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Abstract

Background: Price changes in economics present significant geometric challenges due to sharp discontinuities, which cannot be
efficiently described by continuous processes like Brownian motion. Traditional models often rely on linear assumptions, yet
financial data frequently exhibit irregular, complex patterns. Fractal theory, a mathematical framework, offers a more accurate
way to describe these fluctuations by revealing the underlying self-similar structures in price changes and scaling phenomena.
This study explores the use of fractal geometry to gain deeper insights into market behavior. Objective: The objective is to
demonstrate that an alternative model, constructed based on geometric scaling assumptions, offers a more accurate description of
price changes in competitive markets. Method: The study combined the scaling principle from fractal geometry with a stable
Levy model to formulate an integrated model. The logarithmic transformation of the model was applied over successive price
changes to observe the behavior of market prices. Result: The scaling principle asserts that no specific time interval (such as a
day or a week) holds inherent significance in competitive markets. Instead, these time features are compensated or arbitrated
away, supporting the idea that market behavior is self-similar across different time scales. Conclusion: The scaling principle
provides a more reliable framework for modeling price changes and is recommended for consideration in economic analyses.
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1. Introduction

In economics, understanding price changes and scaling
phenomena is essential for both theoretical insights and prac-
tical applications. Scaling is a fundamental concept in geom-
etry and mathematics, with applications that extend to finan-
cial markets, [1]. Uniform (or isotropic) scaling is a linear
transformation that changes the size of an object while
maintaining its shape, whereas non-uniform (anisotropic)

scaling alters the object’s shape by applying different scale
factors along different directions. These scaling concepts
form the basis for analyzing geometric changes over time,
which also apply to financial models of price changes. [2, 14]

To model real-world processes, economists often use the
Gaussian process and Brownian motion, [2, 3, 8, 9, 10, 12].
Brownian motion, a type of stochastic process, is key to
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modeling seemingly random fluctuations in price movements.
The Gaussian process, closely related to Brownian maotion,
describes these fluctuations under the assumption of normally
distributed price changes. However, conventional Gaussian
models fail to fully capture extreme price changes or market
volatility, leading to inaccuracies in predicting long-term
trends.

Fractal theory, introduced by Benoit Mandelbrot, [5], pro-
vides an alternative to traditional models. Fractals exhibit
self-similarity at different scales, meaning that patterns in
price movements, when magnified, resemble those observed
over different timeframes. This property aligns with the
non-differentiability seen in Brownian motion, where certain
financial processes display infinite lengths and unpredictable
behavior. The heavy-tailed distributions found in fractal
models suggest that extreme market events are more common
than conventional Gaussian models would predict, providing
a more robust framework for risk management and market
analysis.

Fractal geometry has been successfully applied in diverse
fields, including biology, urban planning, and finance. For
example, Akthtar et al. [6] used fractal dimensions to measure
complexity in blood vessel distribution in diabetic patients,
while Chen [7] applied fractal analysis to urban morphology.
Jahanmiri et al [15] gasve an overview analysis of fractal
geometry in urban development and planning. In finance,
fractal analysis reveals the complexity of market behavior and
price changes over time. Verma et al. [11] investigated mer-
gers and acquisitions using fractal interpolation, while Yue
and Chen [13] introduced fractal derivatives into bond-pricing
models, showing that these models more accurately predict
price changes than classical methods.

The objective of this study is to explore the relationship
between scaling principles, fractal theory, and price changes
in financial markets. We aim to connect the geometric chal-
lenge of price changes to scaling principles, including
Brownian motion and the Gaussian process, to develop a more
accurate model for predicting price movements over time.
Through the lens of fractal geometry, this research will shed
light on the limitations of traditional models and propose a
new, more reliable approach to forecasting price trends in
financial markets.

{(x]-,y]-) EJXR:j= 0,1,2,,,M} where | = [x,, xyl and x, < x; <. < X,

We define set J,, = [Xm—1, Xm] and m € [1, M].

Definitions:

1. Fractal Dimension: Unlike regular geometric shapes,
fractals have non-integer dimensions, known as fractal
dimensions. This dimension quantifies the complexity of
the fractal pattern. In economic terms, the fractal di-
mension of a price series can help quantify market vol-
atility and risk.

2. Scaling Laws: Fractal theory introduces the idea of
scaling laws, which describe how certain properties of
the fractal change with scale. In economics, scaling laws
can describe how price volatility or trading volume
changes across different time periods.

3. Logarithmic time scale: Is a nonlinear scale used to
represent time intervals, where each unit increase on the
scale corresponds to a multiplication of the actual time
interval by a constant factor. In this scale, equal dis-
tances on the graph represent equal ratios of time, rather
than equal differences. This is particularly useful for
examining data that spans multiple orders of magnitude,
allowing for the visualization of both short-term and
long-term patterns on the same plot.

