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Abstract: In two previous papers, we proposed two bivariate product kernel estimators for the bi-dimensional extension of the
Foster, Greer and Thorbecke (FGT) index based respectively on classical and adaptive kernel. The Foster, Greer and Thorbecke
(FGT) index was introduced in the literature for the purpose of a dominance approach to multidimensional poverty. The poverty
measure utilized in this dominance method is fundamentally a generalization, from one to two dimensions, of this Foster, Greer
and Thorbecke index with separate poverty aversion parameters for each dimension. This statistical method (the product kernel
estimator) has the following main disadvantes: the curse of dimensionality, the complex selection of the bandwidth, and high
computational costs. In this study, we focus on a bivariate radialsymmetric kernel estimator for the bi-dimensional extension
of the Foster, Greer and Thorbecke index. Our new bivariate kernel estimator is developed with a classical bivariate kernel
of Parzen-Rosenblatt of a probability density function (pdf) utilizing Riemann sums. We next provide complete asymptotic
behaviour by establishing both almost-sure uniform and uniform mean square consistencies for the bivariate radialsymmetric
kernel estimator. A simulation study indicates that the proposed bivariate kernel estimator performs favorably for small samples
comparatively to the bivariate multiplicative kernel estimator.

Keywords: Bidimensional Poverty Index, Foster-Greer-Thorbecke (FGT) Measure, Bivariate Radialsymmetric Kernel
Density Estimation, Nonparametric Estimation, Uniform Almost-sure Consistency, Riemann Sums, Well-being
Distribution, Rate of Convergence

i i i Standard treatments of this topic were provided by Silverman
. Introduction an otivations p p. y
[20], Scott [17], and Wand and Jones [22], who discussed

Kernel density estimation has become a popular tool for both multiplicative and radialsymmetric kernel COHStructiOHS,
visualizing the distribution of univariate data [see Ref. [20], as well as bandwidth selection strategies (see also Sheather
[21], [16], [22], for example, for an overview]. Univariate  and Jones [19] for practical data-driven methods). In the two-
kernel density estimation has received considerable attention ~ dimensional case, the bivariate kernel density estimator is
in the literature, partly because of its practical utility, and partly ~ expressed as
because of providing a simple testing ground for learning

about nonparametric smoothing. ;o1 & 1 K Xin — 21 Xig — @2 !
fn=— ; . (1)

The objective of bivariate nonparametric density estimation hi 7 ho

is to approximate the probability density function (pdf) ) o )
f(z) = f(z1,22) of the random vector X = (X7, X)7. where K : R? — R denoting a bivariate kernel function. Note,
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that (1) assume that the bandwidth £ is a vector of bandwidths
h = (hy,h)T.

The bi-dimensional kernel function /C(u) = K(u1,uz) takes
on two forms.

The easiest solution is to use a multiplicative kernel

K(u) = K(u1) x K(ug) 2)

with K denoting an univariate kernel function. For univariate
kernels supported on [—1, 1], such as the Epanechnikov kernel
K(u) = 0.75(1 — u?)(I(Ju| < 1)), observations within a
rectangular neighborhood around = are used to estimate the
density at the point z.

Alternatively, one may use a genuine bivariate kernel function
K(u), such as the bivariate Epanechninokov kernel:

K(u) = (1 = uf —u3)(I(uf +uj < 1)).

Product
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Such bivariate kernels can be derived from univariate
kernels by defining

K(u) = K(|[ul]), 3)

where ||u|| = \/u? + u3 denotes the Euclidean norm of the
vector u. Kernels of the form (3) utilize observations within a
circular neighborhood around z for density estimation. These
kernels are commonly termed spherical or radialsymmetric,
as KC(u) assumes identical values for all u points lying on
a sphere centered at zero. Figure 1 displays contour plots
comparing the bivariate product with (left panel) with the
bivariate radialsymmetric kernel (right panel).

Spherical

-1.0 -05 0.0 0.5 1.0

Figure 1. Contours from bivariate product (left) and bivariate radialsymmetric (right) Epanechnikoc kernel.

The weighs of the kernels in Figure 1 correspond to equal
bandwidth in both directions, i.e. h = (h1,ho)?T = (1,1)7.
When employing different bandwidths, observations around z
in the density estimate f), () will be used with different weighs
across both dimensions. For more detailed we refer to Hérdle
and Miiller [14].

More generally, the product kernel estimator presents a
number of drawbacks. Firstly it has the problem of curse of
dimensionality meaning that as the dimension increases, the
volume of the data space grows exponentially. The available
data becomes extremely sparse. So the estimator requires a
massive amount of data to remain reliable.

Secondly there is the problem of the bandwith selection.
As we know it the bandwidth determines how smooth
the estimated curve. A too small bandwidth includes an
undersmoothing estimate. A too large bandwidth hides real

patterns (oversmoothing). Then getting the optimal bandwidth
for each dimension is complex and often requires heavy trial-
and-error or automated selection algorithms. Thirdly, with
the product kernel estimator, the algorithm must compute
distances and kernel functions between all single data
point and all evaluation point. Therefore the treatment of
large datasets becomes highly time-consuming and requires
significant memory resources. Fourthly, the product kernel
estimator relies on data points surrounding the evaluation
region. At the extreme edges of the data, there are no points
available on one side. Thus the estimation becomes biased and
much less accurate near the boundaries of the data support.
Finally, the product kernel treats the smoothing process as if
the dimensions were independent. Then if the variables have
complex, non-linear correlations, the kernel may fail to capture
the true joint structure exactly.
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However the radialsymmetric kernel measures distance
rather than absolute direction. It has a number of practical
advantages. First, it utilizes mathematical tricks to move
simple two-dimensional data into an infinite number of
dimensions. This processus makes mixed up data easy to
separate with a straight line. Second, the radialsymmetric
kernel is meshless. It does not force the data to fit into a
strict grid. This allows it to easily adapts to strange, real-
world shapes. Third, the radialsymmetric kernel only cares
about how close data points are to each other, not their
specific location on a map. This makes it very resistants to
outside noise. Fourth, by relying completely on distance, it
avoids complex calculations. This allows for smooth, accurate
modeling even in very high dimensions.

To focus on the robustness analysis of the selection of
poverty lines and poverty measures, Duclos et al. [7]
considered a multidimensional extension of the FGT class of
measures. They used the dominance approach for poverty
comparisons, as initially developed in Atkinson [3], in Foster
and Shorrocks [10], Foster and Shorrocks [11] and in Foster
and Shorrocks [12]. A main benefit of this method is its
capability in producing poverty orderings that are reliable with
respect to the establishing of poverty lines. Then the delicacy
of most of poverty measures to the poverty line leads to this
more essential approach. Furthermore, it also makes sure
robustness regarding the choice of a multidimensional poverty
index over broad classes of them, as well reliability over the
way in which multidimensional indicators interface between

P(z,a):{ 7L (222 (222) Y (o) dadas
0

where z = (21,22) denotes the poverty line vector; with z;
representing the poverty threshold for dimension z;.

Axiomatic  approaches to multidimensional poverty
measurement including the bidimensional FGT class have
been extensively studied by Sen [18], Atkinson [3],
Bourguignon and Chakravarty [5], and more recently by Alkire

~ 1 - — X;, 1\
Pn(Z,OL):ﬁ- 2(1—721 >+ (1
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them, when characterizing total individual well-being. Duclos
et al. [8] as well as considered the bivariate stochastic
dominance methods to analyze the incidence of poverty,
evaluated in relation to household expenditures per capita and
child height-for-age indicators. Such important properties
of this measure motivated Ciss et al. [23] to introduce an
asymptotic theory based on estimators constructed on random
samples that would provide accurate approximations for small
sizes, see Ciss et al. [23] and Diallo et al. [1].

To construct more understandable notions,  and y remain
two indicators of individual well-being among, income,
expenditures, caloric consumption, life expectancy, height,
body weight, extent of personal safety and freedom, etc., see
Ciss et al. [23] and Diallo et al. [1]. All through this paper
(X,Y) denotes the value of (x,y) for a randomly chosen
individual of the population. Then (X,Y") is a random pair of
nonnegative real numbers defined of a given probability space
(Q,A,P) whose cumulative distribution function (cdf) is
indicated by F'(.,.) and we assumse that it admits a pdf f(.,.).
Hereafter all the requirements are done with regard to this
probability space.

