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Abstract 

The Ricardian model of world trade based on comparative advantage is not sufficient to justify equal trade relations. The existing 

model of trade relations does not explain the distribution of income among trading countries. This paper presents a method for 

building equitable trade relations. Its essence is to present an algorithm for building such trade relations, based on the previously 

proposed model of world trade, that the trade balance of each country would be equal to zero. Under such conditions, tariff wars 

would become impossible. It is proved that, provided that the supply structure is consistent with the demand structure, it is always 

possible to build an equilibrium price vector for which the trade balance of each country is zero. This state of economic 

equilibrium is called ideal. The article presents an algorithm to build an export structure based on the structure of imports. This 

algorithm is quite simple and allows for a wide range of applications. Under fairly simple realistic assumptions about the 

behaviour of countries trading with each other that are subject to tariff restrictions, it is proved that this leads to an increase in the 

prices of the goods traded by these countries. Among the equilibrium states, there are also those called oversupply states. The 

latter describes the phenomenon of recession. This contributes to a fall in stock market indices. 
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1. Introduction 

The model of international trade used by economists until 

now is based on Ricardo’s ideas of comparative advantage, 

which only qualitatively explains the need for international 

trade. The Heckscher-Ohlin Theorem is a quantitative justi-

fication for trade between two countries by two types of goods 

[1-3]. Its further generalizations concerned increasing the 

number of goods traded between countries [4-12]. Leontief’s 

paradox showed the inability of this theory to explain the 

distribution of income in international trade. The purpose of 

this paper is to investigate the consequences of a tariff war 

between countries trading with each other. This analysis is 

based on the mathematical model of international trade pro-

posed in the previous study [13]. The model of international 

trade is based on the ideas and results obtained in monograph 

[14]. In the paper [13], the existence of an equilibrium price 

vector at which there is a zero trade balance between trading 

countries is proved. An analysis of international trade between 

the most developed countries is presented in the article [15]. 
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Our model of international trade is based on the theory of 

economic equilibrium, that was further developed to describe 

economic systems under conditions of uncertainty. In the 

Theorem 1, under rather general assumptions about the 

structure of imports of trading countries, the value of exports 

of these countries is established at which there is a state of 

economic equilibrium such that the trade balance between 

countries is zero. This state is called the ideal state. In this 

state, markets are completely cleared. All other equilibrium 

states are described in a paper to be published in the journal: 

Cybernetics and Systems Analysis, Vol. 61, N 3, 2025. The 

Theorem 2 shows that under fairly simple realistic assump-

tions about the behaviour of countries subject to tariff re-

strictions, this leads to an overall increase in prices for inter-

nationally traded goods. The described behaviour of countries 

in response to tariff restrictions will provoke a drop in indices 

on the stock exchanges of the respective countries. Note that 

in this paper we have considered only the state of economic 

equilibrium, which is ideal one. In other equilibrium states, 

tariff restrictions can lead to a recession [16]. 

2. Model of International Trade 

In the world economic system, let 𝑙 countries trade be-

tween themselves by 𝑛 types of goods. Suppose that the 

𝑖-th country exports to the 𝑠-th country the vector of goods 

𝑒𝑖𝑠 = {𝑒𝑘
𝑖𝑠}𝑘=1

𝑛 , and let 𝑖-th country imports from the 𝑠-th 

country the vector of goods 𝑖𝑖𝑠 = {𝑖𝑘
𝑖𝑠}𝑘=1

𝑛 . Then the vector 

of export of the 𝑖-th country will be 𝑏𝑖 = {𝑏𝑘}𝑘=1
𝑛 = ∑𝑠≠𝑖

𝑒𝑖𝑠 = {∑ 𝑒𝑘
𝑖𝑠

𝑠≠𝑖 }𝑘=1
𝑛  and the vector of import of the 𝑖 -th 

country will be 𝐶𝑖 = {𝐶𝑘}𝑘=1
𝑛 = ∑ 𝑖𝑖𝑠

𝑠≠𝑖 = {∑ 𝑖𝑘
𝑖𝑠

𝑠≠𝑖 }𝑘=1
𝑛 . 

