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Abstract: In this article, we introduce and investigate the concepts of neutrosophic fuzzy ideals and their translations in B-
algebras. We establish the fundamental properties of translations of neutrosophic fuzzy ideals and prove that the translation of
a neutrosophic fuzzy ideal of a B-algebra is also a neutrosophic fuzzy ideal. Furthermore, we characterize neutrosophic fuzzy
ideals through their level sets and show that a neutrosophic fuzzy set is a neutrosophic fuzzy ideal if and only if its corresponding
level sets are also ideals. We also provide sufficient conditions under which the neutrosophic translation of a neutrosophic fuzzy
ideal forms a neutrosophic fuzzy subalgebra. In addition, we introduce the concept of an extension of a neutrosophic fuzzy
ideal and prove that the neutrosophic translation of a neutrosophic fuzzy ideal is a neutrosophic fuzzy ideal extension. An
illustrative example is presented to demonstrate that not every neutrosophic fuzzy ideal extension is obtained as a translation of
a neutrosophic fuzzy ideal. Moreover, we define the multiplication of neutrosophic fuzzy ideals and investigate its properties in
B-algebras. We prove that the multiplication of neutrosophic fuzzy ideals is also a neutrosophic fuzzy ideal under appropriate
conditions. The results establish meaningful relationships among neutrosophic fuzzy ideals, translations, level sets, extensions,
and multiplication in B-algebras. These findings contribute to the development of neutrosophic fuzzy algebraic structures and
provide a systematic framework for further investigations of ideals and their associated operations in B-algebras. The proposed
characterizations also clarify structural behavior and broaden the existing theoretical framework for neutrosophic fuzzy algebraic
systems.

KeyWOl‘dS: B-algebra, Translations, Multiplications, Neutrosophic Fuzzy Ideal, Neutrosophic Fuzzy Ideal Extension

1. Introduction Sets (NS) in order to achieve a broader framework for

. addressing uncertainty.  This structure generalizes fuzzy
Zadeh,L.A.[3] developed the concept of fuzzy sets in 1965 ;14 jnewitionistic fuzzy sets by adding an indeterminacy

as a mathematical method for handling uncertainty, expanding membership function () to the truth (T) and falsity (F)
on the concept of standard crisp sets. In the subsequent

decades, many researchers investigated different ways to
expand on this idea. In 1986 [2], Atanassov,K.T proposed
the concept of Intuitionistic Fuzzy Sets (IFS), where the truth
value is determined by both membership and non-membership
degrees, subject to the limitation that their sum does not exceed
unity. Smarandache [11] developed the idea of Neutrosophic

components.  Neutrosophic logic has subsequently been
utilised in a variety of fields, including game theory, operations
research and information technology. By starting to study
neutrosophic algebraic structures in 2006, Smarandache and
Kandasamy [12] made the connection between neutrosophic
logic and abstract algebra.

Algebraic structures play a crucial role in mathematics,
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with numerous applications in computer science, theoretical
physics, and coding theory. Neggers and Kim [1]
introduced the notion of B-algebras within this category,
establishing significant connections with algebraic structures
especially BCK/BCl-algebras. Imai and Isaki [7] started the
investigation of BCK/BClI-algebras by expanding concepts
from propositional calculus and set-theoretic difference. The
subsequent studies by Walendziak [15] and Park and Kim
[13] contributed to improving the structural properties and
axiomatic foundations of B-algebras.

Fuzzy B-algebras were developed through the integration of
the concept of fuzzy sets in B-algebras. Fuzzy (normal) B-
algebras were initially presented by Jun et al. [8], and further
research by Saeid focused on fuzzy topological B-algebras
[16] and interval-valued fuzzy B-subalgebras [17]. In order
to advance the general theory of these algebraic structures,
ideals and subalgebras are key components. The concepts
of fuzzy subalgebras and fuzzy closed ideals of B-algebras
were proposed by Senapati et al. [18, 19] with respect to -
norms. These studies subsequently led to the development of
Intuitionistic fuzzy B-algebras.

The introduction of the concept of translations is one of
the significant advancements in fuzzy algebraic structures.
In 2011, Jun [20] investigated fuzzy translations of fuzzy
ideals in BCK/BClI-algebras. Subsequent investigations by
Prasanna, Premkumar, and Mohideen, as well as Senapati
[6,21], focused on fuzzy and intuitionistic fuzzy translations in
B-algebras. Although this research examined the variation of
membership values in fuzzy and intuitionistic fuzzy systems,
their development to the neutrosophic framework has not
yet been investigated. To address this research gap, the
present study introduces neutrosophic fuzzy translations of
B-algebras and analyses their fundamental properties and
characterisations.

In this paper, neutrosophic fuzzy translations, neutrosophic
fuzzy extensions and neutrosophic fuzzy multiplications
of neutrosophic fuzzy ideals (NFids) in B-algebras are
introduced. Relations among neutrosophic fuzzy translations,
neutrosophic fuzzy extensions and neutrosophic fuzzy
multiplications of NFids in B-algebras are also investigated.

