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Abstract

Graph labeling is an important and rapidly developing area in graph theory due to its numerous applications in communication
networks, frequency assignment, channel allocation, and coding theory. Among the various labeling methods, radial radio
labeling has gained attention because of its connection with distance-based constraints and graph structure. In this paper, we
study the radial radio labeling of certain connected subgraphs derived from complete graphs. We introduce the concepts of radial
radio number and radial radio sequence and examine their behavior for specific graph classes obtained from complete graphs
through edge deletions. The main objective of this work is to determine the radial radio sequence of connected graphs formed
by deleting a perfect matching and an edge covering from the complete graph. Using fundamental graph-theoretic techniques
and structural analysis, we derive exact values for the radial radio sequence of these graph families. The obtained results provide
insight into the influence of graph structure and neighborhood properties on radial radio labeling. This study extends existing
research on distance-based graph labeling and contributes to a better understanding of how structural modifications in graphs
affect labeling parameters, which may further support applications in communication network optimization and interference
reduction problems.
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1. Introduction

Throughout this paper, we only consider the simple, con-
nected and undirected graphs. The closed neighbourhood of a
vertex v is a subset of vertices denoted by N [v] and is de-
fined by N[v] = {v,u: uv € E(G)}. The induced subgraph
induced by the closed neighbourhood of v is denoted as <
N [v] > and is defined by <N [v] >= (N [v],E(<
N [v] >)), where E(< N[v] >) ={vx: vx € E(G),x €
N [v] }U{uw: u,w € N[v]and uw € E(G)}. A clique,
S,isasubset of V(G) with maximum number of vertices such

that < § > is complete. The clique number, w or w(G), is
the number of vertices in the clique of G.

A perfect matching in a graph G is a set M, of edges such
that every vertex in G is incident to exactly one edge in M. Equiv-

alently, M is a matching of size @ Note that, a perfect match-

ing exists only when the graph G has even number of vertices.
An edge cover or edge covering of a graph G is a set C of
edges such that every vertex in G is incident to at least one
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edge in C. In other words, the union of end points of the edges
in C covers the entire vertex set V(G). An edge cover is said
to be minimum edge cover if it has the smallest of possible
cardinality among all edge covers of G.

The distance between any two distinct vertices u and v is
the length of the shortest uv —path in G and is denoted by
d(u,v). The eccentricity of a vertex v, e(v), is the distance
between v and the vertex farthest from v. The minimum ec-
centricity among all vertices is called as the radius of G and is
denoted by rad(G). The maximum eccentricity among the ver-
tices is called as the diameter of G and is denoted by diam(G).

The study of graph labeling has emerged as a significant
area within graph theory, offering insights into combinatorial
properties and their applications in network design, commu-
nication systems, and optimization problems. The concept la-
beling was introduced by Rosa, et. Al. [12]. The detailed study
of Frequency Assignment Problem [7] by Chartrand et. Al. [6]
leads to the new concept of radio k coloring.

A function ¢: V(G) = N is said to be a radial radio label-
ing, if it satisfies the following condition: for any two distinct
vertices u and v,

dlu,v) + l¢(w) +¢@)| =1+ rad(G) (1)
where d(u,v) is the shortest distance between u and v. The
inequality (1) is known as the radial radio condition of G. The
span of a radial radio labeling, ¢, is the largest integer in the
range of ¢, and is denoted by span(¢). The minimum span
taken over all possible radial radio labelings of G is known as
the radial radio number of G.

Motivated by the concept, p,(v) — rr sequence introduce
by Selvam et. Al., [3], the concept radial radio sequence is de-
fined in the following manner: The non-decreasing sequence,
(rr(< N[u] >))yev(c), is called as the radial radio sequence
ofa graph G, where rr(< N[u] >) is the radial radio number
of the induced subgraph induced by the closed neighbourhood
of the vertex u. Radial radio sequences of product of some
standard graphs have been determined in [4].

The following lemma provides the necessary and sufficient
condition for a function to be a radial radio labeling of a graph
with radius 1.

Lemma

Let G be a connected graph with rad(G) 1. A func-
tion ¢: V(G) — N is aradial radio labelling of G if and
only if |g(u) + ¢(v)| > 1 whenever uv is an edge.

Proof

If rad(G) = 1, then the radial radio condition becomes

d(u,v) +[¢(w) + c()| = 1+ rad(G)
=>dw,v) +l¢w) +c@)| =2
= o) +¢@)| =22 -du,v)

= lew) +¢@)| =2 -dwv)

169

=160 +5@)1 = {7 90 7

This completes the proof.

Remark

To verify the radial radio condition for a graph with radius
1, by above lemma, it is enough to show that the label differ-
ence between adjacent vertices is at least 1 and the label dif-
ference between non-adjacent vertices is at least 0.