The use of kernel smoothing for poverty index estimation
was pioneered by Dia [13], who established fundamental
asymptotic properties for the univariate case. The
bidimensional extension of the FGT [9] (Foster, Greer,
Thorbecke) poverty index, as formulated by Duclos et al. [7] is
denoted by P(z, «) and is defined as follows, for a = (a; >
0,y > 0):

ifz; >0fore=1,2
otherwise

“4)

and Foster [2] in the context of counting-based measures.
Now allow us consider, for n > 1, a random sample

(X11, X12), (Xo1,X22), -+, (X1, Xn2)

drawn from (X7, X5), on the aforementioned the probability
space. The empirical plug-in estimator of (4) is specified by

)az where x4 = max(0, ) (5)

z2 /+

Combining (1) and (2), and employing Riemann sum approximations, Ciss et al. [23] proposed the undermentioned kernel
estimator for the bidimensional poverty index (4) : P, (21, 22, a1, a2)

3D B Dl (R e (R

where [;] design the integer part of  andfor o; =0 or
(67} Z 1.
Their findings are also expansions of those of Dia [13] and

of Ciss et al. [24] in one dimension. By (1) and (2),
and moreover using Riemann sum approximations, Diallo et
al. [1] proposed a adaptive kernel estimator version of the



180 Youssou Ciss et al.: Bivariate Radialsymmetric Kernel Density Estimation of Well-being Distribution and Poverty Index

bidimensional poverty index 6. Their results gave extensions
of those of Zakaria et al. [25].

They both [23] and [1] assign lower weights to data pairs
further from the reference point, rather than applying equal
weights to all points nearby observations. However, the
product of two univariate kernels does not necessarily assign
identical weights to all points located equal Euclidean distance
from the reference point. To address this limitation, a bivariate

N
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1
n Z1
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radialsymmetric kernel must be employed. Nonparametric
smoothing techniques for poverty and inequality measures
have also been advocated by Davidson and Flachaire [6] and
Biewen [4], who emphasized the benefits of kernel-based
approaches over purely empirical estimators, particularly in
the context of bootstrap inference. We therefore propose the
undermentioned kernel estimator of the bidimensional poverty
index (4):

(l_ﬂ)al(l_%)“2K<Xk1—i1h1’Xk2—i2h2) )

hy ha

KC is a Borel function verifying the next hypotheses

(Hy) sup

—oo<z,y<+oo

[K(z,y)| < +oo,

(1) [ | Klay) dody = 1.

(Hg) ~— lim ||(z,y)|||K(z, y)] = 0

[1(z:y)|| =00

The estimator in (7) uses a genuine bivariate radialsymmetric kernel, which assigns equal weights to all points located at the
same Euclidean distance from the reference point (z1, z3).

2. Construction of the Bivariate Radialsymmetric Kernel Estimator Using the
Riemann Sum

For z; > 0,20 >0 and

Ahl;i = [hlla h1<7’+1)] 1207' ) [i]u Ahz,j = [h2]7h2(J+1)] J :07"'a [FZ]
We obtain the succeeding Riemann sum over the two-dimensional rectangle [0, z1] X [0, 2z2]:
n litl-1032]-1 ) , , )
1 thi\ o jhl az X1 —thy Xpo — iho
n (1_7) <1_7> ’C( hy ' h )
"= is0 =0 A1 A1 ! 2
halpr ]y e ha[fz]\ o2
zZ1 zZ2 117 217
i) (2 rel ) (- ) (- 70)
+ (Zl l[hl] 2 Q[hz} 21 )
L - ' 1h ,C(Xkl —h[%l]}h’ Xk2 —h[%]fu)
na i 1 2
[72]-1

(52 (1 )™ (1 22y

k=1 j=0
y ,C<Xk1 hl[illwll7 ngh—Q jhz)
n rl-1 271, . N
i X (ami) (- R (- )
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corresponding to the integral

AR E T AL - Xg v —X;
/[0,zl]x[0,zz] (lel x) (Zzzg y) zi;hllhzlccc Iy 1733 Iy 2)dCL‘dy.

This sum can be written as:

ESIEY
1 iho\ @1 jhg a2 X1 —thy Xpo —iho
E . . (1 — 72) (1 — 72) IC( hl 5 h,2 ) + Vn(21722) + Wn(251,22) + Z/{n(2«'1,22)
k=1 1i=0 j=0
with

hlhg zZ1 Z9
X1 — [Eh1 Xpo — [
XZ ( k1 h[h] 1, k2 h[h] 2)
1 1 2
n [%]_1 z1 .
Wn(zth):l (1 1[}11]) ( _@)a
"4 =0 ! #2
Xk:l - [%]hl XkQ 7jh2 1 21
(= )Gy (= mlz) = 1)
% I ha py 21—l
1< [}%]_1 hQ[Q] asz shi\ @1
- == 1 —tha- 1 L
Z/{ (Z1722) n ]; =1 ( zZ9 ) ( Z1 )
Xk:2 - [%]h2 Xkl — Zhl 1 29
(= ) (5, (2= i) = 1),
8 ho ha ha = 2[h2]
Now it comes up that
YV, — 0, W, — 0, U, — 0, almost sure  as n — +o00.
We have:
(1 _ @) 1(1 _ @) Csupgeyyere K@, y)]  if (a1 > 0,05 > 0)
Xp1—[2E]h1 Xpa—[ZL]he .
R SR of g L if (a1 =0, =0)
n k=1 h ’ h 1 s X2
[V (21, 22)| < hl[f}]( o ! 2 ) '
1——n ) SUP(y yyerz [K(7, Y)] if (a1 >0,a0=0)
hol[ 221\ @2
(1 - %) SUP (4 y)er2 [K(2, Y)] if (a1 =0,a2 >0).
We have:

| (21 - hl[%]) (22 - hQ[%]) — hahe 2122 — z1ho[72] — zeha[7H] 4 haho[74][32] — hahe |

hiho hihs
-l R R
=l G = )+ G = 50 1
=10 = )G = ) — 1l <2

We have according to the next cases: (a7 > 0,2 > 0), (a3 > 0,2 = 0)and (ay = 0,0 > 0),

Vn(z1,22) — 0 p.s. as n — +oo.
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For (a7 = 0,3 = 0), we obtain:

E[iiK(Xkl - [%]hl’ Xko — [Zi]hz)H

n P hl hz
= |hihe | K(u,v)f(z,y)dudv
R2
< hihe sup |K(u,v)| dudv = O(hyhsg)
(u,v)ER? JR2

o Var(X) = E(X?) - E*(X) < E(X?).

Yet

X — [2]h Xpo — [2]0
E[ICQ( o~ (7] L 2~ (7] 2)] < hihy sup K2 (u, v)| dudv = O(hyhs).
hi ha (z,y)€R? JR2

Because of the strong Kolmogorov’s theorem of the large numbers, we obtain

n Xk1 — [& | hy Xgo— |2 D
gE:IC( i [}“] 1, h2 [hl] 2)—)0 as n — +oo.
ni:l hl h2

K is bounded by assumption, there exists M € R, suchthat || < M. Hence we get:

ulz]y .
(1= 50 supg, yyews KG9)l i (a1 > 0,02 > 0)
(W (21, 22)| < A M[32] if (a1 =0,a0=0)
[}%] SUP(z,y)eR? |K(z,y)] if (a1 >0,a0=0)
[}Zi] SUP(g,)eRr? |]C($, y)| if (al =0,00 > 0)
Then
Wp(z1,22) — 0 p.s.  as n — +oo.

For the case of U,, (21, z2) it is enough from W), (21, 22) to make a change of position between:
(XandY); (zandy); (iandj).