2. Preliminaries

In this section, we first present some elementary concepts
and results that will be used in the subsequent sections.

Definition 2.1. [1] A non-empty set M with a constant 0’
and a binary operation ‘ ¢ ’ is called a B-algebra if it satisfies
the following axioms

(BA—1)q; oq; =0,

(BA=2)q; 0=,

(BA=3) (d; o dy) oz = d; © (d3 © (0 © dy)), for all

q17 q27 q?) € M.
A slightly different set of axioms was independently

introduced in [2].
Definition 2.2. [1] non-empty sub-set A of a B-algebra M is
said to be a sub-algebra of M if {; o, € A forany {;,d, € A.

Definition 2.3. [4] A non-empty sub-set D of a B-algebra M
is said to be an ideal of M if

(D1)0e D

(D2)d; ody € Dforanyd, € D=d; € D.

Definition 2.4. [3] Let M be a B-algebra. Then a fuzzy set
‘B in M is defined as

B = {{d,,Br(qy)) |d, € M}

where ‘B ((; ) is called the membership value of (f; in ‘B and
0<Br(q) <1

Definition 2.5. [5] Let ‘B be a fuzzy set in M and let v €
[0,1 — sup{B(dy)|d; € M}]. A mapping (Br)] : M —
[0, 1] is said to be a fuzzy-vy-translation of ‘B if it fulfill

(B2 (dy) =Br(dy) +7

forall ; € M.
Definition 2.6. [11] A neutrosophic fuzzy set (briefly, NFS)
‘B over M is an object having the form

B = {(d;,Br(dy), Bz(dy), B#(dy)) | d; € M}

where Br(d,) : M — [0,1], Bz(d;) : M — [0,1] and
Br(d,) : M — [0,1], with the condition 0 < Br(q;) +
Bz(dy) + Br(d;) < 3 for all ¢ € M. The numbers
Br(d;), Bz(d;) and Bx(d;) denote, respectively, the degree
of membership, the degree of indeterminacy and the degree of
non-membership of the element d; in the set ‘B. NFS simply
denote by B = (B7, Bz, Br)

Definition 2.7. [9] Let B = (B7,Bz,Bx) be a NFS of
M and let v € [0,7]. An object having the form ‘Bz =
((B1)I, (Br)L, (B£)Y) is called a neutrosophic fuzzy ~-
translation (briefly, NF-y-T) of B if (B7)Z (d,) = Br(d;) +
> ({Bl)z((ﬁ) = Bz(d;) + and (rBFﬁ((ﬁ) =Br(d,) -~
foralld; € M.

Deﬁnition 2.8.[9] Let By = ({B1T7{BlI7{BlF)7 By, =
(BQT,BQI,BQf) be NFSs of M. If Bl S BQ, that iS,
Bi7(dy) < Bar(dy). Baz(dy) < Boz(dy) and Bir(qy) >
Bor(d,) for all ¢, € M. Then we say that By is a
neutrosophic fuzzy extension (briefly, NFe) of B;.

Definition 2.9. [9] ANFS B = (B7, Bz, Bx) in M is said
to be a neutrosophic fuzzy subalgebra (briefly, NFSA) of M if
it fulfill

(NFSA;) Br(dy o dy) > min {Br(d), Br(dy)}

(NFSA;) Bz(d; ©dy) > min{Bz(d;), Bz(d,)} and

(NFSA3) Br(d; od,) < max {Bx(d;), Bx(d,)}, for all
C[la q2 € M.

Definition 2.10. [9] Let B be a NFS of M and ¢ € [0, 1]. An
object having the form B! = ((B7)Z, (Bz)Z, (Br)?) is called
a neutrosophic fuzzy ¢-multiplication (briefly, NF-¢-Mu) of
Biif (Br)(d,) = Br(dy)<. (Br):(dy) = Bz(d,).s and
(B)3(d,) = B (d)-s forall d, € M.

For any NFS B = (B, Bz, Bx) of M, a neutrosophic
fuzzy O-multiplication By = ((B7)§, (Bz)§, (Br)§) of B is
a NFSA of M.
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3. Translations of Neutrosophic Fuzzy
Ideals in B-algebras

In this section, translations of neutrosophic fuzzy ideals are
defined with some results studied.

Definition 3.1. ANFS B = (B7, Bz, B#) in M is said to
be a neutrosophic fuzzy ideal (briefly, NFid) of M if it fulfill

(NFidy) Br(0) = Br(dy), Bz(0) = Bz(dqy), B#(0) <
‘BF(ql)’

(NFidz) Br(dy) = min{B7(q; o d,), Br(d,)}

(NFids) Bz(d;) = min{Bz(d; ¢ d;), Bz(d;)} and

(NFids) Br(d;) < max {Br(d; ©dy), Br(dy)}, for all
qlv q2 € M.

