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Abstract

In general, almost intuitionistic fuzzy preference relations (IFPRs) provided by experts are multiplicutively inconsistent because
of the complexity of a problem, lack of correct or sufficient knowledge about the problem domain, the ambiguity inherent in
human thinking and so forth on. To solve this subject, we propose a method to improve the multiplicative inconsistency
preserving the preference information of every element of an initial IFPR. For this, we formulate a formula that straightforwardly
calculates the multiplicative consistent IFPR preserving the preference information of every element of the IFPR. Based on it, the
necessary and sufficient results for the IFPR to be multiplicatively consistent are derived. By using the results, a consistency
testing matrix and a consistency index that can select the most inconsistent elements in the IFPR are constructed and a method
that revises them by a proper intuitionitic fuzzy numbers for improving inconsistency as well as preserving the initial preference
information is proposed. Then, it is proved that the consistency index converges into zero. As a result, an acceptable consistent
IFPR that preserves the preference information of every element and saves a lot of elements of the initial IFPR is constructed. In
addition, this method needs a few calculations in comparison with previous methods to improve multiplicative inconsistency of
IFPRs, because they calculate a multiplicative consisten IFPR by solving the optimal models constructed based on sufficient
conditions for IFPRs to be miltiplicatively consistent. Finally, illustrative examples and comparative analysis are given to
demonstrate the efficiency of the proposed method.
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1. Introduction

In decision making problems based on preperence relations,
when comparing pairs of alternatives, it may be difficult or
impossible for experts to accurately assess their preferences
because of problem complexity, lack of correct or sufficient
knowledge about the problem domain, pressure of time and
the ambiguity inherent in human thinking. To overcome this
issue, Szmidt and Kacprzyk [15] represented an intuitionistic
preference relation as a combination of a fuzzy preference
matrix and a hesitancy matrix. Later, Xu [24] gave the simple
and useful notion of an IFPR based on Atanassov’s intui-
tionistic fuzzy sets [1]. Every element of the IFPR as a matrix
is compose of preference degree, non-preference degree and
indeterminacy degree and can describes fuzzy and uncertain
characteristics of considered alternatives more detail and
comprehensively.

For application problems based on IFPRs, the primary task
is to improve its inconsistency after checking up whether it is
consistent or inconsistent. In general, process of improving
inconsistency consists of a definition of consistency, con-
sistency index and a method for inconsistency improvement.
An intial IFPR is frequently inconsitent owing to the com-
plexity of a problem, lack of correct or sufficient knowledge
about the problem domain, the ambiguity inherent in human
thinking and so forth on. Here, the consistency index shows
which the IFPR is consistent with reality to some degree. In
this paper, we only discuss consistency indices based on
multiplicative consistency.

Various kinds of definition are proposed in connection with
multiplicative consitency of IFPRs [4, 6, 8, 13, 18, 20-25].
These defintions are based on consistencies of multiplicative
preference relations and fuzzy preference relations. Based on
these definitions, several forms of consistency index are
proposed [2-7, 10, 13, 22, 27]. Liao et al. [10] introduced a
consitency index based on the distance deviation between the
IFPR and its corresponding multiplicative consistent IFPR.
Jin et al. [4] presented a consistency index on the
log-deviation between the IFPR and the converted multipli-
cative consistent IFPR. Xu et al. [22] defined a consistency
index by taking log-operation to the multiplicative con-
sistency proposed by Liao and Xu [8]. Meng et al. [13] de-

fined a consistency index as the sum of 0-1 indicators of
2@4 dual preferred IFPRs with respect to the IFPR,
where N indicates the order of the IFPR as a matrix. Hyonil
et al. [5] proposed a consistency index based on ratio devia-
tion between a positive reciprocal matrix and its correspond-
ing complete consistent positive reciprocal matrix after con-
verting the IFPR into the positive reciprocal matrix by using
the multiplicative consistency by Liao and Xu [8].

To date, a great deal of research has been conducted on
inconsistency improvement problems, because unacceptable
consistent IFPRs could lead to an irrational result in the ap-
plications based on ones [2, 3, 5-7, 9-14, 19, 21, 22, 26-28].

Liao et al. [10] obtained multiplicatively consistent IFPR
through an optimal model based on a transformation formula
to convert the normalized intuitionistic fuzzy priority weights
into into a multiplicative consistent IFPR. Xu et al. [22]
straightforwardly calculated an accptable consistent IFPR
from an optimal model based on taking log-operation to the
definition expression for the multiplicative consistency
proposed in [8]. Hyonil et al. [5] proposed a method that
revised the potential inconsistent elements by the consistent
elements after converting the IFPR into a positive reciprocal
matrix using the multiplicative consistency proposed in [8].