Since 𝑒𝑖𝑠 = 𝑖𝑠𝑖 , 𝑠, 𝑖 = 1, 𝑙,  where we put 𝑒𝑖𝑖 = 𝑖𝑖𝑖 = 0, 𝑖 =

1, 𝑙, we obtain 

∑ 𝐶𝑠
𝑙
𝑠=1 = ∑ ∑ 𝑖𝑠𝑖𝑙

𝑖=1
𝑙
𝑠=1 = ∑ ∑ 𝑒𝑖𝑠𝑙

𝑖=1
𝑙
𝑠=1 = ∑ ∑ 𝑒𝑖𝑠𝑙

𝑠=1
𝑙
𝑖=1 = ∑ 𝑏𝑖

𝑙
𝑖=1 .                  (1) 

The vector of demand of the 𝑖-th country is determined by 

the vector 𝐶𝑖 = {𝐶𝑘}𝑘=1
𝑛  and supply vector is defined by the 

vector 𝑏𝑖 = {𝑏𝑘}𝑘=1
𝑛 .  The equilibrium price vector 𝑝0 =

{𝑝𝑘
0}𝑘=1

𝑛  under which there is clearing of the market is de-

termined from the set of equations 

∑ 𝐶𝑘𝑖
𝑙
𝑖=1

⟨𝑏𝑖,𝑝0⟩

⟨𝐶𝑖,𝑝0⟩
= ∑ 𝑏𝑘𝑖

𝑙
𝑖=1 ,  𝑘 = 1, 𝑛,       (2) 

where we put ⟨𝑏𝑖 , 𝑝0⟩ = ∑ 𝑏𝑠𝑖
𝑛
𝑠=1 𝑝𝑠

0, ⟨𝐶𝑖 , 𝑝0⟩ =

∑ 𝐶𝑠𝑖
𝑛
𝑠=1 𝑝𝑠

0, 𝑖 = 1, 𝑙. 
Tariff Restrictions 

Let 𝑙  countries have signed trade agreements with each 

other for a certain period of time. Suppose that during the 

period of validity of the agreements, some countries want to 

restrict access to their market for a significant number of 

goods by imposing tariff restrictions. 

We assume that the vector of demand of the 𝑖-th country is 

determined by the vector 𝐶𝑖 = {𝐶𝑘}𝑘=1
𝑛  and supply vector is 

defined by the vector 𝑏𝑖 = {𝑏𝑘}𝑘=1
𝑛  and the equilibrium price 

vector 𝑝0 = {𝑝𝑘
0}𝑘=1

𝑛  under which there is clearing of the 

market it is determined from the set of equation (2) and it is 

such that ⟨𝑏𝑖 , 𝑝0⟩ − ⟨𝐶𝑖 , 𝑝0⟩ = 0, 𝑖 = 1, 𝑙. 

We assume that three assumptions relative to trading be-

tween countries are valid: 

1) A reduction in revenue from trade between countries 

leads to a decrease in the production of goods for export. 

2) Symmetry in tariff restrictions between trading countries 

takes place. 

3) Symmetry in countries’ actions regarding tariff re-

strictions leads to a reduction in both exports and im-

ports, that depends solely on the type of goods. 

Let us clarify the assumptions made. As for the first as-

sumption, it is obvious. Indeed, the imposition of tariff re-

strictions by one country on another leads to a decrease in the 

revenue received from exports. And this, in turn, leads to a 

decrease in the purchase of the amount of goods necessary for 

the production of goods for export. 

The second assumption is also obvious. The imposition of 

tariff restrictions by one country entails a corresponding 

reaction from the other country. 

The third assumption is essential and means that tariff re-

strictions lead to a reduction in exports or imports of goods 

that is independent of the countries trading with each other. 

Rather, it is a simplification in order to arrive at the desired 

effect of tariff restrictions in a simple way. In fact, this as-

sumption means that the production technology of all coun-

tries trading with each other is the same. 