Theorem 3.1. If B = (‘BT,’BI,’B}-) is a NFid of M, then
the NF--T BY = ((B7)7, (Bz)Z, (B#)Y) of B is a NFid,
forall v € [0, 7.

Proof. Let B = (B7, Bz, Bx) be a NFids of M and v €
[0,T]. Then

(B7)5 (0) = B7(0) +v > By (dy) + 7 = (Br); (dy),
(B2)2(0) = Bz(0) + v > Bz(dy) + v = (B2)X (dy),
(Br)3(0) =Bx(0) =7 < Bx(d)) — 7 = (Bx); (d),
for all ¢; € M. Now,
({BT)z(ql) =Br(d,) +v

> min {Br(q; o d,), Br(dy)} + v
=min{Br(d; ody) +7,Br(dy) + v}
= mm{ ‘B7* (ql ody), (B )T/(%)}
=Bz(dy) +

> min {Bz(d; o), Bz(dy)} + v

= min {Bz(d, o dy) + 7, Bz(dy) +~}
(dyody), (B ) (qz)}

(Bz)3 (dy)

= mln{ ‘BI
=Br(dy) -
< mazx {Bf(q1 ody), Br(dy)} —v
=max {Bz(dq; ody) — 7, Bx(dy) — 7}
= max{ Bf' (q1 o dy), (‘B}‘):‘C(qz)}

for all d;,d, € M. Therefore, the NF-v-T of ‘B is a NFid of
M.

(Br)3 (dy) =

Theorem 3.2. Let B be a NFS of M such that the NF-v-T of
‘B is a NFid of M for some v € [0,7]. Then B is a NFid of
M.

Proof. Suppose that ‘Bf is a NFid of M for some ~ € [0, T].
Letd,,d, € M, we have

Br(0) +v = (Br)2(0) > (Br)X(dy) =Br(dy) +~
Bz(0) +7 = (B1)2(0) > (Bz)X (dy) = Bz(dy) + v
B#(0) — 7 = (Bx)7(0) < (Bx) (dy) = Br(d;) —

= B7(0) > Br(d,), Bz(0) > Bz(d))
Br(0) < Br(dy)

Now, we have

Br(dq) +v = (BT) (dy)
> mln{ Br), ((Il ody), (B )5((12)}
= min {B7(d; od,) +7,Br(dy) + 7}
= min{Br(d, od,), Br(dy)} +
Bz(dqy) +7 = (B2)] (q))
> mln{ (B7) (q1 od,), (B ) (qQ)}
= min {Bz(d; o dy) + v, Bz(dy) + 7}
= min {Bz(d, ¢ d,), Bz(dy)} + v
Br(dy) =7 = (Bx); (dy)
< max{ (Bx) ((Il ody), (’B}‘)z(qz)}
= max {Bx(d; ody) — v, Br(dy) — v}
=max {Bz(q; ody), Br(dy)} — v

Therfore,

Br(dq;) > min {B7(d, ody), Br(dy)}
Bz(d;) > min {Bz(d; o dy), Bz(dy)}
Br(d;) <max{Bx(d; o dy), B#(dy)}

for all ¢, d, € M. Therefore, B is a NFIs of M.

Theorem 3.3. Let the NF-y-T of B be a NFid of M for
v € [0, T)]. Then the following are valid:

(). Ifq; ody < d5, then
(’Bf)g(ﬂh)zmin{(‘BT%( ), (Br ) (d5) }
(Bz)} (dy) > min {(Bz)] (¢s), (Bz )7T( d3) }
(Bx), (Cf1)<maX{‘Bf (0[2) (Br)7 (ds)}

(). If ¢, < d,, then (B T)'y(ql) 2 (rBT)g(qz)’
(‘Bl)z((ﬁ) > (‘Bl)z(qz) and (‘B}')z((ﬁ) <
(BF)L(dy).

Proof. (i) Suppose that d;, d5, {5 € M are such that {; o d, <
5. Then (q; ¢ d,) © {5 = 0 and thus

(B7)7 (dy) = min {(B7)3 (dy © dy), (B7)3 () }

= min {min {(B7)7(0), (B7)7 (dy)} , (B7)7 (d)}
= min {(B7)7 (d2), (B7)3 (d3) }

(B ) (q1)>m1n{BI (dy ody), (B ) (qz)}
_mm{mln{ BI )5(0), (Bz)3 (d3)}  (Bz)7 (do) }
—mln{ ‘BZ dy), (‘BZ) (d )}

(B ) (d;) < max{ Bf) (d; ody), (B );F(qz)}

= max {max {(Bx)] (0), (BF); (d3) } , (BF); (dy) }

_max{ Br), )2 (d. 2)s (‘B]‘-)'y(q‘?))}
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(i1) Again take {;, dy € M suchthatd; < d,. Thend;ody, =0
and thus

(B7)5 (dy) > min {(B7)7(d; o dz), (B7)3 (d2) }

> min {(B7)2(0), (Br)I(dy)} = (Br)I(q))
(Bz)2 (d}) > min {(Bz)] (d; o dy), (Bz)! (d3) }

> min {(Bz)2(0), (Bz)2 (dy)} = (Bz)2(dy)
(B#)Z(dy) < max {(Br)J (d; o dy), (BF)T (dy)}

< max {(Br); (0), (Br)y (dy) } = (BF)3 (dy)-

Using induction on n and by Theorem 3.2, we can easily
prove that the following theorems.

