [0, 7). If it is false, there exists (xo,tp) € £ x (0,T") such that

0(xg,tg) = inf  o(x,t) <O.

Rnx[0,T]
Then
(m + e(zo,t0))0(z0,t0) > 0.
However
%(zo,to) <0
and

S~ o ’D(l’o,to) _,ﬁ(yvtO)
I(v)(=A) 0(xo, to) = I(v)Cn’SP.V/ » g0 — g2y <0
contradicts the previous statement. Therefore, the theorem is proven.
Theorem 2.3. (Asymptotic strong maximum principle for antisymmetric functions)

For sufficiently large ¢, assume w(z,t) € (Cl’l(E,{) N L25> x C1 ([t,+0o0)) is bounded and satisfies

loc

G (@,1) + 1 (u)(—A) wg(x,t) = culz, hwn(z,b),  (2,t) € B x [T, +00),

wn(xvt) = _wn(xﬁvt)a ((E,t) € XM X [t_a+oo)’ (16)
lm wg(x,t) >0, T € Xy,
t—+o00

where ¢, (z,t) is bounded. Assume Y, > 0 in some areas in 3, then YT,;(z) > 0in X,.
Proof: Due to the definition of w, for any @ € w(u), there exists ¢; such that as ¢, — +00, wy(z, tr) — Li(x). Let

wi(x,t) = we(x,t +tp — 1),

we obtain that

%(l‘,ﬂ + I(u)(—A)ka(x,t) = Ck(ﬂj,t)wk(z,t), (a:,t) €Y, x [E’+OO)

where ¢i(x,t) = cx(x,t + tx — 1). By using the standard parabolic regularity estimate in [17], we can deduce that there exists
a subsequence wy, (z, t) of function wy (z, t) that uniformly converges to region X,; x [0, 2]. As k — +o00, we have

%(x,t) + I(u) (=) wy(z, t) — 32}:0 (z,) + I(u)(=A) woo (2, 1),
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cr(z,t) = coolz, t).

Since ¢, is bounded, it can be obtained that c., is bounded. It can be inferred from Ferndndez-Real, Ros-Oton
[17] that we (z, t) is Holder continuous in x and ¢. Especially for k& — 400,

w2, ty) = wr(x,1) = weo(x,1) = Tyo(a).
Choose m > 0 such that
Coo(T,t) +m > 0.
We establish a new function
W(x,t) = ™ we (z,1).
By the third condition of Theorem 2.3,
w(x,t) >0, (x,t) €3, x][0,2]
Thus,
ow s ~ _
a(l‘,t) + I(w)(=A) w(x,t) = (m + coo(w,t))w(x, t) >0, (x,t) € Xy x[0,2]. (17
Because there is T,; > 0 on X, through continuity, there exists a subset D CC X,; such that
YTo(x) >c>0, €D (18)
where C is a constant. Through the continuity of w. (2, t), there exists 0 < €y < 1,

Woo (2, 1) > (x,t) € D x [1 — €0, 1+ €g].

c
5 )
For simplicity, assuming

Woo(x,t) > =, D x[0,2]. (19)

o

For any point Z on X\ D, choose § = min{dist(z, D), dist(Z, T);)} > 0, then Bs(Z) C 3\ D. Next, we construct the lower
solution on region Bs(Z) x [0, 2]. Let

w(z,t) = xpy b, (x)W0(z,t) + en(t)g(w)

where D, is the reflection plane of region D with respect to plane T}. n(t) € C*°(0, 2) is defined as

1 te[l-21+%]
t) = 27 21
n(t) {0 tg[1— 1+ %),

and

It is obvious that g(z") = —g(z),
(=A)°g(x) < co. 20)

This prove can be found in Chen [15]. By using the fractional Laplacian operator and (19), we can obtain that for any
fixed ¢ € [0, 2] and any fixed x € Bs(Z),

(=A)* (xpy b, (@)w(z,t) < —c1. (21)
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This prove can also be found in Chen [15]. From D CC X, continuity, (20) and (21), it can be concluded that for region

(z,t) € Bs(z) x [0,2],

Q) 4 J(w)(~A) w(z,t) = en (H)g(x) + L(w)(~A) (XDU D) + €n(t)(—A) g(x)

’

<en (t)g(x) —cr + en(t)co.
Choose € > 0 to be sufficiently small such that for region (z,t) € Bs(Z) x [0, 2],

5@(% t)
ot

Let v(x,t) = w(x,t) — w(x,t), we can derive that v(x,t) = —v(z",t). From (17) and (22), it can be concluded that

+ I(u)(—A) w(z,t) <0.