. First Test of Stationary: Is the Augmented Dickey-Fuller
(ADF) test use in checking if the properties such as mean
and variance are constant over time.

. Second Test of Stationary: Is the Phillips-Perron (PP)
test which is a modified ADF test. The PP test is de-
signed to handle serial correlation and heteroscedasticity
in the error terms of the time series. It is a
non-parametric method, meaning it does not require
specifying the lag length for the test regression. The PP
test adjusts the test statistics of the Dickey-Fuller test to
account for any autocorrelation and heteroscedasticity in
the residuals.

2. Methodology

We are leveraging on the self-similarity properties of
fractals. A logarithm of scale allows these repeating patterns
to be visualized more effectively. To define our fractal func-
tion.

Let a set of data points [11]

)]

Let H,, : ] = J,,, be a contraction homeomorphism such that

H,, (x,) = Xpm—1 and H,,(xy) = Xy, form € [1,M].

@

Also, let consider F,, : /] X R — R which contraction are in the second coordinate.

|Fn (x.y) = E, 6,y < | Bmlly — y*|, such that

-1< Bp <land ((x,y),(x,y*)) € ] x R.
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And satisfies the join- up conditions.

Fn (%0,¥0) = Ym—1 and Ep Xy, Yu) = Yo 4

B = (B4, ....., By) are the vertical scaling vector. Let
Qm(x,y) = (Hn(0), Fn(x, ), for (x,y) € ] X R, ©®)
{JxR: Qq,.... ,0,,} is an iterated function system with a unique attractor which is the graph of the continuous func-

tion L : J — R satisfying the interpolation points given by

L(x) = E, (H,;ll(x),L(H;ll(x))),forx € J,m €[1,M].

Which implies that

L(Hp(x)) = En(x,L(x)), x €],

(6)

U]

logX(t) is the logarithm of the price X(t) at a specific time t. The difference logX(t + d) — logX(t) represents the per-
centage change in price over the time period from t to t + d. We assume that logX(t + d) — logX(t) has an infinite variance.
Let the price change Y (t) be modeled as a Levy process L(t) with a characteristic function

. 1 ; .
®L(u,t) = exp (t(l uy— Euza2 + fR/{O}(e“‘" -1- lux1{|x|<1})v(dx))),

Where y is the drift, o2 is the variance, v is the Levy
measure capturing the jump intensity and size.

Let H be (Hurst parameter), the similarity exponent that
characterizes the fractal dimension of the price path.

Let (t) = t¥.L(t) , where t" scales the Levy process,
0<H<I1,

Therefor Y(t) = X(0) exp(y t o tT L(t)), where y is the
drift parameter, o t¥ is the fractal scaling, L(t) is the Levy
process.

Experimentation: If price changes have an infinite variance,
it suggests that prices can exhibit sudden and extreme changes,
much more so than usual. This might happen in markets that are
highly speculative or during times of financial crisis. It implies
that the usual models for predicting price changes might not
work well because the price behavior is too erratic. In our
model, infinite variance is more acceptable because it preserves
scaling. Scaling principle is combined with the stable Levy
model- idea that successive price change is independent with
vanishing expectation and further allows the variance changes
to be infinite. The predictive value of the scaling principle of
price change resides in the following finding.

We combine doubly logarithmic graphs of positive and
negative tails for the recorded changes in the logarithm of
cocoa price, together with the cumulated density function of
the symmetric stable distribution of exponent o. = 1.7 which is
slightly over estimated value of a. The ordinate gives the
relative frequency of cases where the change of one quantity
X defined below exceeds the change in x coordinate.

The following series of data are plotted, the positive and
negative values of X being treated separately in both cases.

X =log,Z(t + 1day) — log, Z(t) where Z is the daily
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closing price of cocoa at the Abuja Securities and Commodity
Exchange Market ASCE [4]. (data from ASCE 2009- 2013)

X =log,Z(t + 1 day) — log, Z(t) where Z is an index
of daily closing price of cocoa. [4] (data from ASCE 1999 -
2013)

X =log, Z(t + 1 month) — log, Z(t) where Z is the
closing price of cocoa on the 15" of each month at the Abuja
Securities and Commodity Exchange Market ASCE. [4] (data
from ASCE 1982- 2012)
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Figure 1. Series Plot of Different Cases.

3. Discussion

The study evaluates the distribution of daily price changes,
daily index, and monthly averages using data collected over
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different time periods. The analysis employs the Gaussian

process, Brownian motion, and the scaling principle to test the

stationarity of price changes.