Theorem 3.4. If the NF-+-T of ‘B be a NFid of M for all
v € [0,T7, then

(... ((dyovr)ovg)0. ..
M, =

)ov, = 0forany dy, vy, v, . ..

(Br)] (dy)
> min {(B7)7 (1), (Br )% 2),--» (Br)7 (vn) }
T

,Un €

(v
(Bo)Z(d,)
> min{(‘Bz)z(U ), (B ) (v2), . a(BI)Z(UTL)}
q

B ()
< max {(B)T(1n), (BT (v2), . (Br)T ()}

We now give a condition for the NF-v-T of ‘B which is a
NFid of M to be a NFSA of M.

Theorem 3.5. Suppose that NF-v-T of ‘B is a NFid of M for
all v € [0,T]. If ¢, o, < q; forall d;,q, € M, thenBY isa
NFSA of M.

Proof. Assume that {BZ; of B is a NFid of M. Suppose that
d; ody < d; forall f;,d;, € M. Then by utilizing Theorem
3.2, we obtain
(’BT)f(Ch ody) > (B )T((ﬁ)
> min {(Br)7 (d; o dy), (Br)5 (d) }
> mm{ Br)] (dy), (B7)] (d2) }
(Bz)5 (dy o dz) > (Bz)5 (dy)
2> mm{ BI);((ﬁ ody), (B
>m1n{ I)z( 1), (B
(Br)3 (dy o dp) < (Br)3 (d )

< max{

)7 (dy)}
7)7 (dy) }

)y 7(dy ody), (B
)7 (dy), (B

is a NFSA of M.

f)f(%)}
)2 (dy)}

< max {(Br
Therefore, ‘BZ;

Theorem 3.6. If B is a NFS of M such that the NF-v-T of
B is a NFid of M for v € [0, T, then the sets

TR, = {d; € M | d; € M and (B7)} (d;) = (B7)3(0)}
Tp, = {1 € M | d; € M and (Bz)](d;) = (Bz)7(0)}
TB, = {d € M [ d; € M and (B7)7(dy) = (B7)7(0)}
are ideals of M.

On the Structural Properties of Translations of Neutrosophic Fuzzy Ideals in B-Algebras

Proof. Assume that ‘Bf = ((B7)Y,(B2)L,(Br)Y) be a
NFid of M. Obviously, 0 € T _, TfBI T‘Bf Letd;,d, €
M be such that ¢, o, € Tg_and q, € Tg_. Then

(B7)5 (dy o dz) = (B7)3(0) =

(B ) (d) > mln{ BT (qloqQ) (B
= (B7)2(0)

Since ‘B is a NFid of M, we conclude that (B7)(q;) =

({BT)f(O) = Br(d)+v =B7(0)+~vor, Br(d;) = Br(0)
so that d; € T‘BT' Hence, ‘ZrBT is an ideal of M.

Again, Let p, s € M be such thatpo s € T:BI and s € T’BI'
Then

(B7)5 (dy) and so

)2 (dy)}

(Br)J (pos) = (Br)l(0) =

(B1)Y (p) > min {(Bz)X (pos), (Br)Y ()} = (B1)1(0)

Since B is a NFid of M, we conclude that (Bz)7 (p) =
(Bz)3(0) = Bz(p) +v = Bz(0) +~ or, Bz(p) = Bz(0) so
that p € Q‘BI' Hence, s’BI is an ideal of M.

Now, again, let v,w € M be such that v o w € TfBF and
w E S’Bf' Then

(‘BI)Z;(S) and so

(BF)J (vow) = (Br)1(0) =

(Br)3 (v) < max {(Br)3 (vow), (Br); (w)} =

Since ‘Bf
(BF)3(0). = Bx(v) +v = Bx(0) + v or, B (v)
so thatv € T’BF' Hence, S’B; is an ideal of M.

(‘B]:)f(w) and so

(B7)7(0).

is a NFid of M, we conclude that (Bx)I(v) =
=Bx(0)

Definition 3.2. Let By = ({BlT,{BlI,rBl]:), and B, =
(B27, B2z, Bar) be NFSs of M. Then By is called a
neutrosophic fuzzy ideal extension (briefly, NFle) of ‘B if the
following assertions are true:

(i). Bo is a NFe of M.
(i1). If ‘B, is a NFid of M, then ‘B, is a NFid of M.