Ov(zx,t)
ot

for region (z,t) € Bs(z) x [0, 2]. Because 3¢ = 22 — %—%, I(u)(—A)*v = I(0 — w)(—A)° (@0 — w). Then,

+ I(u)(=A)v(z,t) >0

ow  Ow s - s Ow s~ 0w s
5~ o PR D — T(w)(=A) w = —= + I(u)(=A)"0 — (5= + I(u)(—A)"w).

Similarly, according to the definition of w(z, t), there are

v(z,t) >0 and wv(z,0)>0, x€X,

in region (X, \Bs(Z)) x [0, 2].
By using asymptotic strong maximum principle for antisymmetric functions,

v(z,t) >0, (z,t) € Bs(T) x [0,2].

It can be concluded that
v(x,t) = e™weo (1, 1) — eg(z)n(t) >0
in region (x,t) € Bs(Z) x [0, 2]. Especially for
Woo(x,1) > e Meg(x), x € Bs(T).
Since g(z) = §%,
T (Z) = woo (7, 1) > e ™ed? > 0.
By considering the arbitrariness of Z in region X\ D, we can combine (18) and (23) to obtain

Tyi(z) >0, ze€X,.

3. Asymptotic Symmetry of Solutions on the Unit Sphere

Let
Qe =%, [)B1(0) = {x € B1(0)|z1 < K}
Using

%(x,t) + <a + b/n ’(A)§u(x,t)|2dx) (=A)’u(z,t) = f(t,u(z,t)),

(22)

(23)
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and I (u) = I(uy), we have

Oug(z,t)
—or (@) + <a+b s
and

ou(z,t)

From the above, it can be inferred that

Owy(x,1)
ot

Denote ¢, (z, 1) = LLale Y e) hen

ow,(x, 1)
ot

Therefore,

{aw’:j(tmﬁ + I(u(z7t))(_A)SwH(xvt) = cx(@, hwy (2, 1), (2,1) € Qs x (0, +00),

wg(z,t) = —wg(z™, 1),

Proof of theorem 1.1: For any w € w(u), if w(z) =
0, then this theorem is obvious. Without loss of generality, we
can assume that for any w € w(u) in B1(0), @ # 0.

Step 1: For k > —1 and sufficiently close to —1, as well as
forall w € w(u), x € Q. There is

Ty(z) > 0. (25)

The Lipschitz continuity of f makes ¢, (z, ) bounded. For z €

¥ \Q and ¢ € (0, 400),
wy(x,t) > 0.
Because u(z,t) = 0, we have (x,t) € B$£(0) x
(0, +00). For (z,t) € ,; x (0,+00). This combine (24) and
narrow region principles to derive (25).

Step 2: We demonstrate that k9 = sup{x < 0|T,(z) >
0, Vo € w(u), x € Q,, p < Kk} satisfies

/430:0.

The following proves that T}, can continue to move slightly
to the right when k9 < 0. But it contradicts with the
definition xg. Thus, k9 > 0. Since the definition kg, for
any w € w(u) and z € Q,,,,

Yy, (z) > 0.
Firstly, it is proven that there exists z, € X, such that
Tho(tw) >0
for Voo € w(u). If it false, there is @ € w(u) such that

Yo (7) = @y (z) —@(2) =0

-8 ) e ) (=8) un(a0) = 80,1
5 (z,t) — <a + b/n ’(—A)gu(l‘,t)fdx) (=A)’u(z,t) = f(t,u(z,t)).
($7t) + I(U(JZ, t))(_A)swm(x’t) = f(tvuﬁ(x7t)) - f(tvu(xvt))'

(2, t) + T(u(z, 1) (—A) we(z,t) = cplx, t)we(,t).