Remark that
zZ1 — hl [%} — hl
hy

21 |:Zl

a2 —1’<1.
iRt E

Additional Hypotheses About the Bivariate Kernel K
(H,) K isabounded variation function V* _K on RZ Suppose V(R?) be its total variation.
(Hs) Jgel(u, )| (u, 0)] < 4-o00.
(Hg) There exists a nonincreasing function A suchthat V2 = (21,22),y = (y1,y2) we have
K(z) = Ky)| <Az —y|| and A u,v) — 0, (u,v) — (0,0),u > 0,v > 0.

||-|| represents the Euclidean norm.

Uu v

Moreover (3%, 72) = O(hih2) with h = (hi1,h2) onany bounded two-dimensional rectangle.

3. Convergence Properties of the Estimator

Our main results rely on the following additional assumptions regarding the function f:
C;: f is uniformly continuous.

Cy: f admits almost everywhere derivative f € L;(R x R).
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3.1. Uniform Almost Sure Consistency and the Bias Behavior of the Estimator

Theorem 1. Suppose that the assumptions H,; and C; hold. Then for all b > 0 (b = ((b1,b2)), the estimator
PX (21, 29,1, 2) converges uniformly almost sure on [0,b1] x [0,bs] to P(z1,22,01,00) as n — +00  i.e.

P( lim sup |Pf(zl,22,a1,a2) — P(z1,22,01,00)]| =0) =1
N0 (2 25)€[0,b1] X [0,bs]

provided nh?h3(LogLogn)~* — +o00 as m — +oo.
Theorem 2. Assume that the assumptions H,, H5 and Cj hold forevery b >0 (b= ((b1,b2)), the estimator PX(z, )
converges uniformly almost sure on [0,b1] X [0,b2] to P(z,«) as n — +oo i.e.

P( lim sup |PX(2,0) = P(z,0)| =0) =1

n
N=H00 5 (21,22)€[0,b1] X [0,b2]

provided nh?h%(LogLogn)~! — 400 as n — +oc.
Lemma 1. If the assumptions C; holds, then for every b > 0, we obtain:

lim sup IE(PX(2,0)) — P(z,a)| = 0, n — +oo.
n—+0o0 z=(z1,22)€[0,b1] x[0,b2]

Lemma 2. If the assumptions Hj and C» hold, then:

sup  [B(PN () = Ple.o)] < huha(( [ 11 (@) dody)

z=(z1,22)ER?

s ([ ul+ 1)l + 11K, 0)] )

+o00o
+4(aya M + Ahlhg)/ |C(u, v)] dudv)
— 00
where P
M = sup M A= sup f(z,y).
(21,22)ER2 z1%2 (z,y)ER2
KQ

also satisfies it.

Remark 1. If K satisfies the assumption Hj, then by Hj, the kernel K= T K2(y1.92) dyidv
" ,

The two preceding lemmas conduct to the next corollaries:
Corollary 1. Under the assumptions of Lemma 1, we obtain uniformly on [0,b1] x [0,b2] (resp R?)

w
=
w
N

[21]122)

lim IE( (1_@)2%(1_@)20‘2]@()@-1—ih17Xk2—ih2>>
n—-+00 f 21 29 hl h2

i=1j

= (/ K2(y1,y2)dyldyg)P(z1,22,2a1,2a2).
RQ

Corollary 2. If the assumptions of theorem 2 hold and if hihy = O(n~'loglogn)'/4

surely

, then for every b > 0, we get almost

sup |PX(2,a) — P(z,0)| = O(n"'loglogn)/4.
z=(21,22)€[0,b1] % [0,b2]

3.2. Uniform Mean Square Consistency of the Estimator

Theorem 3. If the assumptions Hg and C; hold. Then
b

n—-4oo

2
lim nVar(P,’f(z,a)) = ( ICQ(yl,yg)dyldy2>P(z,2a1,2a2) — (P(z,al,ag)) )
RZ

2) forall b >0,
2
lim sup E(P,’f(z, ag,a) — P(z, a, ag)) =0.
1x[0,b2]

nNHO0 L= (2,22)€[0,b1
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Theorem 4. Assume that Hz and (s hold. Then:
D

lim nVar(P,
n—+00

(=, 0n,02)) = (

2) moreover, if the assumption Hj

lim sup

NHO0 L (21,22)€[0,b1] X [0,ba]

Bivariate Radialsymmetric Kernel Density Estimation of Well-being Distribution and Poverty Index

. K% (y1,v2) dyldy2>P(Z, 2001, 2a2)
R

- (P(z,al,ag))g.

holds we have for every b > 0,

2
E(P,’f(z, ag, ) — P(z, a, 042)) =0.

The proof of this theorem assumes either C; or C holds and relies on theorem 5 below, which is established using the
Lemma 3. Let 0 <6/ <1,4,j =1,2. Then forevery = = (z1,22),y = (y1,y2) and z #y we obtain

ug—xg—i—O%

_ Uy — x1 + 9%
lim sup hihg 2/ K ,
N+ (41,25)€[0,1]%[0,1] (( ) R2 | ( hy

x K(

T

ul—yl—i-% uQ—y2+9§
hy ’ ho

)|f<u17u2)du1du2) —0.

Theorem 5. Assume that the assumption Hgz holds. Then for every b > 0,

lim sup
=100 (2 25)€[0,b1]%| Z

y (1 _ izhz)a2 (1 _ j2h2>°‘2
Z9 Z9

Uz — i2hy us — jaho

O o

0,b . ; . .
2 o<in i <[] 0<inia<[22]

y /Rzlc(m ;Llilh1,u1 _hljlhl)lc(

hoy ha

)f(ulau2) duidus = 0.

Remark 2. The bivariate radialsymmetric kernel estimator PX(z, a1, a2) has asymptotic efficiency regarding to PX (z, oy, avp),

8(21, 22, Qq, 062)

( Jr K2 (g1, y2) dysdys) P (2, 201, 20) — <P<z,a1,a2>>2)

(P(Z, 20&17 2042) —

The integral [, K

(P(z, a1, 042))2)

2(y1,y2) dy1 dys is strictly inferior to 1 for K bivariate radialsymmetric kernel [20]. Then we have in this case

e(z, a1, az) < 1. In Theorem 4, the speeed of convergence in mean square is estimated to O(+) if hy hy is estimated to O( \/ﬁ)

4. Simulations

4.1. Proceedings

We carry out a simulation study to compare the finite-sample
performance of the proposed radialsymmetric estimator with
the multiplicative kernel estimator. ~ We performed 75
replications of samples of size n = 50. The data were
generated from a bivariate distribution with independent
coordinates: X following a Pareto distribution on [0, 1]
with parameters zp = 0.02 and b = 0.2, and YV
following an exponential distribution with parameter A =
1. The Epanechnikov kernel, which satisfies hypotheses H;
through Hg, was employed. For fixed poverty lines (21, 22),
we computed our estimator PX(z, oy, 5) based on the
radialsymmetric kernel density, and the multiplicative kernel

estimator P, (z, o1, o) with bandwidths h; = 1/+/nlogn for
J = 1,2. We consider the respective sequences:

(Pn,l(z, a1, 042), ng(z, aq, 042), . ,Pn,75(2’, aq, 042))

and

(P,’f,l(z,oq, as), PT]LC,Q(Z,OQ, as),... ,P,’§75(z,a1, as)).

For each estimator, we compute the mean value muv;, the
mean squared error M SE;, and the standard deviation o;
across the 75 replications, with ¢ = 1 corespond to the
estimator based on the Parzen bivariate product kernel density
and ¢ = 2 to our new radialsymmetric kernel estimator.

For our new bivariate radialsymmetric kernel estimator, we
have:

muy = PK(z, a1, a2) (2,1, a3)

752
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75
1
MSE2 = 775 ;(Prlf,i(zvalaoQ) - PK(Z,Oél,OéQ))Q
1 75
= pr — PRz ar oo))2.
o2 74 le( nal(z’a17a2) n (ZaalaOQ))

For the bivariate product kernel estimator, we define
similarly mvy, MSFE1, 01.

Next, we choose (a1, a2) = (0,0), (a1,a2) = (1,1) and
(a1, a9) = (2,2). The outcomes are summerized in the table
bellow.

4.2. Table of Outcomes

The simulation study below is carried out on 75 replications
of samples of size n = 50.

Table 1. Comparative table of the simulation study n = 50.