Based on reviewing previous methods to improve multi-
plicative inconsistency of IFPRs, we find that they have lim-
itations in some aspects:

First, a lot of methods depends on intuitionistic fuzzy
priority weights obtained through optimal models based on
sufficient conditions for IFPRs to be multiplicatively
consistent (Model 1, Theorem 1). When the number of
alternatives is large, solutions to various models are very
difficult to calculate in real time and solutions also include
inherent errors.

Second, every element of an acceptable consistent IFPR is
obtained by combining every element of a multiplicativel
consistent IFPR with the corresponding element of the initial
IFPR (Eq. (6)). Preference information of almost elements of
the acceptable consistent IFPR constructed by these methods
not only are differenr from preference information of the
corresponding elements of the initial IFPR, but elements
themselves are different. In fact, improving multiplicative
inconsistency is to obtain the rational result in various
applications based on IFPRs not that preference information
between comparative alternatives are newly known.
Therefore, the preference information of every element of the
initial IFPR ought not change in improving process. In
addition, an unacceptable consistency is caused by some
elements not all.

In order to overcome these limitations, we formulate a
formula that can strightforwardly calculates multiplicatively
consistent IFPR preserving the preference information of
every element of the initial IFPR without solving any optimal
model and present a method that revises the most inconsitent
elements by a proper intuitionitic fuzzy numbers for imroving
inconsistency as well as preserving the initial preference
information of every element of the IFPR.

The rest of the paper is set out as follows: Section 2
remembers multiplicative consistencies in fuzzy preference
relations and IFPRs and reviews methods to imrove the
multiplicative inconsistency. In section 3, we give a formula
to strightforwardly calculate multiplicatively consistent IFPR
preserving the preference information of every element of the
initial IFPR and derive the necessary and sufficient results for
the IFPR to be multiplicatively consistent. Section 4
constitutes a consistency-testing matrix and a consistency
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index and proves a theorem that the most inconsistent
elements correspond to the most values of the
consistency-testing matrix. Based on the theorem, we
construct an algorithm to improve the multiplicative
inconsistency of the IFPR and prove a theorem that the
consistency index converges to zero. The paper ends conclu-
sions in Section 5.

2. Preliminary

Let X ={%,%,...,X,} (n=3) be the set of feasible
alternatives and N ={L2,---,n} . Then, experts compare

each pair (X.,Xj) of alternatives as to express their

preferences.

In the paper, we describe fuzzy preference relations [16]
and intuitionistic fuzzy preference relations [23].

Definition 1 [16]. A fuzzy preference relationon

B =(0)nn., (0 €[0.1]) ontheset X isa square matrix,
that is additive reciprocal b =1-Dbj, i,jeN={12,---,n},
where Dj; denotes the preference degree of the alternative
X over Xj.
Definition 2 [23]. An IFPR R = (Fj)n,n  (Fj = (g, v45) on
the set X is characterized by the following conditions.

ti, vy €[01], 44 =v;; =05, 15 = vy,

ll’llj +Vij gl, i, J eN ,

where 4j indecates the preference degree to which
alternative X; is preferred to X; and Vjj denotes the

non-preference degree to which the alternative X; is not

information between alternatives X and X;j. In addition,
T :1—(,uij+vij) is interpreted as the indeterminacy
degree between alternative X; and alternative X;, i.e., the
amount of the unknown information.

Definition 3 [16]. A fuzzy preference relation B = (bj)n.n

is called multiplicatively consistent if it satisfies the
multiplicative transitivity:

bbb = bbb, 1,j,k eN €)

Meng et al. [13] presentet proporty that the fuzzy prefer-
ence relation B =(0j)n. is multiplicatively consistent if

and only if the following condition is true:

n 1

H (bisbsj )n
R — 1o
H (bisbsj )n + H (bjsbsi ) "

s=1 s=1

Liao and Xu [8] extended the multiplicative consistency of
fuzzy preference relations to define the multiplicative con-
sistency of IFPRs.

Definition 4 [8]. Let R =(Fj)n(fj = (44,v)) be an

i,jeN )

IFPR. Then, it is called multiplicative consistency if IFPR R
satisfies the condition:

MMy kg = ViVicVig, b 1, KeN @)
Liao and Xu [8] proposed the transformation formula
between the multiplicative consistent IFPR

R = (F)nn (hj = (44,v5)) and a normalized intuitionistic

preferred to X; . The sum of preference degree and  fuzzy priority — weight's — vector — w=(wW, Wy, ..., W,)
non-preference degree, £4; +V; is called the preference (W, :(\Ni#NViV)):
(0.5,0.5) i= ]
G = (a5, v5) = 2w 2wy v @

W =W W w2 W —w W w2

n n
where W/, W €(0,2), w/ +w/ <1, ZW{‘SWJY,Wf+n—22 Zwiv, i,jeN.