24
(z,t) € Q x (0,400).

in ¥,,. Similarly, through the external conditions of u, we
have @(z) = 0 in B§(0) N X,,. Thus, there exists xy €
B1(0) such that @w(zp) = 0. For this <, there is t; such
that u(x,tx) — w(Z) as tx — +oo. Through regularity
process,

oo (, 1)

S 1) () e ) = f(t e (1)

where us(z,1) = @(z). Since ux(z,t) > 0, we conclude
that 2% (29, 1) < 0 and

—Uoso (y’ 1)

—55dy <0.
L) zo —y[" T

(= Ao (w0, 1) = cn,sp.v/
B

The last inequality holds because uso(y,1) %
0 in B1(0). Thus, f(z,1, us(z0,1)) = f(x,1,0) < 0, This
contradicts the conditions of the Theorem. Thus, T, (r) >
0.

By applying the asymptotic strong maximum principle of
antisymmetric functions, for any w € w(u), x € Q,,

Yy, (z) > 0.

Therefore, for any small 6 > 0 and any Y, there exists a
constant C',, > 0 such that

Ty () >Cop >0, x€ Qs (26)

The following statement states that for all @ € w(u), there

exists a constant Cy such that

Yy, () > Co >0,

z € Qyys. 27)

Otherwise, there exists a sequence of function Tﬁg and a
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sequence of points z¥ C €, _s such that

TE (a%) < (28)

T =

Due to the compactness of Coy(B1(0)), there

exists YO and ¢ € Q,,_s such that
Y, (27) = 15, (2°)
as k — +oo. By (28), we have
0 (.0y_
T, (z°)=0.

It contradicts with (26). Since @w® € w(u), (27) is true the
continuity of T, and . For any Y, there is €, > 0 such
that Vi € (ko, ko + € ) in region x € Q. _s,

S

Through a compactness process similar to (27), we can
obtain that there exist consistent € > 0 such that

Y (z) > %0 >0 (29)

for any Y, in region x € Q,,_s, V& € (Ko, Ko + €). As a
result, for sufficiently large ¢,

wy(x,t) >0

in region € Qy,_s5, V& € (Ko, ko + €). Because 6 > 0 is
small enough, by using (27), one can choose a sufficiently
small € > 0 such that Q,,\Qy,—s.

{“@?”+Imm¢»<Afwaﬁo—fgawwdﬁw,

wy(z,t) = —w, (", 1),

Proof of theorem 1.2: Step 1: we want to prove that

Y, (z) >0 (33)
for sufficiently small x and Vo € w(u) in X,. The following
proof shows that

Ti(z) =20 (34
in X, for Voo € w(u).

Because (12), we have ‘ |lim u(xz,t) = 0 for sufficiently
x|—+o0
large . Thus, by using the definition in (12), there exists R >

0 such that for sufficiently large ¢,
0 < u(z,t) < pB.

Since the condition (G) fu(t,0) < —6 and f, is

Because « € (Ko, ko + €) is a narrow region, we can obtain

Tu(z) 20 (30)

for any z € Q,\Qy,—s by using asymptotic narrow region
principle. Combining (29) and (30), one can conclude that

Te(x) >0

for any x € Q,;, any k € (Ko, ko + €) and any w € w(u). It
contradicts with the definition xg. Thus, we must have ko =
0. For any w € w(u),

To(l') > O, T e QO

or for any @ € w(u)

w(—x1,...,zNy) < w(T1,...,TN) 31)

in region 0 < z; < 1. Because the direction of x; can
be chosen arbitrarily, (31) can deduce that () is radially
symmetrical about the origin.

4. Asymptotic Symmetry of Solutions in
the Entire Space

In this section, we using moving plane method to prove

asymptotic symmetry of (1.5). Let T}, ¥, ", uy, wy, wwand T is

the symbol defined in the first section.
value theorem,

By using the mean

ez, t) = fult, ez, t))

where ¢, (x,t) is a value between u, (x,t) and u(z,t). Then,

t) € X, 0, ,
x,t) € B, x (0,400
continuous near v = 0, using the definition of continuous

function, there exists ﬁ/ > 0 such that for any 0 < n < 3,

Sfulz, t,m) < =4. (35)
Choose 3 = 3, then for sufficiently large ¢,
0<u(z,t)<p. (36)
For points of wy (x,t) < 0 and the definition of w,,
ue(a,1) < (1) < ula,). (37)