(21, 22) (0.1,0.1) 0.1,0.4) (0.1,0.8) (0.4,0.4) (0.4,0.8)

(a1, @2)=(0,0), n=50

MSE;, 0.0004961909 0.00196089 0.002708704 0.002293248 0.004116847
MSE> 0.0004977057 0.001959314 0.002708338 0.002294269 0.004115129
o1 0.02242535 0.04458013 0.05239569 0.04821035 0.06459474
o2 0.02245955 0.04456221 0.05239215 0.04822108 0.06458126
(o1, a2)=(1,1),n=50

MSE; 5.76579e — 05 0.000270894 0.0003731209 0.0005470031 0.00114277
MSE;> 5.76579e — 05 0.0002709673 0.0003734548 0.0005467546 0.001141166
o1 0.007644414 0.01656969 0.01944642 0.02354559 0.03403253
o2 0.007644414 0.01657194 0.01945511 0.02354025 0.03400863
(1, @2)=(2,2),n=50

MSEq 1.305752e — 05 7.640142e¢ — 05 0.0001393062 0.000361386 0.0006796745
MSE> 1.308341e — 05 7.619261e — 05 0.0001390598 0.0003599706 0.0006791613
o1 0.003637853 0.008799652 0.01188229 0.01913817 0.02624613
o2 0.003641458 0.008787619 0.01187177 0.01910066 0.02623622

4.3. Commentary

The studied cases are P(z,0,0), P(z,1,1) and P(z,2,2)
that are usually and in that order called the poverty rate
intersection, the depth of poverty intersection and the severity
of poverty intersection in two-dimensional [7].

5. Details of the Main Proofs

Lemma 4.Let 0 < 6; < 1,
(0:,9:) € [0,1] xR

Uy U2

Simulation results indicate that the radialsymmetric estimator
yields smaller mean squared errors for small sample sizes,
especially when the true density exhibits spherical contours.
We can conclude that our new bivariate radialsymmetric kernel
estimator behaves much better.

1 = 1,2. If f is uniformly continuous and bounded, we get uniformly comparatively to

lim (hlhg)ilK(f, —)f(ul + Yy — 91h1, U9 + Yz — aghg) duldu2 = f(yl, yg) ’C(Uh Ug) duldUQ.
n—+00 Jp2 hi" he R2
Proof : Let ¢ > 0, there remains 7 > 0 such that ||0h|| < 7, we have:
U u up U
]/ (hlhg)—lic(i,i)f(ul+y1—91h1,u2+y2—92h2)duldug—/ (h1h2)_1lC(—1,—2)f(m+y1,uQ+y2)dulduQ‘
R2 hl hg R2 hl h2

< / (hlhg)’l‘lC(%, %)Mf(ul 1 — O1ha,us + ya — O2hs) — Flur + yu, us + )| durdus
R2 1 2

For all vector

(y1,y2); take then n great enough like that

< *1‘ o ‘ .
_E/Rz(hlhg) K(hl’h2> dus dus

Ikl < n to obtain the following inequality for every
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0;,vy;), 1 =1,2.Itcrops up that
Y ps up
UL
’/2 hlhg IIC 1 2)f(U1 +y1 91h17U2 +y2 — eghz)duld’llq — f(yl,yg) /2 K(ul,uz)duldug
R R
up U
‘/2 hihs) 1/C L 2)f(”1 +y1 — O1h1,us + y2 — O2h2) duydus
R

u U
_/ (hlhg) IC( ! Q)f(ul +y1,u2+y2)du1du2
. " Tia

Let g(y1,y2) verifying
/2 lg(y1, y2)| dyrdy2 < 0.
R

Consider the vector of a positive constant sequence, h,, = (h1,p, ha,,) verifying

lim A, =

n—-+oo

Define

1
gn(x1,22) = m/ /C(Zi ZQ)g(an — Y1, T2 — Y2) dy1dys.

Then at all couple of point (x1, z2) of continuity of g(, -) we have:

gn(9€179€2)—g($1,$2)/ /C(y17y2)dy1dy2=/ (hih2)™ /C(Zl }Zf> (x1 — y1, 22 — y2) dy1dya.
R2 R2 2

Let 6 > 0, and share the area of integration into two areas: ||y|| < and ||y|| > J. Then we have

G = lon(oria) ~ glara) | Kln,ue) ddye
R
< max [g(z1 — y1,w2—y2)—g(x1,xz)/ |KC(21, 22)| dz1dzo
leli<o =< iy
lg(x1 —y1,22 — y2)| [yl Y1 Y2
+ / IC(*,—) dyr dy
Iyl Iyl hihy NIy hy/ "7
u u
+ lgen ) [ (ko) (52 ) dusdys
Iyl =5

A

< max lg(z1 — y1, 22 — y2) — g(m,xg)l/ |IC(21, 22)| dz1dz2
Yy

1
+ 5. Sup (21, 22)[| (21, 22) |/ l9(y1, y2)| dy1dy2
12012 s

+ lg(z1,72) |// K(z1, 22)| dz1dzs.
llzl1=

hh2

The latter term of this inequality converges to 0 as n tendsto oo, and thenlets § tendsto 0. Then at all couple of point
(21, z2) of continuity of g(-, -),
im gn(z1,22) = g(z1,22) / K(y1,y2) dy:dys.
n—-+o0o R2
Therefore

. U
lim / (h1h2)™ IC(h h2>f(u1 + y1,us + y2) durdus = f(y1,y2) / K(ug,u2) duydus
R2 2

n—-+oo R

uniformly. The demonstration of the lemma is complete. ]
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5.1. Convergence Properties of Estimator

5.1.1. Proof of the Lemma 1
Remark first that

i F) = F(21,0) = F(0,2) + F(0,0)

= f(0,0) for (xg, = (0,0).
o m o o f(0,0) (0, 90) = (0,0)

Indeed using the mean value theorem, we get:

F
F(2) = F(21,0) = (20 — 0) 2215 Gin o0 €00, 29
822
and BF(0
F(0,0) — F(0,29) = — (22 — O)% with 51 €]0, 23]
2
Hence
OF (21, 51) OF(0, s1)
F(z)-F - F F = _
(2) = F(2,0) = F(0,2) + F(0,0) = ==~ )
OF(s1,s )
= zg(zl—O)ﬁ with 51 €]0, 1]
— s 82F(81782>
1=2 82’1322
Then
F(2) = F(21,0) — F(0,22) + F(0,0) _ 9°F(s1,52)
2122 - 621822
e O F(s1,2)  9°F(0,0)
F S1,82 F 0,0 -
021025 — 9107 f(0,0) as (z1,22) — (0,0).
Therefore the ratio @ is limited.

Consider Ay, ; = Ap, i N[0,21]); Apy; = Ap,;N[0,22] and xp the indicator function of the set Bj x Bs. Let
(21, 22) € [0,b1] x [0, ba]. We have:

it . D
E(Pf(z,oq,ag)) = (1 — —) (1 — —) 2IC(uhug) X f(urhy — dhy,ughe — jho)dujdusg
; R

| w
g S

(2]

A _ 'th o1 jh2 s
o 350 S, 05 22)

=0

x [ K(uy,uz) f(urhy —ihy, ughg — jhy) duydusdzdy
]RQ

(G +1) = =) (e[ +1) — =) (1_W> | <1_hz[f{‘;]>

21 %)

S hol22
x K(uy,ug) f <U1 1[}“]71&2}12 - 2[h2]> duidus.  (8)
R2 z1 Z9
‘We have:

Z2

sup |(h1([h ]+ 1) —21)(h2([h [+ 1) —z2)<1 B hl[fﬂ)al (1 B %)ag

z=(21,22)ER2 21 22

hq[Z- hol 22
l[hl],Uth — M) duldU2|
22

X K(ul,uz)f(ulhl +

R2 z1

< hihs sup fxy/ IK(ur, ug)| durdug.  (9)
(z,y)€R?
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Since we have |h;i([72] +1) — 2| < h; i=1,2.
By hypothese H, we have:

x (o5} a2
P(z,01,00) = / (1 - *) (1 - E) / K(u1, ug) duydus f(2,y) dzdy.
[O,Zl] [0 Zz] R2

21 22

Let (x,y) € Ahhi X Ahz,j. According to the terms in (8) and (10) we have:

ih jho\
’(1 _ Q) (1 — u) ? . K(U1,U2)f(ulh1 —ihi,u1he — jh2) duyduy
R

21 Z2

(1= )7 (1 ) K, ) dusdua (o)

21
_‘/R 1—% (1—%)a2f(u1h1—ihl,ughg—jhg)
- (1 - :—1) (1 - %)an(x,y)}lC(ul,uQ) du:[dUQ‘

f(l"» y)|/C(u1, Uz)\ duydus

<),
R2

(-2 (-2 - - 0)" (- )"
.
.