i=Li%]
Then the following theorem is established as to Eq. (3).
Theorem 1. IFPR R = (6;)n.n (6 = (44, v4§)) in which the
elements Tj (i, j € N) are expressed as in Eq. (3) by a
normalized intuitionistic fuzzy priority weight’s vector
W= (W, W, W) (=0 )
consistent.

is multiplicatively

i=Li%]

Theorem 1 is nothing but it is sufficient condition for IFPR
to be multiplicatively consistent. Based on the transformation
formula (3), Liao and Xu [8] constructed a fractional
programming model to derive an underlying normalized in-
tuitionistic fuzzy priority weight’s vector with respect to

alternatives from IFPR R = (Fj)n.n (5 = (25,v4)) :
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n-1 n

Model 1. MinZ" =% % (&5 +&; +n; +1;)
i=1 j=i+l
2w
W —w W Wi+ 2
2wy

W —w - wy - wi+2
st

n

=L
j#i

ij ?

Liao and Xu [8] established the following theorem.

Theorem 2. IFPR R=(Gj)nn is multiplicatively con-
sistent if and only if z* =0 where z* is the optimal value
of the objective function.

In general, Theorem 2 does not hold to. If z* =0, IFPR
R=(5)nxn is multiplicatively consistent by means of The-
orem 1. However, inverse does not true. Thus, even though
IFPR R = (Fj)nxn is multiplicatively consistent, elements of

IFPR R =(fj)nxn can not to be expressed as in Eq. (3). In

CI(R,R) = _
(n _1)(n_2) I<i<j<n

where ﬁZ(ﬁj)nxn(ﬁj = (@, vij)) is  multiplicatively
consistent IFPR corresponding to R = (Gj)nxn and Cl, is a
prescribed consistency threshold.

If IFPR R = (5j)nen (Fj = (4,v4)) is unacceptable, then
acceptably multiplicative consistent IFPR Iﬁz(ﬁj)nxn

(f; = (&;,v;)) is calculated through the following formula
8, 9.

cl(R)zi3

I<i<j<k<n

If CI(R)<Cl,, then R is acceptably multiplicative con-

sistent IFPR. Otherwise, it is unacceptable.
Xu et al. [22] have built the following optimal model to

obtain an acceptable multiplicative consistent IFPR
R= (ﬁj)nxn (Fij = ([lij -‘7ij )
Model 2.

U v M
dwlsw, w

—ty—& +& =0,1=12,-,n-1, j=1,2,--,n

M=y +m;=0,1=12--,n-1 j=12,---,n
w/,w e[0,1], i=12,---,n . (5)

+N=22>'W, i=12-n
=1

i

g, & 20,8, & 20, i=12--n-1j=12-n

*

sequal, 7~ is not equal to zero.

Construction of a multiplicativele consistent IFPR is nearly
impossible due to the complexity of a problem, lack of correct
or sufficient knowledge about the problem domain, the am-
biguity inherent in human thinking and so forth on. Hence,
Liao et al. [10] introduced the concept of acceptably
multiplicative consistent IFPR.

Definition 5 [10]. IFPR R = (1), (r; = (#,v4)) is called
acceptably multiplicative consistent if it satisfies the
following condition:

n — p— —
Z (| 5 = g |+ vy =vii |+ | 5 — i ) < Clg (6)

~ 1-po —=po
, Vi =V POy P

1-pS — pS
j i ij ij

:[lij ::uij 7’ , i, J eN, )

where P indicates the iteration number and 6 (0,1) isthe
controlling parameter determined by an expert.

Xu et al. [22] defined a log-consistency index only de-
pending on a given IFPR based on the multiplicative con-
sistency Eq. (3).

Definition 6 [22]. Let R = (5)n.n (G = (24,v5;)) be an

IFPR. Then the log-consistency index is defined as follows:

z |(|092 i +109, w1 +109, p4i) — (log, vjj +1og, v +10g, Vki)| . (8)

Min d(R, R) :#Zn:zn:(‘logh 45 ~109, fig| +[log, v ~log, v \)

i=1 j=1

CI(R)<Cl,
st. [lij :‘;jiv /'Nlii :‘;ii’ I, J eN ! (9)
0< ity Vs <1, fi; +7, <1, i, jeN
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Remark 1. Preference information of almost elements of
the acceptable multiplicative consistent IFPR calculated
through one of the above Models are different from
preference information of corresponding elements of the
initial IFPR and the elements themselves are different.

3. The Necessary and Sufficient Results
for IFPRs to Be Multiplicatively
Consistent
In this section, we formulate a formula to to straightfor-

wardly calculate multiplicatively consistent IFPR preserving

the preference information of every element of the initial

IFPR and prove the necessary and sufficient results for IFPRs

to be multiplicatively consistent. Therefore, if the IFPR de-

generates to a fuzzy preference relation, the results for one to
be multiplicatively consistent are obtained.