Suppose that the 𝑖-th country imposed tariff restrictions on 

the 𝑠-th country. This means that if the 𝑠-th country was 

selling the 𝑘-th good at 𝑝𝑘, then after the tariff restriction it 

will sell it at 𝑡𝑘
𝑖𝑠𝑝𝑘 , 0 < 𝑡𝑘

𝑖𝑠 ≤ 1. If 𝑡𝑘
𝑖𝑠 < 1, then we say that 

the tariff restriction on 𝑘-th product is imposed. The question 

arises how this changes the vector 𝑖𝑖𝑠. Owing to first as-

sumption, the vector 𝑖𝑖𝑠 should change to the vector 𝑟𝑖𝑖𝑠 =

{𝑟𝑘
𝑖𝑠𝑖𝑘

𝑖𝑠}𝑘=1
𝑛 , 0 < 𝑟𝑘

𝑖𝑠 ≤ 1, 𝑘 = 1, 𝑛.  Let’s take into account 

that 𝑟1𝑒𝑖𝑠 = 𝑟𝑖𝑠𝑖 = {𝑟𝑘
𝑠𝑖𝑖𝑘

𝑠𝑖}𝑘=1
𝑛 = {𝑟𝑘

𝑠𝑖𝑒𝑘
𝑖𝑠}𝑘=1

𝑛 .  Due to the 

third assumption 𝑟𝑘
𝑠𝑖 = 𝑟𝑘, 𝑘 = 1, 𝑛 does not depend on 𝑠, 𝑖, 

then tariff transformation of the vectors 𝑟𝑖𝑖𝑠 =

{𝑟𝑘𝑖𝑘
𝑖𝑠}𝑘=1

𝑛 , 𝑟𝑒𝑖𝑠 = {𝑟𝑘𝑒𝑘
𝑖𝑠}𝑘=1

𝑛 . From this we obtain the fol-

lowing transformations 𝑟𝐶𝑖 = {𝑟𝑘𝐶𝑘𝑖}𝑘=1
𝑛 , 𝑟𝑏𝑖 =

{𝑟𝑘𝑏𝑘𝑖}𝑘=1
𝑛 , 𝑖 = 1, 𝑙. Then the equilibrium price vector 𝑝 =

{𝑝𝑘}𝑘=1
𝑛  should satisfy to the set of equations 

∑ 𝑟𝑘
𝑙
𝑖=1 𝐶𝑘𝑖

⟨𝑟𝑏𝑖,𝑝⟩

⟨𝑟𝐶𝑖,𝑝⟩
= ∑ 𝑟𝑘

𝑙
𝑖=1 𝑏𝑘𝑖 ,  𝑘 = 1, 𝑛.      (3) 
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3. Construction of an Equilibrium State 

in the World Market 

Let us introduce the matrix 𝐵 = |𝑏𝑘𝑖|𝑘=1,𝑖=1
𝑛,𝑙

 composed 

from the vectors 𝑏 = {𝑏𝑘𝑖}𝑘=1
𝑛  as columns and the matrix 

𝐶 = |𝐶𝑘𝑖|𝑘=1,𝑖=1
𝑛,𝑙

 composed from the vectors 𝐶𝑖 = {𝐶𝑘𝑖}𝑘=1
𝑛  

as columns. Further, we assume that for the matrix 𝐵 =

|𝑏𝑘𝑖|𝑘=1,𝑖=1
𝑛,𝑙

 the representation 𝐵 = 𝐶𝐵1 is true, where 

𝐶 = |𝐶𝑘𝑠|𝑘,𝑠=1
𝑛,𝑙 , 𝐵1 = |𝑏𝑘𝑠

1 |𝑘,𝑠=1
𝑙 ,

𝑏𝑘𝑠
1 = ∑

𝜏𝑘𝑖𝐶𝑖𝑠

∑ 𝐶𝑖𝑠
𝑙
𝑠=1

𝑛
𝑖=1 ,  𝑘, 𝑠 = 1, 𝑙.

           (4) 

In the next Theorem 1 we prove the existence of the strictly 

positive solutions of a certain set of equations (2). 

Theorem 1. Let the matrix |𝑡𝑖𝑗|𝑖,𝑗=1
𝑛 = | ∑ 𝐶𝑖𝑘

𝑙
𝑘=1 𝜏𝑘𝑗|𝑖,𝑗=1

𝑛  

be a non negative and indecomposable one. Suppose that the 

matrix 𝜏 = |𝜏𝑘𝑗|𝑘=1,𝑗=1
𝑙,𝑛

 is such that 

∑ 𝜏𝑘𝑖
𝑛
𝑖=1 = 1,  𝑘 = 1, 𝑙.           (5) 

Then the problem 

∑ 𝑏𝑘𝑠
1𝑙

𝑘=1 𝑑𝑘 = 𝑑𝑠,  𝑠 = 1, 𝑙,         (6) 

has a strictly positive solution, belonging to the cone gener-

ated by columns of the matrix 𝐶𝑇 ,  under conditions that 

∑ 𝐶𝑘𝑖
𝑙
𝑖=1 > 0, 𝑘 = 1, 𝑛, where 𝐶𝑇 is transposed matrix to the 

matrix 𝐶. There exists an equilibrium price vector solving the 

set of equation (2). 