From the definition of NF-v-T, we get

{BT)»:C(CE) = BT(ql) +7,
(Bz)2 (dy) = Bz(dy) + 7,

Hence, we have the following theorem.

Theorem 3.7. Let B be a NFS of M and v € [0,T]. Then
the NF-+-T of ‘B is a NFIe of M.

A NFle of a NFid ‘B may not be represented as a NF--T of
‘B, i.e., the converse of Theorem 3.7 is not true in general as
seen in the following example.
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Example 3.1. Consider M = {0, d;,d,,d5,d,,d5} be a B-
algebras as following Cayley table

Table 1. B-algebra.

o | 0 1 dy | dy|d3|dy|ds
010 |ds |dy|ds|da|dy
G di |0 ]ds |dy|d3 |
q? q2 ql 0 qS q4 q?)
Q|| d | d | 0] ds | dy
Qy |y |3 |da || O | d5
5 |d5 [da |d3 |2 |2 [ O

Let By = (By7,Biz,B1r) be a NFS of M given by
B17(0) = 0.4L By7(qy) = 0.32, Bir(dy) = Bir(ds) =
Bi7(dy) = Bir(ds) = 0.31, B1z(0) = 0.31, Baz(qy) =
0.22, Biz(dy) = Biz(dz) = Biz(dy) = Biz(ds) =
0.21 and BIF(O> = 015, {Bl}-(cﬁ) = 018, Blf(qQ) =
B1r(dy) = B1r(dy) = Bir(ds) = 0.29. Then B is a NFid
of M.

Let By = (Bay,Baz, Bar) be a NFS of M is given as
follows Bor(0) = 0.42, Bar(qy) = 0.33, Bor(qy) =

Bar(ds) = Bor(dy) = Bar(ds) = 0.32, Boz(0) = 0.32,
Boz(d;) = 0.23, Boz(dy) = Baz(dz) = Boz(dy) =
Baz(ds) = 0.22 and Bax(0) = 0.12, Bar(d;) = 0.15,
Bor(dy) = Bar(ds) = Bor(dy) = Bar(ds) = 0.26.

Then B, is a NFIe of B;.
all v € [0, 7.

Clearly, the intersection of NFIe of a NFid ‘B of M is a NFIe
of ‘B. But the union of NFles of a NFid B of M is not a NFIe
of ‘B as seen in the following example.

Example 3.2. Consider M = {0, d;, d,, d5} be a B-algebras
with the following Cayley table:

But it is not NF-v-T of B; for

Table 2. B-algebra.

© 10 d | dy | d;
010 |dy |dy|ds
Q|4 | 0 ]d3 | dy
G |d |43 0 dy

Q3 |3 | dp [dy | O
Let B = (B7, Bz, Br) be a NFS of M given by B7(0) =
0.32, Br(dy) = Br(dy) = Br(ds) = 0.22, Bz(0) = 0.23,
Bz(ql) = BI(qg) = Bz(q3) = 0.21 and ‘B]—‘(O) = 0.18,
Br(d;) = Br(dy) = Bx(d;) = 0.2. Then B is a NFid of
M.

Let ‘B; and B, be two NFSs of M is given by B17(0) =
BlT(qQ) = 0.41, BlT(q1) = BlT(qs) = 0.38, BlI(O) -
BlI(qz) = 0.32, BlI(‘h) = BlI(qs) = 0.21, ‘Bl].-(O) =

Bir(dy) = 0.3, Bix(d;) = Bir(dz) = 0.31. Bar(0) =
Bar(dy) = 0.42, Bar(dy) = Bar(dz) = 0.35, Baz(0) =
BQI( ) = 0 22 Bgz(qz) {BQI((L}) = 0].8 and BQf(O) =

BQf(ql) = 0.1, Bar(dy) = Bar(ds) = 0.15.
Then By and By are NFles of B. Obviously, the union
‘B1 U Bs is a NFe of M, but it is not a NFIe of ‘B since

Bi7 UBar(ds) = maz {Bi7(d3), Bor(d3)}
= max {0.38,0.35} = 0.38,
Biz UBaz(d3) = maz {Biz(d3), Bz (d3)}

= mazx {0.21,0.18} = 0.21,

Bir UBar(q3) = min {B1x(d3), Bax(d3) }
= min {0.31,0.15} = 0.15.

BiruU ‘BQT(% <o (Il) =B U B2T(q2)
= maz {Bi7(d>), Bar(d>)}
= maz {0.41,0.35) = 0.41,
Biz UBaz(d; o ;) = Biz UBaz(d)
= maxr {Biz(dy), Baz(dy)}
= max {0.32,0.18} = 0.32,
Bir UBar(qd; 0 qy) = Bir UBar(qy)
=min{Bir(d,), Bar(d;)}
=min {0.31,0.1} = 0.1.