By using the reciprocal property V;; = 4;;, L, J€N | Eq.
(3) can be expressed as:

Hij M Mg =Hic Mig Mji, 1, ], ke N, (10)

Then IFPR R =(6)nxn (fj = (&4, vij)nxn can be repre-

n 1
H (:uis:usj )n
H(ﬂ.sﬂs,) + H(/l o dsi) "

= Uij T Ui

ILIJ +Vlj =

(,Uu +:uj|)+

sented equivalently as R = (44)nn by Theorem 1 of [17].
Let us calculate the following matrix fl:(ﬂij)nxn asso-

ciated with IFPR R = (4 )nxn
0.5: i=]
n 1
- H(,uis:usj)n
Hij =
H(ﬂ.sﬂSJ) +H(ﬂ joksi)"

-(11)

(MJ +/uj|) J

Theorem 3. Matrix Ii:(,[lij)nxn satisfies the following
conditions:

(1) 0= s + a1

(2) ﬁijﬁjkﬁki

=ty +p <10, jeN,
=ﬁikﬁkj!7ji , 1, J,keN,

Thus, the matrix R=(f%)n., is multiplicatively con-
sistent IFPR preserving the preference information of every

element of the initial IFPR R = (#4j)nun .
Proof. From Eq. (11), we have:

n 1
H(u,-susi)n
H(ﬂ]sluw) +H(IUISIUSJ

(,Up +;U|J)

= pj +vi <1,

Therefor, the matrix R = (44 )nxn s an IFPR and preserves the preference information. In addition, we have:

ﬁ(ﬂisﬂsj )%
ﬁ(u.sus,) +H(/¢,sus.
H(ﬂksus.
H(uksus.) +H(u.sﬂsk)
H(ﬂ.sﬂsk)
H(u.sﬂsk) +H(/uks/u5|

/&ij,&jk:aki -

T ( + i) x—

(,ukl + Hig )=

n 1
H(ujsusk)n

(/ujk +,le])
H(ﬂjsﬂsk) +H(ﬂksﬂ51
H(ﬂjsﬂsi )F
(;ujl + ﬂu)
H(# joksi)" +H(ﬂ.sus,
H(,uks:usj)ﬁ
(/uk] + ﬂjk)

(/Jlk + L ) X

H (ﬂksﬂsl ) + H (ﬂjsﬂsk )

= ﬁjiﬂikﬂki .
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As a result, IFPR R =(iij)n., is multiplicatively con-

sistent and Theorem 3 is proved.

Eqg. (11) is called a formula to straightforwardly calculate
multiplicatively consistent IFPR preserving the preference
information of every element of the initial IFPR.

Example 1 [8]. Consider the IFFR R concerning the ap-
propriate selection of a flexible manufacturing system (FMS):

(0.5,0.5) (0.2,0.6) (0.6,0.4)
R=|(0.6,02) (0505) (0.7,0.) .
(0.4,0.6) (0.1,0.7) (0.5,0.5)

By using the reciprocal property Vij = #ji, i,j €N | IFPR
R can be expressed as:

05 02 06
R=/06 05 0.7].
04 01 05

We calculate multiplicatively consistent IFPR R using
Eqg. (10):

050 0.18 0.63
R=/062 050 0.69].
0.37 0.11 0.50

Then, the deviation between R and R is 0.12.

Next, multiplicatively consistent IFPR R is constructed
using Model 1. Then, the optimal model is as:

Model 3.

Min Z = (g, + &, + &) +&,) + (85 + &3 + &5+ 85) + (65 + 855 + 855 +E55)

"
20,

U
20

-02-¢,+¢,=0

v \4 v \4
o - +oy —w, +2

"
20,

-06-¢,+¢,=0

MooV MoV
o —o +o5 —wy +2

i
2w,

-0.7-¢,+6,=0

VN Ho_ LV
W) —w, +oy —wy +2

"
204

_0'6_§1§+§1; =0

v \4 " v
o —w +wy —w, +2

s,t

"
20,

_0-4_§1+3 +§fs =0

" 4 v 4
o —o) +of —a) +2

Solving Model 3, it follows that the objective function
value is z"=0.29 and the optimal intuitionistic fuzzy
weights are w, =(0.2384,0.7178) , w, =(0.5178,0.3123) ,
w;, = (0.0740,0.8000) .