Proof. Let us consider the nonlinear map 

𝐻(𝑝) = {𝐻𝑖(𝑝)}𝑖=1
𝑛 ,            (7) 

𝐻𝑖(𝑝) =
𝑝𝑖+

∑ 𝑝𝑗
𝑛
𝑗=1 ∑ 𝐶𝑗𝑘

𝑙
𝑘=1 𝜏𝑘𝑖

∑ 𝐶𝑖𝑠
𝑙
𝑠=1

1+∑
∑ 𝑝𝑗

𝑛
𝑗=1

∑ 𝐶𝑗𝑘
𝑙
𝑘=1 𝜏𝑘𝑖

∑ 𝐶𝑖𝑠
𝑙
𝑠=1

𝑛
𝑖=1

,  𝑖 = 1, 𝑛,       (8) 

on the set 𝑃 = {𝑝 = {𝑝𝑖}𝑖=1
𝑛 , 𝑝𝑖 ≥ 0, 𝑖 = 1, 𝑛, ∑ 𝑝𝑖

𝑛
𝑖=1 = 1}. It 

is continuous on 𝑃 and maps it into itself. Therefore, there 

exists a fixed point 𝑝0 of the map 𝐻(𝑝) [17]. The last comes 

to the set of equations 

∑ 𝑝𝑗
0𝑛

𝑗=1 ∑ 𝐶𝑗𝑘
𝑙
𝑘=1 𝜏𝑘𝑖

∑ 𝐶𝑖𝑠
𝑙
𝑠=1

= 𝜆𝑝𝑖
0,  𝑖 = 1, 𝑛,      (9) 

where 

𝜆 = ∑
∑ 𝑝𝑗

0𝑛
𝑗=1 ∑ 𝐶𝑗𝑘

𝑙
𝑘=1 𝜏𝑘𝑖

∑ 𝐶𝑖𝑠
𝑙
𝑠=1 𝑏𝑠

1
𝑛
𝑖=1 .  

Let us prove that 𝜆 > 0, and 𝑝0 is a strictly positive vector. 

Let us introduce the matrix 

𝐹 = |𝑓𝑗𝑖|𝑗,𝑖=1
𝑛 ,               (10) 

where 

𝑓𝑗𝑖 =
∑ 𝐶𝑗𝑘

𝑙
𝑘=1 𝜏𝑘𝑖

∑ 𝐶𝑖𝑠
𝑙
𝑠=1

,  𝑖, 𝑗 = 1, 𝑛.  

The set of equations (9) can be written in the operator form 

𝐹𝑇𝑝0 = 𝜆𝑝0. 

Since 𝐹𝑇 is non negative and indecomposable and the fact 

that the vector 𝑝0 also solves the set of equations 

[𝐹𝑇]𝑛−1𝑝0 = 𝜆𝑛−1𝑝0, 

we have that [𝐹𝑇]𝑛−1𝑝0 is a strictly positive vector. From this 

it follows that 𝑝0 is a strictly positive vector and 𝜆 > 0. Here 

we introduced the denotation 𝐹𝑇 for the transposed matrix to 

the matrix 𝐹. Prove that 𝜆 = 1. Let us denote 

𝑑𝑘 =
1

𝜆
∑ 𝑝𝑢

0𝑛
𝑢=1 𝐶𝑢𝑘,  𝑘 = 1, 𝑙.         (11) 

Then, from (9) we obtain 

𝑝𝑖
0 =

∑ 𝑑𝑘
𝑙
𝑘=1 𝜏𝑘𝑖

∑ 𝐶𝑖𝑠
𝑙
𝑠=1

.               (12) 

Substituting (12) into (11), we have 

𝑑𝑗 =
1

𝜆
∑

∑ 𝑑𝑘
𝑙
𝑘=1 𝜏𝑘𝑢𝐶𝑢𝑗

∑ 𝐶𝑢𝑠
𝑙
𝑠=1

𝑛
𝑢=1 ,  𝑗 = 1, 𝑙.       (13) 

Or, 

𝑑𝑗 =
1

𝜆
∑ ∑

𝑑𝑘𝜏𝑘𝑢𝐶𝑢𝑗

∑ 𝐶𝑢𝑠
𝑙
𝑠=1

𝑛
𝑢=1

𝑙
𝑘=1 ,  𝑗 = 1, 𝑙.      (14) 

Summing up by index 𝑗 left and right parts of (14), we 

obtain 

∑ 𝑑𝑗
𝑙
𝑗=1 =

1

𝜆
∑ 𝑑𝑗

𝑙
𝑗=1 .            (15) 