Bi7r UBar(d;) = max {Bi7(dy), Bar(dy)}
= max {0.38,0.42} = 0.42,
Biz UBaz(d;) = maz {Biz(q;), Baz(dy)}

= maz {0.21,0.22} = 0.22,

Bir UBar(dy) = min {Bir(d,), Bar(dy) }
= min {0.3,0.15} = 0.15.

Therefore,

Bi7 UBar(d3)

Z min{B17 UBar(d3 © qy), Bi7 UBar(dy)}
Biz UBaz(dy)

# min{Biz UBaz(d3 0 d;), Biz UBaz(dy)}
Bir UBar(d3)

£ max {B1r UBar(ds © dy), Bir UBar(dy)} -

If B is a NFid of M, then it is clear that LL,(’BT;i),
i, (Bz;j) and £, (Br; €) are ideals of M foralli € Im(Br),
j € Im(Bz) and ¢t € Im(BF) withi > ~. But, if we do
not give a condition that B is a NFid of M, then , (Br;i),
3L, (Bz;j) and £, (By; ) are not ideals of M as seen in the
following example.

Example 3.3. Consider M = {0,d;, d,, d5} be a B-algebras
as defined in the Example 3.2 and B = (B7, Bz, Bx) be
a NFS of M given by B7(0) = 0.42, Br(q;) = 04,

Br(d,) = BT(qg) = 0.41, Bz(0) = 0.32, Bz(q;) = 0.03,
‘Bz(qz) Bz(d;) = 0.31 and Bx(0) = 0.2, B(¢;) = 0.5,
Br(d,) = Br(d;) = 0.25. Since,
Br(dy) =04 2041 = min {Br(d; ody), Br(dz)},
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Bz(d,) = 0.03 £ 0.31 = min {Bz(d; o dy), Bz(dy)}
Br(d;) =05 f 0.25 = mar {Bx(d; ©d3), Br(d3)}

Hence, B = (B7,Bz,Bx) is not a NFid of M. For
v = 012, 1 = 038, ) = 0.3 and £ = 0.15, we get
U, (Br3i) = 1, (Brii) = £,(Bridy) = {0,y s}, which
are not ideals of M, since , o 45 = q; ¢ {0,d5, d5}.

Theorem 3.8. Let B be a NFS of M and v € [0,T]. Then
the NF-y-T of ‘B is a NFid of M < {1, (B7;m,), 4, (Bz; m,)
and £, (Bx;m;) are ideals of M for m, € Im(By), m, €
Im(Bz) and my € Im(Br) withm,, m,, m; > 7.

Proof. Let ‘Bz = ((B1)Y,(Bo)L, (B#)Y) be a NFid of M.
Let my € Im(Br), m, € Im(BI) and m; € Im(Br)
with m,, m,, m; > 7. Since, (B7)2(0) > (Br)I(d;) for
alld; € M, we have

(Br)2(0) > (Br)I(dy) = Br(dy) +

for f; € 4y (By;m,). Thus 0 € ¢y (Br;m,). Let d,d, €
M such that d; ¢ dy, dy € 4, (B7;m,). Then Br(d; o d,) >
— v and B7(q,) > my — v, that is, (BT)z(q1 odqy) =
BT(q1 ©qy)+v = m, and (BT) (42) = Br(dy) +v = m,.
Since, B'v is a NFid of M, hence, we have Br(d;) + v =
(‘BT)z;(‘h) > min {( Br), 3 (dy o dy), (B )3(0[2)} > my,
ie, Br(d;) > my — v so that q; € 4, (B7;m,). Hence,
3L, (B;m,) is an ideal of M.
Again, since (Bz)7(0) > (Bz
have

{BT(O)+’Y: vz my

)T (qy) for all ¢, € M, we

Bz(0) +7 = (B2)2(0) > (Bz) (dy) = Bz(d,) +

for d; € 4, (Bz;m,). Thus 0 € 4L, (Bz;m,). Letd,,d, € M
such that d; o d,,d, € 4y (Bz;m,). Then ‘Bz(q1 ody) >
— 7 and Bz(dy) = m, — ~, that is, (B ) (qy o dy) =
BI(ql od,) +v > m, and (BI) (dy) = Bz(dy) +v > m,.
Since, ‘BT is a NFid of M, hence, we have ‘Bz(ql) +v =
(B )y(qﬂ > mln{ BI (q; ody), (Bz ~, T(dy) } > my,
ie., Bz(d;) > m, — v so that d; € 4,(Bz;m,). Hence,
L, (Bz; m,) is an ideal of M.
And, again since (B#)7(0) < (B
we have

y2>m,

#E(q,) forall ¢, € M,

BF(0) =7 = (Bx);(0) < (Br)] (d1) = Br(dy)
ford; € £/(Br;m;). Thus 0 € £,(Br;m;). Letd;,d, €
M such that d; oy, dy € £, (Br;my). Then Bx(d; o d,) <
m; + v and Br(d,) < my + 1, that is, (Bx)I (4, o dy) =
Br(d, ody) —v < mj and (BF) (€y) = Br(dy) —v < ms.
Since, ‘B;F is a NFid of M, hence, we have Bx(d;) — v =
(‘B}‘)Z(qﬁ > max{ Br) ((I1<>Cf2) (Br z(qQ)} < myg,
ie, Br(d;) < my + 7 so that q, € £ (‘B]:;mj). Hence,
£, (Br;my) is an ideal of M.