By using Eq. (4), multiplicatively consistent IFPR R is
constructed:

_0-1_5;3 +§£3 =0

o) -0, + a5 — @] +2
0<af, of, f <1, 05 @/, @, @) <1
of +of L1, o) + @) <1, o) +w; <1
oy +o5 <o, of +of <o), of +oy <o)
of +1z2 0, + o, o) +1>2 0 + o, o) +1>2 0 + o,
€y €y Siar 6220, 656, =0, &34, =0
€3 &3 G0 §3 20, &30, =0, &5-§,=0

g3y Exzr Sar 33 20, E53°653=0, &5-8, =0

(0.50,0.50) (0.28,0.60) (0.60,0.19)
R =|(0.60,0.28) (0.50,0.50) (0.70,0.10) |.
(0.19,0.60) (0.10,0.70) (0.50,0.50)

In calculation of Example 1, the preference information of

every element of multiplicatively consistent IFPR R calcu-
lated by Eq. (11) is equal with the preference information of
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corresponding element of the initial IFPR R and the devia-
tion between R and R is 0.12. However, the preference
information of every element of multiplicatively consistent
IFPR R calculated by Model 3 greatly differs from the
preference information of corresponding element of the one
except digonal elements and the deviation between R and
R is 0.29. This shows that the calculation of multiplica-
tively consistent IFPR by formula (11) is more correct and
effective than the calculation of multiplicatively consistent
IFPR by Model 3.

Theorem 4. IFPR R=(g;),., is multiplicatively con-
sistentifand only if R=R.

Proof. If R=R, IFPR R is multiplicatively consistent
by Thorem 3.

Inversely, let IFPR R be multiplicatively consistent. By
Eg. (10), we have:

My _ M By
Hi M Hi

i,jkeN . 12)

Multiplying all the equations according to ke N in Eq.
(12), we have:

1

” ﬂ_ﬂ_]

k=1 M Hix
From Eg. (11), we have:
n 1
H(#is/’lsj)n
s=1

n 1

H (:uis :usj )H

1 (,Uij +:uji)

= . T
+ H (:ujs:usi )n
s=1

n 1
H (luiS/usj )n
s=1
1

H (:uis/usj His K )E
- s=1 : - ;
1T Cetieeg)" T Ctea)"
s=1 + s=1
n 1 n 1
T o eoreg)?™ T T Coti i e 1t) >
s=1 s=1

1
L :uis:usj an
s=1 lujs/usi

1 i(:uij+/uji)-

)tz

s=1 /Ujs;usi s=1 ruis:usj

1 (ﬂij +/uji)

By using Eq. (12), we have:

28

. :uis:usj an
~ s=1 ;ujs:usi

Hy = 1 T (,Uij +:uji)

Iﬁﬂwqﬁqﬁﬂwg“
s=1 luis /usj

:ujs/usi
1
Hy
Hii

_ﬁ(#ij+#ji)
Ay 2+ Hy
Hii Hij

1
2

Hij 1 1

1 2 2
ji ST Hij Hii
J—l(/uijluji)z (ﬂ_JJ +£,U_JJ =K,
Hij Hii 2 ! !
2 + 4
Hii

Hij

|
RIS
~

i,jeN,

Asaresult, R=R and Theorem 4 is proved.
If IFPR R=(4;),., is degenerated to a fuzzy preference

relation, i.e., 44 +4;=1, then Eq. (11) is expressed as:

n 1
H(,uis/usj)n
keN '[lijz n = 1 q 1- (13)
1T Gt + T T o)
s=1 s=1

Eq. (13) is equivalent to well known Eq. (2) in fuzzy prefer-
ence relations.

Thorem 5. IFPR R =(¢4),... is multiplicatively consistent
if and only if there exist a proper intuitionistic fuzzy priority
weight  vector  W=(W,W,,...,W,) w =(w'.w) |,

VVi#uVViVE[O,l], VViﬂ+VViVS]., |€N and 0<tij31, tij :tji,

t. =1, i, je N such that

NI
Wi W;

=———__t i, jeN, 14
’uJ \Ni#W}/‘FVViVW]%I ]] ( )

Proof. Let IFPR R=(z4),., be multiplicatively con-
sistent. By Thorem 4, we have:

M=

n 1
H(/‘lisﬂsj)n
. S_li . l(luij—i_:uji)x I, JeN,
[T Caag)™ + T T Cetea)"
s=1 s=1

We introduce the following expressions:
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1 1 1
e =([T ' =TT ) ([T [ 3N
s=1 s=1 s=1
From the limitation condition of IFPR R=(;).. ,
0< py +vyy = gty + p; <1, we have:

1 1
n n n no1e 1a 1
0w +w Z[Hﬂﬁ) +[H/usi] SfZMJ*zﬂsi =7Z(/ui5+'ui5)S1
s=1 s=1 n'ss nN'so N'sa
,ieN.

pV
WW;

In addition, denoting t; = £4 + #;; , we have:

f n
g H/uis:usj
s=1

W W
Hy = (uty + p5)= —————-1;,
n n WEW! + W W
ol Tt + ol T T et
s=1 s=1
i, jeN,
Here O<t; <1 t,=t;, t;=1, 1, jeN,

Conversely, if Eg. (14) holds to, then we have:

AV
Wi W W' W

Hhij Hi g = i
ij i VViﬂW}/+VViVW'ju (]

ww, Wy

t, x

LV Vi K Hp v Vip it Ki
WjWk +WjWk W, W + W, W

Wj‘ W

=y Vo ik
WEW + W W

Therefore, IFPR R = (#;),., is multiplicatively consistent
and Theorem 5 is proved.
If IFPR R=(#;),., is degenerated to a fuzzy preference

wH WY
relation, i.e., 44 +1;=1, equation p,=—"———t s
ij ji q ij WiﬂWJY-i-WiVWf ij
_ W
converted into ;=———————.Then,
Wi”Wj +W Wj‘
W{‘WJY w
VnV Vv
rIJ = 7 \II/VI Wj Vit = \NI M . (15)
9]
WiWy L WWs o wE W
Vv Vv Vv Vv Vv Vv
wiwlowwl oW w;

i) 1 J
If there exist a proper constant M >0 to satisfy conditions
W .
O<u =MW—'V£1, ieN  Eqg. (15) can be expressed as

U +U,

i , i,J€N | Hence, the famous relationship be-

tween multiplicatively consistent fuzzy preference relation
R= () and priority weight vector is coming into.
Corollary 1. A fuuzzy preference relation R=(F;) ., is

multiplicatively consistent if and only if there exist a fuzzy
priority weight vector u=(u,U,,---,u,), 0<u; <1, ieN
such that

r=—% . ijeN

(16)

. X ..
ki
VW] + W W ! WIW + W W !

t; = Hi Hig K

4. A method to Improve the
Multiplicative Inconsistency of an
IFPR

In this section, we define a consistency index of IFPR and
establish the result that the greater the ratio-deviation between
every element of IFPR and the correspondin element of mul-
tiplicatively consistent IFPR calculated by formula (11) is, the
greater is its associated index, and vice versa. Based on th
result, we construct an algorithm to improve the multiplica-
tive inconsistency preserving the preference information of
every element of the initial IFPR and prove that the con-
sistency index converges into zero.

In general, IFPRs provided by experts are very nearly in-
consistent because of various causes and the results obtained
based on it are not rational. For this reason, the primary task
has to improve its inconsistency.

Given an IFPR R=(4;)... , we denote multiplicatively
consistent IFPR as R =(f),., . The following expressions
are introduced:

_ H; :[‘ij -
eij = max{~—,—}, I, Je N.

Hi

(17

1 My B
Then ;=1 and O<—=min{—>,—}<1 _ If IFPR
€ Hi K5
R=()n is multiplicatively inconsistent, inegialties
1
&, >1, 0<—<1 are holded for some I,meN.

Im
By using Egq. (17), we introduce the ratio-deviation be-
tween every element of IFPR R=(4;),., and the corre-
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sponding element of IFPR §=(ﬂij)nxn as:

L,

d.=e +——-2==
€ My

Definition 7. The consistency index of IFPR R = ().,

ClL,(R) is defines as:

1 n
o 2% (19)

i#]

Cl,(R) =

Theorem 6. The greater €; is, the greate is d; and vice
versa.
Proof. If &; >e, =1 we have:

1 1
d; —dg =¢; +——2—(eSI +——2J

st

1 1 T
(u est) (e _e_]:(eij_est)_ Jee 0.
st ij ij st
Thus, inequality d; >dg is true.
Conversely, if d; >d, we have:
e —e
dij_dst:(eij_est)_ =50,
ee

ij st
If there were inequality €; <€, we should have from
e; =1 e, >1:

eij —€4

&; €
e —e, < < (8 —6y)— <0

ij st
el 1] est eij est

< (g +i—2)—(est +i—2)=dij -d, <0,
e e

ij st

This contradicts the condition d; >d . As a result, The-

orem 6 is proved.
From Theorem 6. the following corollary follows.

Corollary 2. The ratio-deviation between 4; and £
corresponding to the largest d; is the greatest, and vice versa.

By using Theorem 6, we construct an algorithm to improve
multiplicative inconsistency of IFPR R = (#4;) .. .

Algorithm 1.

Input: IFPR R =(#),.. , the prescribed threshold ClI,
and the maximum number of iterations Zz,,

Output: The final improved IFPR.
Step 1: Calculate multiplicatively consistent IFPR

— 7 2
=M20, i,jeN, (18)
Hij g
R=(a) corresponding to IFPR R=(4;),., using fom
ij /nxn
ular (11).
Step2: Let ;-1 and R® _R.
Step  3: Construct  consistency testing  matrix
D(R?)=(d{”),., and calculate consistency index

Cl,(R®) using Egs.(18) and (19). If Cl,(R®)<Cl,, go to
Step 6. Otherwise, go to next step.