Since ∑ 𝑑𝑗
1𝑙

𝑗=1 ≠ 0, we have 𝜆 = 1. Therefore, the system 

of equations (13) can be written in the form 

𝑑𝑖 = ∑
∑ 𝑑𝑘

𝑙
𝑘=1 𝜏𝑘𝑢𝐶𝑢𝑖

∑ 𝐶𝑢𝑠
𝑙
𝑠=1

𝑛
𝑢=1 = ∑ 𝑑𝑘

𝑙
𝑘=1 ∑

𝜏𝑘𝑢𝐶𝑢𝑖

∑ 𝐶𝑢𝑠
𝑙
𝑠=1

𝑛
𝑢=1 ,  𝑖 = 1, 𝑙.                       (16) 

Or, 
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∑ 𝑏𝑘𝑖
1𝑙

𝑘=1 𝑑𝑘 = 𝑑𝑖 ,  𝑖 = 1, 𝑙.           (17) 

Let us prove the solution existence of the set of equations 

(2). Taking into account that 

𝑑𝑘 = ∑ 𝑝𝑢
0𝑛

𝑢=1 𝐶𝑢𝑘 = ⟨𝐶𝑘 , 𝑝0⟩,  𝑘 = 1, 𝑙.      (18) 

and the set of equations (17) we have 

⟨𝑏𝑘 , 𝑝0⟩ = ⟨𝐶𝑘, 𝑝0⟩,  𝑘 = 1, 𝑙.        (19) 

From this it follows that the vector 𝑝0 solves the set of 

equations (2). Theorem 1 is proved. 

Theorem 2. Let 𝑙 countries trade 𝑛 types of goods, and let 

their trade are characterized by import and export vectors 

𝐶𝑖 , 𝑏𝑖 , 𝑖 = 1, 𝑙  where the import vector 𝐶𝑖 = {𝐶𝑘𝑖}𝑘=1
𝑛 , 𝑖 =

1, 𝑛,  satisfies the conditions ∑ 𝐶𝑗𝑘
𝑙
𝑘=1 > 0, 𝑗 = 1, 𝑛.  If the 

matrix 𝜏 = |𝜏𝑘𝑖|𝑘,𝑖=1
𝑙,𝑛

 is such that the matrix 𝑡 = |𝑡𝑗𝑖|𝑖,𝑗=1
𝑛  is 

nonnegative and indecomposable and then for the export 

vector 𝑏𝑖 = {𝑏𝑘𝑖}𝑘=1
𝑛  such that 

𝑏𝑖𝑘 = ∑
𝑡𝑖𝑗𝐶𝑗𝑘

∑ 𝐶𝑗𝑟
𝑙
𝑟=1

𝑛
𝑗=1 ,  𝑖 = 1, 𝑛, 𝑘 = 1, 𝑙,      (20) 

the equilibrium price vector of the set of equations 

∑ 𝑟𝑘
𝑙
𝑖=1 𝐶𝑘𝑖

⟨𝑟𝑏𝑖,𝑝⟩

⟨𝑟𝐶𝑖,𝑝⟩
= ∑ 𝑟𝑘

𝑙
𝑠=1 𝑏𝑘𝑠,  𝑘 = 1, 𝑛,    (21) 

exists and it is equal to the vector 𝑝 = {
𝑝𝑖

0

𝑟𝑖
}𝑖=1

𝑛 , where the 

vector 𝑝0 = {𝑝𝑖
0}𝑖=1

𝑛  solves the set of equations 

∑ 𝐶𝑘𝑖
𝑙
𝑖=1

⟨𝑏𝑖,𝑝0⟩

⟨𝐶𝑖,𝑝0⟩
= ∑ 𝑏𝑘𝑠

𝑙
𝑠=1 ,  𝑘 = 1, 𝑛.       (22) 

Consequence 1. Tariff wars between trading countries 

leads to the increasing of prices in international trade if 𝑟𝑖 <

1, 𝑖 = 1, 𝑛. 

4. Conclusion 

The paper proposes an algorithm to build fair international trade. 

It is based on the model of international trade proposed in the 

article [13]. To do this, we find the ratio between the exports and 

imports of trading countries, for which there is such an ideal equi-

librium that the trade balance between all countries is zero. Under 

simple realistic assumptions about the behaviour of countries 

subject to tariff restrictions, it is proved that this leads to an in-

crease in prices for goods traded between countries. In a less than 

ideal equilibrium, tariff restrictions can lead to a recession. 
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