Equivalently, the non-adjacent vertices may receive the
same positive integers as labels.

The following theorem is useful in establishing the results
of this paper.

Theorem A: For any simple connected graph G, rr(G) =
w(G), where w(G) is the clique number of G. [2].

For further basic concepts, one may refer [5] and [8]. For
more results on radio number and the radial radio number, one
can refer [1, 9-11] and [13, 15]. In this research paper, we
study the radial radio sequence of the subgraphs of the com-
plete graph K,, which are obtained by deleting some of the
subgraphs such as perfect matching and minimum edge cov-
ering. The radial radio numbers of these graphs are already
determined in [14].

2. Radial Radio Sequence of K>,-M, n > 2

The graph K,, —M is obtained by deleting the perfect
matching, M, from the complete graph K,,. Let V(K,,) =
{fa;: 1<i<n}andlet M ={ay_ja,: 1<i<n}. After
deleting M, we observe the following:

a) V(KZn -M) = V(KZn)

b) E(Ky —M) = E(Kzn) — M

¢) deg(a;)) =2n—2,foreach i, 1 <i <2n.

d) rad(Ky,, — M) =2

Figure 1. Kg — M.

For, the graph Kg — M is illustrated in Figure 1.

Theorem 2.1 provides the radial radio sequence of the graph
Kyn — M.

Theorem 2.1
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The radial radio sequence of K,, — M is ( n,nn,..,n ),

2n times
for n = 3.
Proof
We have Nla;]={a;: 1<i#i+1<2n—-1} and

Nlaz,] = V(Kyp — M) — {ay,_1}. We observe that, the in-
duced subgraphs induced by N[a;] and N[aj], 1<i#j<
2n are isomorphic. This forces that, rr(< N[a;] >) = rr(<
N[aj] >), 1 < i # j < 2n. So that, it is enough to find radial
radio number of N[a;], for some, i, 1 <i < 2n. Without
loss of generality, assume that, i = 1.

We note that, K,, isacliquein < N[a;] > and so, by The-
orem A,

rr(< Nlay] >) =2 n @

Define {: N[ay] - {1,2,3,..} such that
L {(agi-1) =C(ay) =i,2<i<n
The induced subgraph < N[a;] > and its corresponding

labeling under { are presented in Figure 2.

{(ay) =

Figure 2. a < N[aq] >, b Labeling { of < N[a;] >.

Since rad(< N[a;] >) = 1, by Lemma, we can say that {
is a radial radio labeling for the graph < N[a;] >. Hence
span({) = n which implies that,

(< N[ay] >) <n 3

From the inequalities (2) and (3), rr(< N[a;] >) =n.
Thus rr(< N[a;] >) =n,forall i, 1 <i<n.

3. Radial Radio Sequence of Kzn+1-T,
Where T Is a Minimum Edge Cover of
Kinn

Assume that, V(K,p4q) ={Bi: 1<i<2n+1}. If we
take T = {B1Bon+1, B1B2 Bai-1P2i: 2 < i < n}, then T is the
minimum edge cover of K,,,;. We observe that,

i) Kypiq — T is connected.

i) E(Kopney —T) = E(Koped) — T

iii) rad(Kyper —T) =2

The graph K;; — T is illustrated in Figure 3.
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Figure 3. K1, —T.

In this section, we determine the radial radio sequence of
Kypiq — T, for n = 3.

Theorem 3.1

For n > 3, the radial radio sequence of K,,,; —T is
n+1L,n+1,...,n+1,n).

n times

Proof
Here, we identify three types of induced subgraphs arising
from the deletion of an edge covering in the graph K,,.4.
These types are characterized as follows:
1) Induced subgraph induced by S;.
2) Induced subgraph induced by the vertices which are not
adjacent to [, thatis, B, and B,,41.
3) Induced subgraphs induced by the vertices which are ad-
jacent to f3;.
We determine the radial radio numbers of each of these
three types of induced subgraphs separately.
Casel: <N [B] >

Subcase 1a:
By 1
Bs Ba 3 2
B B 3
Figure 4. a <N [By] > in K,—T, 4b Labeling &of <
N [B] > in K, —T.

For n = 3, the sets {f, B4, Fs} and {B4, B3, B} induce
subgraphs both are isomorphic to K;. Define &: N[B;] —
{1,23,...3 by £€(B) =1; §(B3) = 2; §(Be) =35 §(By) =
2; &(Bs) = 3. Figure 4 illustrates this labeling:

From Figure 4, we note that, adjacent vertices receive dis-
tinct positive integers as labels and K3 is a clique, which
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proves that, rr(< N[B;] >) = 3.