Suppose (x,y) € Ap,; X Ay, ;. Because of the first order Taylor formula applied to the function, we have

s = (1-2) " (1- L)

Z1

for ¢; €]hii, z[ and ¢y €)haj, y|
O I (e B (e R (S
21 29 21 22
a;—1 @ as—1
0= S 0-2) () (0-2) 2= 2) T ()]
21 21 29 21 22 22

S 2(0&1h1 n aghg) _ Q(zgalhl —|—zlo¢2h2>'
z1 Z9 Z1%22

Then, representing by I 11 (z,y) the first integral term of the expression in right hand-side of (11) and

(2] (2]

TY) =D Xa,, (@ ZXAhJ 0 (x,y).
=0

We have:

z1 [z2 (0412’2 + 921 H (hl, h2 H
/ / Ii(z,y) dedy < / / fz,y)|K (ul,ug)\duldug) dxdy
0 0 0,21]x[0,22]

2122

F(z)

= 2(a129 + an21) H(hl,hg H / |1C( ul,u2)|du1du2>

Denoting by I. ;J (z,y) the second integral term of the formula in right hand-side of (11) and
[+t (%

L(z,y) =) Xa,, Zx% , (z,).
‘We obtain:
I (2,y) < /2 |f(urhy —ihy, ugho — jho) — f(ih1, jhe)||K(ur, u2)| duidus
R

+ / |k, jha) — F (o )| K 2)| dun .
RQ

h ih
(1—2—1) (1—‘7—2) ‘\fu1h1—lh1,u1h2—3h2) f (@, )| (u, u2)| durdus.

(10)

(1)

12)

13)
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Suppose ¢ >0, as f, is continuous uniformly, there exists 79 = 19(z1,22) > 0 such that ||(ihy,jha) — (z,y)|| < 1o
hence if ||h]| < mno, weget |f(urhy —ihy,ushy — jha) — f(z,y)] < 7o7- Then

Az

/ L(z,y) dedy < hihs / |f(urhy — iy, ughs — jha) — f(ihe, jhs)]
[0 Zl]X[O 22] i=0 j

Z2

X | KC(u1,ug)| dugdug + 5/ | (w1, usz)| duydusdzdy.
R2

We get because of the uniform continuity of f:

3 = (e 22) > 0. Juhl] < oy = |y — o ughs — jh) = f(ihs, jh)| < o

Therefore

N
=

N
N

[

11

2]

>
>

1

hihs /2 |f(urhy —ihy,ughy — jha) — f(ihy, jhe)||KC(u1, u2)| duydus
R

i=0 j=0
(2] (221
< Z Zh hg/ b |IC(’LL1,U2)|d’U,1d’U,2
22 i IO
2112
+3 > hahy / |f(urhy = iha, ushg — jha) — f(iha, jho)||K (u1, uz)| duydus
i=0 j=0 lwhllZm
[2](22]
<€/ |IC Ui, u2 |dU1dU2+ZZh hg/ |f(u1h17ih1,u2h27jh2)|
i=0 j=0 [lwh||=n
[ZL](72
X |IC(U1, U2)| duidus + Z Z hiho |f(Zh1,jh2)||K:(U1, UQ)‘ duydus.
i=0 j=0 [luh||>n1
Consider f, continuous, hence Riemann-integrable; therefore
(172
0> haholf(ihy, jha)| — fe,y)dedy  n— +oo.
i=0 j=0 [0,b1]%[0,b2]
Since
b bg b b2
(ha([5-] +1) = bi)(ha([52] + 1) = ba) f(ha[ =], ha[2]) = 0, n — +oc.
h1 ha hq ha
Then the sum
1 [72]
Zzhlh2|f(ihlajh2)| — [, y) dxdy
i=0 j=0 [0,61]%[0,b2]
is limited. Suppose A be this limit.
A change of variables v; = u;h; i =1,2, gives
[F]172
Z Z ]’Llhg/ |f(U1h1 — ihl,UQhQ — jh2)||’C(U1,U2)| duldug
i=0 j=0 [luh||>n1
[FH1172]
+ hlhg/ |f(lh1,]h2)||’C(U1,U2)| d’Lle’LLQ
i=0 j=0 lwh]|>m
(2] (22]
< hih —iha,vs — jho) ‘/c( )‘d d
ZZ;JZO 1 2/|v|>m f(U1 1,02 —J 2 h1h2 h1 hy V14V2
+A |K(U1,U2)‘ dulduQ.

lluhl|Zn
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According to (Hsz) one can find a fixed value C' > 0 such that |3 2| > C, we obtain

()] <
hl ha - ||b||
Consider n = inf(n;,Chihs), = 1,2 to be small enough, hence
1 . V1 V2 1 V2
— v1 — thy, v ih —K ‘dv dv
P - ‘f( 1 1,V2 =] 2)h1 By (h1 h2) 1aV2
£ . . € £
£ = ihy,vn — jh)] dovdes < oo [ ()] dady = oo
- o]l Jr2 0]
where
(132
S tuln [ pton = v = gl Jo (12| v < S <
iz =0 o]l =1 hihs ha el
Since Af\luh\|>m |K(u1,u2)|duidus — 0,n — 400, we have together with (12) and (9)
“+o0o
lim sup [E(Pp(z,01,00)) — P(z,a1,a9)] < 25/ K(uy,ug) dujduy +  e.
N=+00 5 (21,22)€[0,b1] X [0,b2] —0o0

This completes the demontration of the lemma.

5.1.2. Demonstration of Lemma 2
Consider (z,y) € Ap, i X Ap, i=1,[f];j =1, [] wehave:

I N (o

(Ulhl - ihl,ulhz — jh2)||’C(U1,U2)| d’Lle’LLQ

/ / |f’(t1,t2)||/C(u1,u2)|du1du2).
R2 J{z,x4+h1 (|ui|4+1)] x[y,y+h2 (Juz|+1)]

Hence I5(x,y) defining as previously in Lemma 1, the next inequality holds:

/ Iz (z,y) dxdy
[0,21]%[0,22]

g/ (/ / \f’(tl,t2)|uc<u1,u2)|duldug) dedy.  (14)
[0,21] x[0,22] R2 J{z,z4+h1 (|ui|4+1)] x[y,y+h2 (Juz|+1)]

A change of variables ¢, = x + hy(|u1| + 1)vi;ta = y + hao(|uz| + 1)va  and using Fubini’s theorem give
/ Ir(z,y) dzdy < hlhz/ (Jur| + D) (Juz| + 1)[K(u1, u2)|
[0 Zl]X[O Zz] R2

X (/ W (2 + ha(Jus| + Dor, y + ha(Jug| + 1)v2)| dedy du1du2/ dvydvg
- [0,1]x[0,1]

— [ 1f @l dsay,
R2
The proof is complete by combinating this last inequality with inequality (9) and (12).

5.1.3. Demonstration of Theorem 1 and Theorem 2
Consider F), as the empirical distribution of (X7,Y7), (Xo,Y2),, -, -, (X,,Y,) givenby

F,(ly,l) = 122 XX <ty XY;<ls)

=1 j=1

where x4 represents the indicator function of A. We have

PE(z,a1,02) = /R >3 (1- Py (o byt (Bt B2 dhey g, )

z21 zZ2 hi ha
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and

B Granan) =33 [ (1= )" (- 22) (R BT ar ),

We have

[P} (2, a1, 00) — B(PY (2, C¥1,0<2))|

(2]

_)ZZ/ 1_@ (1-%)“%(“;1’%1,1225]12)(an(ll,lz)—dF(zl,lg)).