Thus, for sufficiently large ¢ and the points which
make w,;(z,t) < 0in |z| > R, combining (35), (36) and (37), we
can conclude that

C,{(l', t) = fu(xv t, fn(xv t)) <=0

inlx| > R. (38)
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Due to (12), for sufficiently large ¢,

lim  wg(z,t) =0 (39)

|z|—+o00
for k € R. Therefore, let 2 = X, and we applying
asymptotic maximum principle near infinity forx < —R, one
can derive (34). Without loss of generality, assume there
exists @ € w(u) which is positive in some parts of R"™. For
all w € w(u),

w(z) >0

by using strong maximum principle.

To obtain (33), the strong maximum principle of
antisymmetric functions is required. We just need to prove
that T, is negative in some places. By the strong maximum
principle of antisymmetric functions, there exists C, o >
0 such that for any r > 0(r < R), w € w(u) andz € B,(0),

w(z) > Cr o > 0.

Since(12), for C. . > 0, x € B,(D"=), there is Ky <
— R such that

Cr,w

w(z) < 5

Since the compactness of w(u) in Cy(R™), one can
choose C, - and Kk, are consistent regarding . We denote
these as C, and k. Then for Vo € w(u),

C

T.(z) =w(x) —we(x) > ?T >0, x€ B.(0%). (40)

Because (33), (40) and c¢,;(«x,t) is bounded, one can derive

8uk

that

Ty(z) =w(z) — we(z) > % >0
by using strong maximum principle. The first step has been
completed.

We will give the proof of asymptotic strong maximum
principle for antisymmetric function. For our aim, a lemma and
the proof of this lemma need to be provided in the following:

Lemma 4.1. Assume v is the positive solution of (11). It

also satisfies the condition (G) and ‘ llim u(z,t) = 0 for
T|—+00

sufficiently large ¢. Assume for some w € w(u) and w # 0 or
we can assume

t—lg,-noo ” ’U,(,’E,t) ||L<>C(]Rn) > 0, (41)
then
hin’l H U(Z‘,t) HLOO(]Rn) > 0. (42)

t—+oo

From the proof, it can be seen that if R™ in (42) and (41) are
replaced with any bounded field 2 or unbounded field, We can
also draw this conclusion.

By contradiction, if (42) is false, then there exists t; —
400 such that

lu(z, t)l| Lo (rm) = 0.

Since (G), there is sufficently small ¢¢ > 0 such
that f,(t,n) < —¢ forany 0 < 1 < €. In R", there
is kg € N for ¢ such that for any k > ko,

u(z, t) < €.

Now, we fix a tx(k > ko) and let ug(x,t) = u(z,t +
tr). Then,

— + I(ug) (=A)’up, = f(a,t+tp,ug), (z,t) € R x (0,+00).

ot

If we can construct a supersolution £(¢) such that{(¢) >
u(z,t)and lim £(¢) = 0. Then it contradicts with (41).
|z| =400

We construct £(¢). Let £(t) be the solution of the following

ordinary differential equation:

L — f(t 4 ty, £(8))
§(0) = eo.

t € (0,400)

Using mean value theorem,

Jt+tr,8@) = fult + tr,r(1)E(E), 7(t) € (0,£(1))

and f(¢,0) = 0. Since the solutions of the first order linear
homogeneous differential equation y + f(x)y = 0, &(t) =
egedo Fu(THter(T)AT Using (G) and ¢ = 0, 7(0) < £(0) =

€0, one can conclude that

<

7 (0) = fultr, 7(0))€(0) < —0€(0) < —oeo.

Therefore, £(t) monotonically decreases near t = 0, and
for sufficiently small ¢ > 0, 0 < r(t) < &(t) < ee 7t <
€o. Since F, Repeat the above steps for any ¢ > 0, we have

0< &) <epe™, VE>0.
Thus,
¥t — +oo, £(t) — 0. (43)
Next, we compare &£(t) and wug(z,t) in R™ x

(0, +00). Let v(x,t) = £(t) — ug(z, ), then
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{?;Z + I(u)(=A)°v = cop(z, t)v, (z,t) € R x (0,+00),

v(z,0) >0,

where ¢y 1 (2,1) ft+tn 790,55(2; :iit(-:ftk)muk (z,t) )

f(t, z,u) is Lipschitz continuous in the function u with respect
to t and x, one can derive that c,, k(z,t) is bounded. Using
maximum principle,

Since

v(z,t) > 0. (z,t) eR" x[0,T], VT >0.