Conversely, suppose that 4L, (Br;m,), 4, (Bz;m,) and
£,(Br;m;) are ideals of M for m, € Im(By), m, €
Im(Bz) and my; € Im(Bx) with m,, m,, m; > . If there
exists e € M such that (B7)2(0) < pu < (Br)I(e), then
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Br(e) > u— v but Br(0) < g — . This shows that e €
L, (By;m,) and 0 ¢ 4L, (B7;m,). This is a contradiction,
and (B7)7(0) > (B7)I(q;) forall ¢, € M.

Again, if there exists g € M such that (Bz)?(0) < 9 <
(Bz)T(g). then Bz(g) > ¥ — v but Bz(0) < 9 — ~. This
shows that g € {,(Bz; m,) and 0 ¢ &, (Bz;m,). Thisisa
contradiction, and (Bz)Z (0) > (Bz)?(d,) forall ¢, € M.

And again, if there exists o € M such that (Bz)7(0) >
e > (Bx)Y(0), then Bx(0) < e+~ but Bx(0) > &+ . This
shows that o € £,(Br;m;) and 0 ¢ £,(By;m;). Thisis a
contradiction, and (Bz)? (0) < (Bx)X(d,) forall ¢, € M.

Let a,b € M be such that
(B7)2(a) < 6 < min{(B7)T(aob),(Br)I(b)}. Then
Br(aob) > § — v and Br(b) > § — ~, but Br(a) <
0 — . This shows that (a ¢ b) € U, (By;m,) and b €
U (Br;m,), but a ¢ SJV(‘BT,ml) This is a contradiction,
hence, (B7)7(d;) > min {(B7)I(d; o dy), (B7)L(dy)} for
all ;. q, € M.

Again, suppose that there exists ¢,d € M such that
(Bz)Y(¢) < w <min{(Bz)I(cod), (Bz)?(d)}, then Bz(co
d) > w—vand Bz(d) > w — 7, but Bz(c) < w — ~. This
shows that ¢ o d € $L,(Bz;m,) and d € 4L, (Bz;m,), but
cé¢sl (‘BI7 m, ). This is a contradiction, hence, (Bz)7 (q;) >
mm{ (Bz)2(dy o dy), (Bz)L(dy)} forall dy,d, € M.

And agaln suppose that there exists 7, u € M such that
(B)I(r) > 7 > max{(‘B;);F(rou),(“Bf);r(u)}, then
Br(rou) < 7+ and Br(u) < 7+ 7, but Bx(r) >
T + . This shows that 7 o u € £,(Br;m;) and u €
£,(Br;my), but r ¢ £,(Br;m;). This is a contradiction,

hence, ((B]:)?;(Ch) < Inax{ (BF) ((ﬁ ody), (B )3@2)}
forall d;,d; € M

Consequently, B, = ((B7)1, (Bz)Z, (B#)Y) is a NFid of
M.

Theorem 3.9. Let B = (B7, Bz, Bs) be a NFid of M
and let 7,6 € [0,T). If v > 0, then the NF-y-T B =
((‘BT) (‘BI) (‘B;) ) of ‘B is a NFIe of the neutrosophic

fuzzy 5 translatlon
Hf = ((B7);,(Bz);, (BF)j) of B.

Proof. Theorem proof is straightforward.

For every NFid ‘B of M and 0 € [0,T], the neutrosophic
fuzzy d-translation H] of ‘B is a NFid of M. If Let I =
(T7,A7,35) is a NFle of HY, then there exists v € [O,T]
such that v > ¢ and I > B, meaning B7(d;) > (‘BT)
Bz(dy) > (Bz)L and Br(q;) < (‘B;) forall ¢, € M.
Hence, we have the following theorem.

Theorem 3.10. Let ‘B be a NFid of M and let 6 € [0,7].
For every NFle I = (I';, A;,X;) of the neutrosophic fuzzy
S-translation HY of ‘B, there exists y € [0,77] such thaty > §
and I is a NFIe of the NF-v-T of ‘B.

Let us illustrate Theorem 3.10 using the following example.