We first apply the Fubini’s theorem and after integrate by parts with considering each variable.

We have

I —ihy Iy — jhoy -
/Rz/c( o )(an(ll,lg)—dF(ll,lg))

B ly —ihy la — jho ~
_/R2IC( g )(an(lhlg) dF(l1,15))

Iy —ihy g — jho\ O*(Eu(ly, o) — F(lh,12))
- K , dls|dl
/]R{/]R ( hl h2 ) 611812 2} !

:ié{{Kcl;Yngg;j@)au%ahg;:Fahb»ﬂJf:

Li—ihy la—jha ~
_/ 8/C( '’ ho )dl 8(Fn(l1712) — F(ll’ZQ)) }dl
R 312 2 3[1 !

l1 1hy la— Jh2

_ (Fp(lh,l2) — F(l, o)) 6IC< By 0 he )
**{A[ A diz iy |

611 al2

li—ihy la—jho

:_{[/RGIC( Bi 0 he )dZQ(Fn(lth)_F(ll,lg)):|+oo

Ol —00
l1—ihy1 la—jho

_/ a%( i 7 he )dl2(Fn(l1,lg)—F(ll,lz))dll}
RxR

0110l

- Iy —ihy Iy —ihoy -
_/delc( 2 )(Fn(ll,lz)—F(ll,lg))

1

oK (+) dl;

where d;,K(-) = o0

design the derivative of K with regard to [;. Hence

z

o]
9

,’LC 1,00 —E(P’C(z ay,a9))|

“N
=

=
8

zhl Iy — Zhg)‘

5 h sup |Fn(l1al2) _F(ll7l2)|
2

(11,l2)€R?

.
II
<.
I|

[

‘N)

“N
=

11 th lo— Lh2)

S5t
SRS

S : K sup  |Eu(lh, 1) — F(l, 1)
=0 j= (I1,12) ER?

= i“ }WRXR) sup | E(ln, 1) — F(l1,12)].
hl h2 (11,12)ER2

Noting that
|P,’f(z,oz1,a2) — (Pz, a1, a2))|
= |P,’f(z,a1, ag) — E(P,’f(z,al, as)) + E(P,’f(z, a1, a9)) — P(z, a1, as)|
< |P(z, 00, 00) = B(PY (2,01, 000)) | + [E(PY (2, 01, 02)) = P2, 01, 02)].
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Because of the Lemma 1 we obtain
IE(PX(2,01,03)) — P(2,01,0a2)] = 0 n — 400
and according to the preceding inequality we get
|PX(2, 00, a0) — E(PX(2,a1,00))] = 0 n — —+o0.

5.1.4. Demonstration of Corollary 2
We have:
|PX (2,01, 00) — P(2, a1, )|

= |E(P7’f(z,oz1,a2)) - P(Z,Oél,(lQ) +P7}1C(Zaa17a2) - E(P,,IS(Z,OQ,OQ)”.
We obtain:

|P7}7,C(Z,a17a2) - P(Z7a1;a2)‘

K K K (15)
< |E(Pn (2704130‘2)) - P(Zaalaa2)| + ‘Pn (ZvalaOQ) - E(Pn (Zva17a2))|'

We have because of Lemma 2:

sup [B(PY (2, a1,02)) — P(z,1,02)] <
z€R

([ 1 Goldodn)( [ (ul+ 1))+ DIKC.0)| dudv)

—+oo
+ 4(0410[2M + Ahth) /

— 00

|C(u, v)] dudv)

and moreover we have:
21

W IGZIVR X R) sup  [Fu(la, ) ~ F(li, ).

\Pf(z,al,ag)—E(Pf(z,al,ag)ﬂS[ 3
2 (I1,l2)€eR?

Hence the second term of the right hand-side of inequality (15) leads to zero as n — +oco. The first term leads to hihy =
O(n~'loglog n)l/ * as n — +o0o. Hence the demonstration is complete.

5.2. Uniform Almost-Sure Consistency and Bias Behavior

5.2.1. Demonstration of Lemma 3

We suppose condition C; verified. Let ¢ = (d1,02) > 0.

Note that thesis notations 6% 65 i = 1,2 represent indices, not powers.
Denote

K(ul — T +0%h1 ’ Uy — T2 +9%h2)
hy ho

In(l'vy) = (h1h2)72/

R2

y ’C(m - y;Ll-F 03hy , Uy — y;;— 9§h2> ‘f(m,ug) dnds
= /RZ ((h1h2)—1IC(;%’ %))‘((hth)_llC(vl + 21— 9;1“— Y1+ 9%h1’ vy + To — 9%2— Yo +9%h2))’

x f(x1 +v1 — 01hy, 29 + vo — 07 ho) duydus

+/
~/{|v1—9}h1|§61}><{|v2—9fh2S5z} {lv1=01h1[>81} x{|v2—0Tha[>62}

+/ +/ .
{‘Ul—eihl‘Sél}x{‘vz—afhgl>52} {l’l}l—@ihl ‘>61}X{‘U2—0f}b2‘§52}

f is continuous hence bounded on I; X Iy = [z1 — d1,21 + O1] X [w2 — d2,22 + d2]. We take n large enough such that
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(21 +v1 £ 01 hy, w9 + vy £ 03ho) € I x Ip. Hence

1
/ < sup sup  f(z1 +v1 — 01h1, 22 4 v2 — O7hs)
{|v1—9}h1|§61}><{|v1—9%h1|§62} |v170}h1|§51 |U279%h2|§52

X/ |IC(’U,1,U2)|
(= P +0L S <401 (- L +01 Sua <L 4+01)
— 0 ph, — 0in —0%hy — 63h
y ”C(m 1 1h y1 + 020 +u1,x2 1 2h Y2+ O3l +U2)(h1h2)71‘du1du2
. 2

= sup sup f(zy +v1 — 07hy, 2o + vy — 03ho)
[v1—01h1|<81 |[v2a—02ha|<62

x /R Xt et o DX g g (12) K, )

% ‘K(l‘l — H%hl — U1 +0%h1 Fu, T 79%}12 — Y2 +9§h2
hq ha

+ UQ) (hlhg)il’ duldu2.

For every (u1,us2)

—0thy — ) —0%hy — 02h
‘]C(xl 1M~ Y1+ O 1+u1,x2 the — Y+ 0 2+uQ>(h1h2)’1'—>0 as n — +oo.
h1 h2
Note
—0thy — ) —60%hy — 02h
’]C(% ihi —y1 + 03 1+u1,$2 1ha —y2 + 05 2+uz)(h1h2)’1‘
hl h2
—0th; — 0ih —0%hy — 02h
_‘(Il i1 y1+21+u1)(I2 1he y2+22+u2)
hl h2
ol 1 2 2
% K(l‘l 91 Y1 +02h1 ¥, i) 91 Y2 +92h2 +u2>‘
hl h2
" ! . ! |
I 79%h1 — U1 +0%h1+h1u1 i) 79%h2 fy2+0%h2+h2u2 '
We get
1 1 .
‘ i i = 0i —0i —u,; 1=1,2
i — 01h; —yi + 05h; + hiu; |$i_yi||1_ﬁhi|

Like |u;| < 2— + 67 we cantake §; small such that for n > ny we obtain

9{—05—1@-

Li = Yi

hi < 3hi +5i

= @ — vl

=n; <1
Therefore 1
‘.Z‘i — eih, — Yi + eéhz + hiui

Since Hs implies there exists B such that

1
< .
i =yl (1 —m)

—60thy — 0ih — 6%hy — 02h
|($1 1h1 —y1 + 03 1+u1)($2 The — Y2 + 05 2_|_u2>

h1 ho
—0thy — 0h — 6%hy — 02h
X’C(xl ih1 —y1 + 05 1_~_u17$2 1he — Y2 + 05 2+u2)\§B.
h1 ho
Therefore
xr1 — G%hl — N + Q%hl Xro — e%hg — Y2 + G%hg 1 2B
K( Fu, +u)hh ‘g .
| I : = 2) k)| S A = ales — al( =)
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(16)

a7
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|K(u1,uz2)| being integrable, by dominated convergence we get:

/ —0 as n — +oo.
{lv1 =01 h1| <81} x{[v1—01h1|<52}

Let us consider / , write it in the form:
{|’L)176%h1|>51}X{|U27912h2|>52}

v v
‘U1U2(h1h2)_1lc(hfll7 h%)(hth)_l

/{lvl—eihl ‘>51}X{‘U2—9%h2‘>62} /{|'ul—9ih1 ‘>61}X{‘U2—9%h2‘>62}

(Ul+$1—9%—y1+9%h1 ’02+(E2—9%—y2+9§h2>
x K ,
hl h2
x f(a1 + 1 = O, 22 + v — Oih) ’ dvidvs.
V102

We get

2 2
< X sup sup
— 1 2
/{|v19}h1>61}><{v20fh2>52} 51 - elh’l 62 - 91h2 |1}1—9%h1|>51 |1}2—9%h2|>62

e ()|

(hihg)™!