Let T — oo and (43), we have u(x,T) — 0. Thus, it
contradicts with (41).

The proof of the strong maximum principle is similar to
the proof of the strong maximum principle for antisymmetric
functions. Thus, it will not be proven here.

Step 2: Move the plane to its limit position. Let

ko =sup{k|Y,(z) >0, Vw € w(u), z € ¥, pp < Kk}

Firstly, we prove
(i) At least some w(z) € w(u) are symmetric with the limit
plane T,.- which means for some @w(z) € w(u),

T, (x) =0,z € D (45)
(ii) For any w € w(u),
Op,w(z) >0, z € DS

By contradiction, if (45) is false, then one can prove that
there exists € such that for all w € w(u), x € ¥,; and Vk €
(Ha, /{6 + 60)’

T.(x) > 0. (46)

For any w € w(u), there is =, € %, such
that THE (r%) > 0. Since T () > 0in %, » we have

T, >0 A7)

44
r € R" @4

for Vx € Eng and Yow € w(u) by using strong maximum
principle for antisymmetric function. Let R be R in (38).
Using (47) and the process of the second part for the
moving plane method in theorem (1.1), one can conclude
that there exists Cyp > 0 and ¢y > 0 such that for z €
Vs Br(0), k € (ko™ , ko~ + €0) and Vo € w(u),

>0 (48)

for sufficiently large ¢t. Thus for x € ¥, - _5 N Br(0), k €
(ko ™, k0~ + €0) and Vo € w(u),

wg(x) > 0.

By using (38), (39), x < —R, the boundness
of ¢.(z,t), narrow theorem and comparison principle at
infinity. one have

Te(x) >0

forz € X,,- _sNBgr(0), k € (ko ,ko~ + €) and Vw €
w(u). Combining (48) and (49),
Ti(z) =20 (49)
for all w € w(u), =z € i kK € (ko ,ko +
€o0) and Voo € w(u). Then, Using strong maximum principle
for antisymmetric function, we have (46).
Next, we want to prove (ii). For any w € w(u),

O, w(x) >0, z € DS

We first give Hopf Lemma and proof for antisymmetric
function.
Lemma 4.2. Let wy(z,t) € (01’1(2,{) N Las N HS) X

loc

C'(0, +00) is bounded and satisfies

O 4 1(u)(=A)"wy = cal, wn,  (w,8) € Sy x (0,400),
Wi (xF, 1) = —w,(z, 1), (x,t) € 3By x (0,400), (50)
lim wg(x,t) >0, r e,
t—+o0
where for any sufficiently large ¢, lim cq(z,t) = Proof: Analogous to the proof of the strong

X =03,
1 . .
o <[dist(m,8§,€)]2 ) If T,, > 0 in some parts in X, then
oY,
<0
ov ()

for any x € 9%, where v is unit outer normal vector.

maximum principle for antisymmetric function, without loss
of generality k = 0, ¥, = {x € R"|z1 > Kk}, we only need
to prove

(S
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Let g(x) = z1&(x), n(t) € C§° ([1 — €0, 1 + €)) satisfies
B )1,z < )1, te[l—2,14e02],
5@%&@@—{Qﬂ2% nm_{@ﬁ¢u—wﬂ+wk

and 0 < uo(z) < 1, 1(x) € C§°(B2.(0)). Obviously, g(x) is an Since g(z) is C§°(Ba2c(0)),
antisymmetric function about plane 7 which means
(-A)°g(2)] < Co. (52)
g(—x1, 20, ... xn) = —g(x1,22, ..., Tp). .
For any ¢t € [0,2] and any & € By () Xk, using the
Let w(z,t) = xpy b, (x)0(x,t) + dn(t)g(z), method in Chen [15],

1, ze€ DUD,, (=A)’(xpyp,w(x,t)) < =Ch. (53)

XpyUb, (x) = {07 z ¢ D\JD,. By (52) and (53),

’

< o (W)g(x) + I(u(z, 1) (=Cr) + I(u(z, 1)) Con(t)o.