Subcase 1b:

For n > 4, the vertices in the sets {f;, fyi_1: 2 < i < n}
and {f;, B, 2 < i < n} induce subgraph isomorphic to K,,.
Also, K,, isthecliquein < N [f;] >, which implies that,
4

(<N [B] >)=n

Define &: N[u,]-{1,23,..3 by &@B)=1 ;
EByi) =1, 1<i<n; &(By) =i, 2<i<n. The in-
duced subgraph < N[B;] > of K;; — T is illustrated in Fig-
ure 5.

Figure 5. a <N [B,] > in Ky, —T, b Labeling & of <
N [B1] > in K1 —T.

By Lemma, we confirm that ¢’ is a radial radio labeling
for< N [B;] >, as the non-adjacent vertices get the distinct
positive integers as labels. Thus span (¢') =n and so

rr(<N [B] >)<n 5

By inequalities (4) and (5), we have rr(< N[B;] >) = n.

Case 2: The vertices which are not adjacent to (;, that is,
B2 and Banyq.

We observe the following:

1)< N [B] >=<N [Ban+1] >

rr(< N[By1 >) = 1(< N [Bonsa]
2)N[B]={Bi: 2<i<2n+1}.

3)rad(< N[B,] >) = 1.

Assume the induced subgraph induced by f,. Consider the
sets of vertices:

D) {B2 Ben+1, Pai-1: 2<i<n}

i) {Ba)Ban+1,Baiz 2<i<n}

Both the vertex sets (i) and (ii) induce subgraphs isomor-
phic to K, which is a clique in N[B,] and hence by Theo-
remA,

this
>).

implies that,

(K N[B,]>)=n+1 6)

Define ¢: N[B,] » {1,2,3,..} such that ¢(B,) =1 ;
¢(Borici)=6,2<i<n+1;¢(By) =i 2<i<n. Theil-
lustration of the function ¢ is shown in Figure 6.
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(b)
> in Ki1 — T, b: Labeling ¢ of <

Figure 6. a: <N [B,]
N [B,] > in K;; —T.

Since d(Bri—1,B21) =2, 1<i<n; d(f,p)=1,3<
i <n+1 and all adjacent vertices receive distinct positive
integers as labels, by Lemma, we conclude that, ¢ is a radial
radio labeling of < N [B,] >. Hence span(¢) =n+1
and so

(< N[B,] >) <n+1 @)

From inequalities, (6) and (7), we conclude that, rr(<
N[B;] >)=n+1 Also, rr(<N[B;]>) =1r(<
N[Bzn41]l >) =n+1.

Case 3: The vertices which are adjacent to f;. That is, the
vertices belong to {f;: 3 <i < 2n}.

Note that: < N[§;] >=< N[B;] > and rr(< N[B] >) =
rr(< N[ﬁj] >), for every 3<i#j<2n. Here, rad(<
N[B;] >) = 1. Without loss of generality, assume that, i = 3.
It is observed that, the set of vertices in (i) and (ii) induce sub-
graphs which are isomorphic to K,,,;, which is a clique in <
N[Bs] >:

) {B1, B2 B3 Pai-1: 3<i<n+1}

i) {B1, B2 B3 Bons1, Poit 3<i<n}
By Theorem A,

rr(< N[B3] >)=n+1 (3)

Now, Define ¢: N[B5] - {1,2,3,..} such that,

®(Bri—1) = (Br) =i, 1 <i<n; 9(Bons1) =n+ 1. Fig-
ure 7 shows the optimal radial radio labeling of the induced
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subgraph.

(b)
> in Ky1 — T, b: Labeling ¢ of <

Figure 7. a: <N [f5]
N [ﬂ3] > in K11 —T.

By Lemma, we can prove that, ¢ is a radial radio labeling

of < N[B5] > and span(¢) =n + 1 and hence

(< N[Bs] >)<n+1 Q)

Inequalities (8) and (9), proves that rr(< N[B5] >) =n +
1.Hence r(< N[B;] >)=n+1,3<i<2n.

Cases 1, 2 and 3 concludes that the radial radio sequence of

Kony1—T is (m+1,n+1,..,n+ 1,n). This completes the

n times

proof.

4. Conclusion

In this paper, we determined the radial radio sequences of
the connected induced subgraphs of the complete graph K,
which serves as our primary graph of interest. These results
may be extended in future work to other specific families of
graphs. It is important to note that the resulting graph must
remain connected after the deletion of a perfect matching or
an edge covering in order to define the radial radio sequence.

172

Abbreviations

K, Complete Graph on n Vertices

rad(G) Radius of Graph G

rr(G) Radial Radio Number of Graph G
d(u,v) Distance Between Vertices u and v
N [u] Closed Neighbourhood of Vertex u

Radial Radio Number of the Induced
Subgraph by Closed Neighbourhood of u

rr((N [u] )
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