X

~/{|’U1—9%}L1|>61}><{|'U1—9%h1>62}
(Ul+x1—0}—y1+0%h1 1)2+£L'2—9%—y2+9%h2>
K )
hl h2
X |f(171 —+ v — G%hl, To + Vo — 9%h2)| dvldl}g.

Suppose the change of variables defined by:
vi+xi—9§hi—yi+9§hi:ui, 1=1,2.
Then

/ < 2 % 2 'Ul’l)glc('l}l 'UQ)’
S sup sup el e

1 2
(o1—01 1|61} x {Jva—02ha|>8,) 01— O1h1 02 = O07ho |y _g1h |56, [va—02ha|>8, | M1R2 N h1" Do

_ U U
X / |(hihs2) 1K(h71’ h*2)|f(u1 +y1 — O3h,ug + yo — thz) duidus.
R2 1 2

Lemma 4 (using |K| in the place of K) and (Hg) we have:

| -0 quand n — 4oo
/{l’ul9%h1|>51}><{|v29%h2|>52}

and we obtain, this case, the convergence uniform.
Regard the case f{\vlff)}hl\g&l}x{\y270§h2\>52}(')(') we have:

/ OO < [ 60
{|1)1—9ihl|§61}X{|1)2—9%h2|>62} RxR

Using the condition C; we get

/ —0 as n — +oo.
{lv1—=01h1]|<81} x {Jvz—60Fha|>2}

Regard the case f{lvﬁmm (1)(-) similarly we have:
1

[>61} x{|v2—07ha|<d2}

/{lvl—aihl|>61}x{|v2—9}’h2|§62}(.)(.) = /qua(.)( )

Hence because of assumption C

/ —0 as n — +oo.
{lv1 =01 h1]|>61} x{[v2—037 h2| <52}

This point completes the demonstration of Lemma 3.

(18)
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Remark 3. If (5 is satisfied then, the lemma is valid for each case evaluated.

Evaluate f{‘vﬁmm 1561} x{[v1 =0 hy | >82}° If C, is satisfied then, the integral of the right hand-side of (19) gives

J.

d’LL1d’LL2
ury1—03h1  pustyz—05ha ,
(hlhg) K(hl h2 ‘/ L |f (tl,t2)|dt1dt2dU1dU2

</ )
s

< hihy) K dudu/ t1,to)| dt1dt
< [l ae (G52 [ [ 15 (et s

+/ |’C(U1,u2)|f(u1’u2) duld’UQ.
R2

) (2,23 o 0 0 ) — £ (2, 22) (12,12

195

In this previous inequality, the integrals of the right hand-side are bounded. Therefore, under the assumption Cl, the theorem

is valid.

5.2.2. Demonstration of Theorem 5
We regard hypothesis C; satisfied. Let A; = [0, z1] % [0, z1]; Az = [0, 22] % [0, z2]. We obtain

S (R S S (R (o

0<ii£i <[2] = &
=7 0<ir#ja<[ 72
ur —irhy w1 — il U —i2hy Uz — joho
< ’ )< ( ’ )|$ s, ve) dusd
x /Rz hi hq ha ho flur, uz) durduz)
:/ (I)n(xhyl)dzldyl/ D, (z2,y2) dradys
{(z1,y1)€A1:|z1—Y1[>0} {(z2,y2)€A2:|x2—y2[>0}

where

1 irhy\ ™ Jihiyor
(Dn(x17y1) - ﬁ Z XAhl”il XA’lejl (xl, yl) (1 - 2 ) (1 — 7)
1
0<i#h <[]

ur —irht w1 — il
X/R”C( o I )’fl(ul)dul

and @, (z2,y2) holds with changing f1 by fo, 1 by z2,y1 by w2, and u; by wus.
Remark that ®,, , (z1,y1, 22, y2) can be write @, (x1, y1)P, (22, y=2). Hence

L i Jihiye
(bnlz <x1,y1’x27y2) = W Z XAhLil XAny e (xlayl)(l - 7) (1 - )
1'%2

z z
0<ir i <[ 7] ' '

doho \ @2 Jaha\ @2
X Z XAhy iy XAy iy (.’IIQ,fle)(l N 7) (1 B 7)

z z
0<iatin<|22] ’ ’

uy — i u =i Uy — i1he ug — jahs
<l ’ )i : )|, 02) des .
/RZ hy hy ho ho f(ul U2) U1du
If (w1,91) € Apyiy X Any gy i1 # Ji1s (x2,y2) € Ap, iy X Ap, 4, 12 # jo with the representations:

$1:h1i1+9%h1, y1:h1j1—|—9%h1 0§9%<1, 1=1,2
and
$2:h2i2+6%h2, y2:h2j2+6§h2 0§93 <1, 1=1,2.



196 Youssou Ciss et al.: Bivariate Radialsymmetric Kernel Density Estimation of Well-being Distribution and Poverty Index

‘We have:

g ) oy ey ey

X
R2

’C(ul —x1—|—9}h1,u1 —y1+9%h1)lc<u2 —x2+9%h2’ uQ—y2+9§h2>’
hl hl h2 h2

X f(ul, UQ) duidus 20)
< 1 / IC(Ul — 21 +0thy ur —y1 + 9%h1>lc<’u2 — @2 + 03hy us — Yo +9§h2)‘
- h%h% R2 h1 ’ h1 ho ’ ho
X f(ul, UQ) duldu2.
The right hand-side of (20) equals in limit to zero as n — +oco because of the Lemma 3.
Suppose d; = %, i =1,2. We have:
1 / K:(Ul_-rl""e%hl ul—y1+9%h1)K(UQ—$2+9%h2 uz—yz—&-é’%hg)‘
h2h2 Jgo h1 ’ h1 ha ’ ho
X f(uy,usz) duidusg
- / 4 / 4 / 4 / .
{lv1]<o1} x{|v2|<d2} {lvi|>61} x{|v2[>62} {lv1]<81}x{|v2|>d2} {lv1[>81}x{|v2|<d2}
Hence we get:
/ (21, y1) drrdy / O, (22, y2) dradys
{(z1,y1)€AL:[T1—Yy1|>0} {(z2,y2)€A2:[z2—y2|>0}
S / Z XAhLﬁXAhlvjl (xlﬂyl)
@y ehutor=vil>0 o<j 5, < (71
X / Z XAhy in XDhy jo (T2,y2)
{(z2,y2)€A2:[2—y2|>0} 0<intia<I 2]
X / +/ -l-/ +/ .
{lv1|<o1}x {|v2]<d2} {lvi[>81}x {[v2|>d2} {lv1]<é1} x {|v2|>d2} {lv1>01} x {|v2| <62}
The demonstration of the remainder is established as follow:
Firstly, we consider
/{($1791)EA1:$1—y1|>0} /{(562»1/2)EA21962—ZJ2>0} /{|01S51}><{712§52} .
Take A = sup f(z,y). The notations are the same in the demonstration of Lemma 3 with 6; = %, 1=1,2,

(z,y)€[0,21]x[0,22]
we get according to inequality (16)