1. Daily Price Changes Distribution (5 years): The results
show that, when extrapolated to monthly price changes,
the distribution cuts through periods of economic
downturns such as recessions and depressions. The
process behind price changes for commodities like co-
coa remains stationary, with no significant shifts over
the long term, as indicated by the stability of the pa-
rameter (a). Despite fluctuations in currency values and
other macroeconomic factors, the analytic form of the
process remains unchanged.

. Daily Index on Various Exchanges (14 years): The dis-
tribution of daily index values across exchanges indi-
cates consistent scaling properties across different time
frames. Upon review, the dataset reflects a 14-year pe-
riod, as evidenced by the historical records.

. Monthly Averages (60 years): The monthly average data
extends over a 60-year period. The stationarity of this
data over the long term confirms the negligible overall
trends compared to fluctuations in daily price move-
ments.

4., Stationarity Test Results

First Test of Stationarity: The parameter (a) (approxi-
mately 1.7) remains constant over time. This shows that the
process ruling price changes does not evolve over the period
studied, supporting the hypothesis of long-term stationarity.

Second Test of Stationarity: After correcting the error in
reading the data for curves (a+) and (a-), the curves align
almost perfectly with (b+) and (b-). The original discrepancy
arose due to a misreading of the data, which exaggerated the
appearance of non-stationarity.

The distribution of daily price changes over 5 years, the
daily index data over 14 years and the monthly averages for
60 years. Figure 1 illustrates the doubly logarithmic scaling of
price changes, showing both the positive and negative curves
for cocoa prices. These curves superimpose upon one another
after correcting the error in curve (at+), aligning with the
expected symmetric stable distribution. Though currency
values and other economic factors have fluctuated, the stabil-
ity of the parameter (o), estimated at approximately 1.7, was
confirmed using the [statistical method], providing evidence
that the process governing price changes is stationary.

Figure 1 supports the findings from the second test of sta-
tionarity. It shows that once the error in the reading of data
behind curves (a+) and (a-) was corrected, the curves nearly
overlap with (b+) and (b-), validating the stationarity of the
process. The analysis combines logarithmic graphs of positive
and negative fluctuations in cocoa prices with the cumulative
density function of the symmetric stable distribution. The
slight discrepancies between the empirical graphs and theo-
retical models suggest that the distribution may be slightly
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asymmetric, indicating the need for a skewed variant of the
stable distribution.

5. Conclusion

The study explored the geometric challenge of price
changes by examining the limitations of traditional Gaussian
processes and Brownian motion, proposing instead the use of
a stationary, non-Gaussian stable process. While Brownian
motion is often used to approximate price changes in com-
petitive markets, our analysis demonstrated that it fails to
capture the discontinuous nature of price formation, particu-
larly in times of market shocks or significant anticipation
shifts.

Our findings confirmed that price changes, when scaled
appropriately across various timeframes, exhibit patterns that
deviate from the smooth, continuous sample paths of
Brownian motion. The scaling principle suggests that no
specific time lag (whether a day, week, or year) holds a dis-
tinct advantage in competitive markets. By applying this
principle, we showed that the distribution of daily, weekly,
and monthly price changes for cocoa prices remains stable,
despite fluctuations in the market.

6. Key Findings

1. Gaussian Process vs. Stable Process: Our results
demonstrate that a non-Gaussian stable process more
accurately reflects the nature of price changes than the
traditional Gaussian process, particularly in volatile
market conditions.

. Stationarity: The price formation process for cocoa re-
mained stationary over the long term, as indicated by the
consistent value of the scaling parameter (o)) across dif-
ferent timeframes.

. Scaling: The analysis of ASCE cocoa stock price data
across different time scales (daily, weekly, and monthly)
supports the conclusion that price changes can be better
understood through the scaling principle, where
self-similarity emerges at multiple timeframes.

7. Recommendations

Model Integration: Future research should incorporate the
developed model into real-time trading strategies, especially
in markets with high volatility. This could lead to more ac-
curate predictions of price changes.

Practical Applications: Risk managers and investors
should consider using fractal-based models to anticipate
extreme market events, as the heavy tails in non-Gaussian
distributions imply a higher likelihood of drastic price
changes.

Further Analysis: It is recommended to expand this analy-
sis to other commodities and indices, applying the scaling
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principle and stable process to different timeframes to validate
the findings across broader financial datasets.

In conclusion, this research offers an alternative framework
to traditional Gaussian models, highlighting the importance of
stationarity and scaling in understanding price changes in
competitive markets. By integrating this model with the
ASCE cocoa stock price data, we demonstrated the practical
value of applying fractal theory to market analysis, which can
ultimately enhance decision-making for investors and finan-
cial analysts.
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