Step 4: Select the largest element d{” in D(R®). Re-
place 4P and 4P of IFPR R®  with
f, =Q-pa®)u, +pa@in,  and  f, =1 pa®)u, +
pa®fi, where P=1 jis the number of iteration and

1
Z>a®?

p
Step 5: Denote z=z+1 and go back Step 3.

Step 6: Output IFPR R® = (4?) ..
Remark 2. In order to preserve the preference information
of every element of the revised IFPR R® =(1"),.,, we

>0 s the controlling parameter.

replace u as well as uf in R®=(4?"),, and the

controlling parameter «‘? is also changed in the process of
iteration.

The following theorem holds in connection with Algorithm
1.

Theorem 7. Algorithm 1 preserve the preference infor-
mation of every element of the intial IFPR and the consistency
index converges into zero.

Proof. By Step 4 of Algorithm 1, #{ and # are

replced  with 48 = (1— pa®) i + pa' i1, and

L = respectively. Then, we

= (- pa®) (Z)+pa(2):&ts
have.

M4 = (- pa)ai? + pa® ) + (A~ pa i + pa )

P (i + 1) (e +a”)
@ 4 4@
ay +ay

= (1= pa?) (g + ) +

(2)

(2) (2) (2)
st T M )= M

T s

n
where a{) = nh—[ p9u? | al? = an w4 . Therefore,
1=1

the preference information of every element of the initial
IFPR is preserved.

= - pa )i + 47 + par” (u
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(z+1) __

In addition, " =@1-pa?)uP +pa® iy,  and
ﬂs(tz+1) =(@1- pa(Z))ﬂs(tZ) + pa(Z)[‘st is
(z+1)—th execution of Algorithm 1. By configuration of
Algorithm 1, the differences between z—th execution of
consistency index Cl,(R®”) and (z+1)—th execution of

only changed in

consistency index CI,(R“*) are the difference between

(2) _ ~ \2 (z+1) _ ~ )2
(us” — A1) (™ — 1)
d === the and d{"™ =-— == and the
st st st st
(ud - i )?
difference between @ = e o) o and
His " M
(z+1) ~ \2
d(z+1) _ (/uts _luts)
ts - (z+1) ~ '
lthS lthS

- pa(Z))zlus(tZ) >(1- pa(Z)),us(tZ) + pa(Z)ﬁst

From the limitation condition of &® and
0< i, iy <1

( -1+ pa” <0 and
(~1+ pa®) 4 < i1, should hold. This shows tha Eq. (20) is

st

inequalities

wrong, and therefore d&” is larger than d&*®

. We can
prove in the same way that d” is larger than d*. Ac-
cordingly, there exists a sequence {R®} satisfying inequal-

ities
CL,(R®) > CI,(R?) >.-->CI,(R®”) > CI,(R*?)..-.

As a result, inequality CI,(R™) <Cl, is satisfied in
m—th execution for some m=>1 and Theorem 7 is
proved.
Example 2 [22]. Let IFPR R =(),..(5; = (14;,v;)) be
defined as follows:

& (—pa® +(pa?)) ) > pa? iy < (—1+ pa?) i

(0.50,0.50) (0.50,0.30)
o _| (030,0.50) (050,0.50)
(0.10,0.80) (0.10,0.50)
(0.20,0.60) (0.15,0.30)

Using of reciprocal property
IFPR R as:

0.50
0.30
0.10
0.20

0.50
0.50
0.10
0.15

(0.80,0.10) (0.60,0.20)
(0.50,0.10) (0.30,0.15)
(0.50,0.50) (0.20,0.70) |’
(0.70,0.20) (0.50,0.50)

Vi =45, 1,JeN repsents

0.80
0.50
0.50
0.70

0.60
0.30
0.20 |
0.50

Step 1: Construct multiplicatively consistent IFPR g

using Eqg. (11):

d(z) _ (/usSIZ) _:[lst)2
st T

First, Let wus compaire o with
/’ISI :Llst
o W —R) (= pa)’ () — i)
Y by (- pe)ud + pofiy) iy
1_ 2 (2) _ ~ )2
If  d¢? = (4= pa) (E)y o {l“)~ is larger than
(A= pa)py” + poriiy ) fiy
g - W — i) (- pa)’ 1
st ~

Z , inequality - - Z
1 g A= pa)u + pofi, — pg

should hold from the definition expressions. Hence, we have:

@ @ 7 @5 (20)

0.59
0.50
0.09
0.16

0.81
0.51
0.50
0.68

0.59
0.29
022
0.50

0.50
~ 0.21
R —

0.09

0.21

Step 3: Construct consistency matrix D(R®) and calcu-
late consistency index Cl,(R™) using Egs. (18) and (19):

0.0000 0.2745 0.0001 0.0002

DR®) = 0.1285 0.0000 0.0003 0.0011
~10.0111 0.0111 0.0000 0.0090 |’

0.0023 0.0041 0.0008 0.0000
Cl,(R”) =0.03692 < Cl, .