Example 3.4. Consider M = {0, d;,d,,ds,d,,d5} be a B-
algebras in Example 3.9 and B = (B7, Bz, B#) be a NFS
of M given by By (0) = Br(d,) = Br(d,) = 0.41,
Br(dy) = Br(ds) = Br(ds) = 0.38, Bz(0) = Bz(d,) =
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Bz(dy) = 0 35, Bz(d;) = Bz(d3) = Bz(ds) = 0.31 and

Br(0) = Br(dy) = Br(dy) = 0.03, Bx(d;) = Br(d3) =
Br(d;) = 0.04. Then B is a NFid of M and T' = 0.03. If

we take § = 0.01, then the neutrosophic fuzzy §-translation

HI = (Bp)E, (‘BI)5 ,(Bx)T) of B is given as follows:
(B7); (0) = (B7)§ (qz) (Br)j (d,) = 0.42,

(Br); (d1) = (B ) (q;) = (B T)aT(qs) = 0.39,

(Bz); (0) = (Bz)j (f{z) (Bz); (d,) = 0.36,

(Bz)s (dy) = ( 1)5 (d3) = (Bz); (d5) = 0.32 and
(Bx); (0) = (BF)§ ((fz) (B f)?(CL;) = 0.02,
(Bf)aT(ql) ( 7)3 (d3) = (Bx)j (d5) = 0.03.

Let I = (I'y,As, Y1) be a NFS of M is given as follows:
['1(0) = I'i(dy) = Ti(dy) = 045, y(dy) = T'i(ds) =
Lr(d5) = 0.32, Ar(0) = As(dy) = As(dy) = 0.35, As(dqy) =
As(d3) = As(d;) = 0.30 and X7(0) = E;(dy) = Xr(dy) =

0, X7(dy) = Xs(d;) = Xs(d5) = 0.01. Then I is a NFIe of
‘B. But it is not NF-y-T of ‘B for all vy € [0, T].

Then [ is clearly a NFid of M, a NFle of the neutrosophic
fuzzy d-translation H} of B. But I is not a NF-y-T of B for
all v € [0, T]. If we take v = 0.02, then v = 0.02 > 0.01 = §

and the NF-y-TB = ((B7)7, (Bz)Y, (B)7) of Bis given
as follows:

(B7)4 (0) = (B7)3 (dy) = (B7)3§. ((I4) = 0.43,

(Br)s (dy) = (B )?(CL;) (B7); (d5) = 0.4,

(Bz)g (0) = (Bz); (dy) = (Bz)j (dy) = 0.37,

(Br)s (@) = (B )?( 3) = (Bz); (d5) = 0.33 and
(‘B;)(;T(O) (B )aT(qz) (BF); (dy) = 0.01,

(BF)s (di) = (Bx)j (

5 \dy

3) = (B F)sT( 5) = 0.02.

Note that I(q,) > BT<q1) - () > ((BT)z’
Ar(qy) > (Bz)Y and ¥4(q;) < (B )T for all ¢; € M, and
thus, I is a NFIe of NF-+-T of ‘B.

For any NFS B = (B, Bz, Br) of M, a neutrosophic
fuzzy O-multiplication By = ((B7)§, (Bz)§, (B£)§) of B is
a NFid of M.

Theorem 3.11. If ‘B is a NFid of M, then the neutrosophic
fuzzy ¢-multiplication of M is a NFid of M for all ¢ € [0, 1].

Proof. Theorem proof is straightforward.

Theorem 3.12. If ‘B is any NFS of M, then the following
assertions are equivalents:

(i). ‘B is a NFid of M.
(ii). Forall ¢ € [0, 1], B is a NFid of M.

Proof. Necessity follows from Theorem 3.11. For sufficient
part let ¢ € [0, 1] be such that B} = ((B7)Z, (Bz)Z, (Br)?)

is a NFid of M. Then for all d;, d, € M, we have

(Br):(dy) = Br(dy) - <
> min {(B7):(d; o d,), (B7)(dy) }
=min{Br(d; o dy) - ¢, Br(dy) - s}
=min {Br(d; ¢d,),Br(dy)} - s,

(Bz)i(dy) =Bz(dy) - s
>m1n{ B1)i(d, ody), (Bz): (qQ)}
=min {Bz(q; od,) - ¢, Bz(d,) - ¢}
=min {Bz(q; od,), Bz(dy)} - 5.
(Br)i(dy) = Br(dy) - s

< max {(‘B;)?((Il ody), ({Bf)f(qQ)}
=max {Bx(d; od,) - ¢, Bx(dy) - <}
=max {Bx({; o), B#(dy)} - <.

Hence,

Br(d;) > min {B7(d, ody), Br(dy)} ,
Bz(d;) > min {Bz(d; ¢ d5), Bz(dy)},
Br(d;) < max{Bx(q; ody), Br(dy)},

for all {;,q, € M, since ¢ # 0. Therefore, B is a NFid of
M.

4. Conclusion

In this article, neutrosophic fuzzy translation of NFids in B-
algebras are introduced with some of their useful properties
investigated. The relationships between NFTs and NFes of
NFids have constructed. It is our hope that this work would
become another foundations for further study of the theory of
B-algebras.
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