Because I(u) > 0, choose sufficiently small §, then for Woo(2,1) > e dg(x)
any (z,t) € (B2.(0)(2x) % [0,2], i
for (z,1) € (Bge(omzﬁ) % [0,2] and

awg”’ D 1 Iute, 1) (—A) wla, t) < 0. (54)
¢ Weo(x,1) > ™™y
Let v(z,t) = w(z,t) — w(x,t), then v(z,t) = - . B
—v(z",t). Analogous to the proof of (3.34) in [18], for z € Be(0)2x. Since woo(z,1) = 0, z €
Tb and weo(0,1) = 0.
ow
— 4+ J(W) (=AY = (M ~+ o)W >0 55 1) —
0 I()(~A)"D = (m + ca0) 59) Woole ) =0 s

~ xr1 — O
for (z,t) € ¥, x [0,2]. Thus, by using(54) and (55), -
for x € B.(0) N X,. We can derive that

— +I(u)(=A)°5>0 oY
ot =(0) > 0.
~ ~ (9331
for (z,t) € Bs.(0) N X, x [0,2]. Since the definition
~ ~ Therefore,
of w(z,t), v(z,t) > 0as (z,t) € (EH\B%(omzn) X
[0, 2] and oY, 0
) - <0
8961( )
v(z,0) >0 .
- forxz € .
for x € ¥,. Thus, applying the maximum principle for Using Hopf lemma,

antisymmetric function which means
afﬂlTK(x”mGT,c <0
v(z,0) >0
B for Voo € w(u). By
for (x,t) € (Ba.(0) N X,) x [0,2]. We have
8@:1 T/{(x)lweTn = 69:1 wm(w”aceTN - aaclzv(l’”aveTN

emtwoo (x7t) — (Sg(.ﬁ)?’](t) > 07 — _2ax1w(x)‘z€T ,
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one can derive that
02, Y (2)|zer, >0, Vw € w(u).

Thus, we have (51).
Step 3: All w limit function are radially symmetric which
means for all w(x),

If we can prove
(56)

then for all w(x), TNO_ (z) = 0.

{t,} of t,, < t,, such that

u(-tn) = w(-), u(s,t,) = @(:).
By (59) and (60) , For sufficiently large n, z € D, we
have wy(z,t,) > gand w,(z,t,) < —ginx € D. Thus, there
is T, € (tn,1,) such that

we(x,t) >0, x€D,tE[t,,T),), (61)
and
wg (+, T,,) has some points which are equal to 0 in 9D. (62)

If it can be concluded that this contradicts with (62), then

We prove (56) by contradiction in the following. Assume (56) iswe finish the third step of proof. Let

false, then k; < k(. Forany k € (kg , kg ), we want to prove

T.(z) >0, ze, (57)

for all Vi € (kg , k¢ ) and
T.(2) <0, ze€X,. (58)
Since Tn;r = 0, then T.(z) = @(z") — @(zr) =
(v(xng) — @(xz) < 0. The last inequality is known by Hopf

Lemma that on the set of z; > nar, @ is decreasing with
respect to z1. Thus, one can conclude (58). Similarly, it can
be concluded that(57). By (58) and (57), for any compact
subset D CC flm there exists ¢ > 0 such that

T.(z)>q, xe€D, (59)
and
Y.(r)<—q x€D. (60)

Using @ and @ € w(u), there exists sequences {¢,} and

II)(ZL', t) = eim(tit")wﬁ (iL’, t),

then
Lo = — + I(u)(=A)’w — C(z, t)d

where C(z,t) = ¢, (x,t) —m. We choose suitable m > 0 such
that

C(z,t) <O0.
By
0y Hu) (=AY u= (o, t,u),
ot
25 4 T(u)(—A) wy = cx(x, 1)
ot U Wy = C (T, )Wy
Then,

+ efm(t*t”)(—m)w,.€ + I(u)(—A)S(efm(tft")wK) — (ex — m)efm(t*t")w,€

~ 0
L Eefm(tft")—g):
0 S/ —m(t— (i
= e S T () (~A)° (e w,) — e
_ 67m(t7tn)awﬁ +I(u)67m(t7tn)_Aswﬁ o c,ﬁe*m(tft")w,@

ot

= e S ) (1) (- A) s

ot
=0.