Step 6: Output IFPR R®.

Next, Let us improve the multiplicative inconsistency of
the same IFPR R usin Model 2. By Eqg. (8), consistency
index is Cl,(R)=0.277>Cl, and IFPR R is an unac-

A

ceptable. Calculate the improved IFPR R through Model 2:

(0.500,0.500)
(0.300,0.500)
(0.100,0.833)
(0.200,0.600)

(0.500,0.300)
(0.500,0.500)
(0.100,0.500)
(0.167,0.300)

(0.833,0.100) (0.600,0.200)
(0.500,0.100) (0.300,0.167)
(0.500,0.500) (0.219,0.700)
(0.700,0.219)  (0.500,0.500)

R=

By Eg. (8), index of IFPR R is

CIZ(IQ):0.099<CI0 and IFPR R is an acceptable. By

consistency

using Eqgs. (18) and (19), calculate consistency matrix D(R)

and consistency index CI3(I§)
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0.0000
0.1285

0.2745
0.0000
0.0111 0.0111 0.000
0.0023 0.0018 0.0008

Cl,(R,R) =0.03597 <Cl, .

0.0007
0.0003

0.0002
0.0011
0.0000 |’
0.0000

D(R) =

In addition, Let us improve the multiplicative consistency
of the same IFPR R using the method of Liao and Xu [8].

Calculate multiplicatively consistent IFPR R through
Model 1:

0.500,0.500) (0.509,0.400

) ) (0.519,0.333) (0.560,0.240)
0.400,0.509) (0.500,0.500)
)

(0.449,0.367) (0.489,0.200)
0.333,0.519) (0.367,0.449) (0.500,0.500) (0.409,0.273) |’
0.240,0.560) (0.267,0.489) (0.273,0.409) (0.500,0.500)

Cl,(R,R) =0.233.

20|

(
|
(
(

Denoting the controlling parameter by o =0.5 and using
Eqg. (7), improve the multiplicative inconsistency of IFFR R :

(0.500,0.500) (0.504,0.346) (0.644,0.182) (0.579,0.219)
(0.346,0.504) (0.500,0.500) (0.474,0.191) (0.383,0.200)
(0.182,0.644) (0.191,0.474) (0.500,0.500) (0.286,0.437)
(0.219,0.579) (0.200,0.383) (0.437,0.286) (0.500,0.500)

, CI(R,R)=0.083.

ﬁ:

The results by different methods are calculated at various
indices as shown in Table 1.

Table 1. The results by different methods.

Methods Consistency Indices (Cl,,Cl,,Cl,)

Liao and Xu [8] Cl,(R)=0.083, CI,(R)=0.967>Cl,

Xu et al. [22] Cl,(R)=0.099, Cl,(R)=0.277>Cl,

Our method

As shown in Table 1, preference information of acceptable
IFPRs constructed by previous methods are changed in pro-
cess of improving inconsistency but preference information of
an acceptable IFPR by our method is constant. In addition,
since our method does not calculate any model to construct
acceptably consistent IFPR, it is efficient in calculation.

5. Conclusion

In application problems based on IFPRs, improvement of
multiplicative inconsistency is primitive to obtain rational
results. In order to solve this task, we formulate a formula to
straightforwardly calculate multiplicatively consistent IFPR
preserving the preference information of every element of an
initial IFPR. Based on it, the necessary and sufficient results
for the IFPR to be multiplicatively consistent are derived. By
using the results, we construct the consistency testing matrix
and consistency index that can select the most inconsistent
elements and propose a method that revises them by proper
intuitionistic fuzzy numbers improving inconsistency as well
as preserving the initial preference information. As a result,

Cl,(R,R)=0.0369, CI,(R,R)=0.0360

32

Number of Changed Preference Infor-
matio

6 (all but diagonal)
3

0

this method preserves the preference information of every
element of the initial IFPR and consistency index converges
into zero.

Improving the multiplicative inconsistency of an IFPR is to
obtain the rational results not that some preference infor-
mation between comparative alternatives are newly known.
Therefore, the preservation of the preference information of
every element of the IFPR that multiplicative inconsistency is
improved is natural and justifiable.

Our method differs greatly from previous methods that
merely improve the multiplicative inconsistency irrelevantly
to the preference information of elements of the initial IFPR
through optimal models constructed based on sufficient con-
ditions for IFPRs to be mitiplicatively consistent. In addition,
it needs a few calculations in comparison with previous
methods because of being not solving any model.

Based on this method, we are going to derive a formula that
strightforwardly calculates an underlying priority weight
vector in connection with alternatives in group decision
making problems.
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IFPR

Intuitionistic Fuzzy Preference Relation
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