Thus [ = 0. Let

Xy(0) = {;

w = xp,(x)W(x,t) + 2(p5 — 1)epe” MHOE=tn) Then,

x € Dy,
.’JS¢D0,
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fw = % + I(uw)(~A)*w — &z, Hw

=xD0<m>%f + (265~ Dene MO0 — (1 g)

1) ((~8)° (xoo (20 + (265 — eye=(m+00=0))
(%t)( p(2) + (205 — 1)epe” (MTOE= m)
= (205 — Dene™ ") — (4 6) + 1(w) (- 4)° (oo ()

—|—I(u)(—A)S((2¢5 — l)ene*(ere)(t*t"))) — (205 — 1)e,e” (mFO(E=tn)

< (205 — Dene” MO — (4 0) + (1) (= A) (Yoo (2)D)
+I(u)2a56nef(m+9)(t*t — Cye,e (mt0)(t—tn)
< I(u)(_A)é(Xoo(w)w) + cieqe (m+9)(t—tn).

By Chen [15], one can conclude
(—A)* (Xoo(a)) < —Coe™ (MHOE=tn)
and
I (W) (= A)* (Xoo(w) @) < —Col(u)e™MTOE=tn),
Then,
Luw(z,t) < =Cal(u)e” (MOt 4 ¢y e, e (mHOETt) — (¢1e, — caI (u))e (MHOEIn),

For sufficiently large n,

Lw(z,t) <0.
Thus for (z,t) € Bs(Z) X [tn, Th], L(w(zx,t) —w(x,t)) < 0. By maximum principle, for (x,t) € Bs(Z) X [tn, Tn],

w(z,t) < w(z,1).
In the case of boundary,

W(z,T,) > w(z, Ty) = epe” MTOTn—tn),
Thus,
we(Z, Tp) > ene*G(Tn —t,) >0

contradict with (62).
In order to prove(ii)through the principle of maximum principle of antisymmetric function which means there exists Dy CC

D and constant Cy > 0 such that

we(x,t) > e ¢ty t, <t<T, zeD.
It is required that
we(z,t) > Y(z,t) ze€D, t,<t<T,
which means

(we —=_) >0

The key lies in verifying the conditions d” + I(u)—A%v(z,t) > cx(x, t)v(x,t) for the maximum principle for antisymmetric
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d(wN

functions. We can refer to Chen [15] for the verification of other conditions. Therefore, it is necessary to verify LURNE

I(u)=A%(w,; — T) — ex(x, t)(w,; — T) > 0 which means
Lowy(x,t) — L, Y (x,t) > 0.
Since L,wy(z,t) = 3“" + I(u)(—A)wy(x,t) — Cr(z, t)wye(x,t) = 0, it is necessary to verify L,Y(x,t) < 0 where

Y(x,t) denote g7 o)

Tetli=m)" Thus, we only need differential inequality

Li(x,t) <0, VexeD, t,<t<T,.

It will be proved in the following:

Lot(o,t) = %(x,t)—i—[( )= A u(,t) — e (@, e, 1)
—0e=0tt) (43, (z,1) — Th) + e 00—t T
() (=) (707 (@, — 7h) ) = el e~ (0 (a,8) = 7h)
= —fe0t=tn) ( (1) — Th + e~ WW“)
1 (u)e™ "7 (= A) (@ = T(=A)°h)) = epla, t)e” " (@ (2, t) — Th)
= et —t,) — O, + Or ag”t“ ()= A%y, — T(u)(—A) w, + T(u)(—A) w,

—7(=A)"h(z) = cpwy + TCx
=e Ut —t,) — 0w, + 01 + I(u)[-A%0, — (—A) w,] — T(—=A)°h(z) + (¢, — cx)w,,

+T7Ck.
By Chen [15],
(A0, — (=A)°w, <0, z1 > p, t > 0.
Thus I(u) ((—A)°w, — (—A)*w,) < 0 and
Lot(z,t) <e 0t 0 e, —cilw, +7(0+cp) — T(—A)°h.
Finally, by Chen [15], one can derive that

Lit(z,t) <0, p<zi<d, t,<t<T,

and
L..<0, VYrxeD, t,<t<T,.
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