—+oo +oo
/ < A/ X,*Ll<u1<571 X,572<u2<5i2|lc(u17u2)|
{lv1]<81} x{]v2| <2} —00 ) 2 =T e

@1 — 0 hy — y1 + 03y P 02ho — yo + 03hs
h1 1 hQ

X ‘]C( +'LL2> (hlhz)_l’duldUQ.
For every (u1,us2)

lim
n—-+oo

’K(Ilfe%h17y1+9%h1 4 ’I270%h27y2+9%h2

I U1 Iy +U2) (hlhg)il‘ =0.
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Write as follow

‘]C(l‘l — G%hl — Y1 —|—9%h1 Yy, T2 —H%hz — Y2 +9%h2

+ uQ)(hlhg)_1’

h1 ha
— 0 hy —yy +03R — 60%hy — yo + 62h
:‘K(Jh 11— Y1 2 1_~_u17$2 112 — Y2 2 2+u2)
h1 h2
221+ 11 — 0 —y; + 601k 29 + To — 0% — yo + 62h
—IC( 1 1 1~ 2 1+u1, 2 2 1~ Y2710 2+u2>
h1 h2
2 — 0 — 0in — 6% — 02h
—HC( 21+ 1—Yy1+0; 1+u1,22+$2 1—Yy2+03 2+u2)‘(h1h2)_1
h1 h2
2z1 2 2 — 0 hy — 0in —0% — 02h
g()\(ﬂ’ﬂ)Jr‘K( ato =yt ozt iz 6=y 46 2+u2)’>
hl hg h1 h2
X (hlhg)il.
Moreover write:
221 + 11 — 01—y +603R 29 + 29 — 0% — yo + 02 _
‘IC( 1 1 1~ WY 2 1—|—u1, 2 2 1= Y2 2 2+u2)‘(h1h2) 1
h1 h2
_‘22’14-961—y1+h1u1H22’2+$2—y2+h2u2
- hl h2
221 + a1 — 01 —yy + 6010 + 30— 02 —yp + 620
y ‘IC( Z1 T 1~ 2l _~_u1722 T2 1~ Y2 2 2+u2)‘
hl h2
y 1
1221 + 21 — y1 + hiui|[222 + 22 — Y2 + houal|’
We have
221 + 1 — y1 + hiug || 222 + 22 — Y2 + haus
T - | |
hl h2
_ 221 +x1— Y1 +h1U1 — Q%hl +0%h1 I Q%hl — G%hl ‘
hl hl
222 —+ xo — Y2 + h2u2 — Q%hz + Q%hg Qghg — 0§h2
X + ‘
hg h2
2z1—|—1:1—y1 +h1U1—0%h1+0%h1 ’0%h1—05h1’
< +
- hi hi
229 +x2 — Yz + houg — 9%]12 + 9%]12 G%hg — G%hg
X +’ )‘
ho ho
< 221 4+ 21 — Y1 + hiug — O1hy + 03k ‘222+$2—y2+hzu2—9%h2+9§h2‘
- h1 ha
221 +x1 —y1 + hiug — H%hl + G%hl 229 + X2 — Yo + hous — G%hg + eghg
+ . +] - ’+1.
1 2

Assume B = sup(, ,er2 [7][y]|K(z,y)| and C = sup, ,\er2 [K(z,y)l], hence we obtain:

‘22’1 +a:1—y1+h1u1H222+172—y2+h2uQ‘
h1 h2
y ‘K(221—|—x1—9f3—y1 —1—9%]11 +u1,22+£2—9£—y2+9§h2
1 2

n u2) ] < B+ 2hhyC.

Therefore we have

K 221%—1‘1—9%—]414—9%}11 22+I2—9%—y2—|—0%h2
h —|"U,17 h
1 2
< BQ+2h1hQC
T 2210 + 21— g1+ haw||222 + 22 — Y2 + houa|

+u2)‘(h1h2)71
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Hence

‘K(xl — G%hl — Y1 +0%h1 Yo, To 70%}12 — Y2 +0§h2

+ uQ)(hlhg)fl‘

hy ha
< A(zﬁ %) B+ 2h1h2C
- hi’ ho 1221 + 21 — y1 + hiua||222 + 22 — y2 + houa|

Then for h; i = 1,2 small enough, we have

A
<
/{|v1<51}><{v2|<52} T 221 + 31— y1 + hwa|[222 + 22 — y2 + haus|

X / |IC(U1,U2)‘(BQ —|—2h1h20) duidus
R2

- AD
1221 + 21 — y1 + haua||222 + 22 — Yo + houg|

< AD
T 221 + 21 — 1 + hiua||222 + 22 — Y2 + houg|

AD

<
T (221 + @1 — Y1+ hiwr) (222 + 22 — Y2 + houg)

where D represents the finite bound of [, [KC(u1, u2)|(B + 2C) duydus.

Finally, we get:
AD

<
»/{711|<51}><{|v2|<62} T (221 + 21 —y1 + haur) (222 + 22 — Y2 + houz)

+ O(hihy).

2AD
/ < + O(hih2).
{

[ <81}x flva| <82} F172

. . . 7 .
Since —§; < hqu; < §; we obtain % <2zi+x;—yi +hiu; < %, 1 = 1, 2. Therefore

Hence we have by Lebesgue-dominated convergence

lim / dxidxodydys = / / lim / dxidxodyrdys =0
00 JA x A \ J{u1| <61} x{|v2] <82} Ay S Ay H N S {Jur <61} x{|v2] <62}

Evaluate then / :
{|v1|>681} x{|va|>82}
We utilize the second part of lemma 3 analogously

/ <—><3 sup  sup el 21}—2)
Uoil>81)x{val>61 01 02 [u| 56 [oal>s0 | h1 h2 1 Do on
Uy u
X / (hlhg)illC(fl, i)’f(ul +y1 — G%hl,UQ + Y2 — eghg) duydus.
R? hi" he

We uniformly obtain

/ — 0, n — +o00.
{|v1|>81} x{|va|>d2}

Evaluate / (-) because of condition C; we get:
{lvi|<61} x{|v2|>62}

/ ) g/ ()() =0, n— +oo.
{lv1|<81} x{|va|>62} RxR

Similarly we have

/ (')S/ ()() =0, n— +oc.
{lv1]>61} x{]v2]|<é2} RxR
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Consequently

lim / —0, n— 4o
n—+o0 AlXAz R2

A; and As being bounded. This completes the demonstration of the lemma.
Remark 4. Under condition Cp, the theorem remains valid. In fact it suffices to apply Remark 3 to inequality (21) in

/{|v1|>61}x{|v2>52}'

5.2.3. Demonstration of Theorem 3
We assume condition (C;) satisfied:

(7] [52] ] ) . . 9
nVar(Pf(z,a)) = E(i Zz (1 7 %)al (1 B %)azlc(th—l zh1’ szh—2 ]hg))

(7] [72] 22)
hiyo Jhayez X1 —ihy Xgo — jho
— 2 - YT (o2 .
(o (1 7 (1 (e, ey
=0 7=0
Since
mIE ih Xpr — b1 Xo — jhoy |
W\ g\ 92 k1 — U Aga — g
E( ‘ - (1 Z1 ) (1 zZ9 ) IC( hl ’ hg ))
1=0 j=0
172
=0 j=0 (23)

b LR e ).
( S (- (- -y

. T 21 zZ2 29
0<i1#j1 <[7L] 0<ia#j2<[72]

Xp1 —t1ht Xp1r — Jiha KXo —i2hy Xpo — joho
X’C( o I )’C< hy | hy )

Because of the Theorem 5 we have

(D D )

0<is 51 <[3}] 0<iz#j2<[72]

Xp1 —irht X — il Xpa —i2hy X — joho
XK( b In )’C( he 0 ho )HO'

Because of Corollary 1 we get

E( (1 - @)2a1 (1 - @>ZQ2K2(Xk1h—1 ihl’Xk2h_2 jh2)> N /]Rz K2(y1, y2) Pz, 201, 202).

z z
i=0 j=0 1 2

On the other hand, because of the Lemma 1 we have

[2]122] , , . .
hi\e ha\ @ Xp1 —thy Xg2 —jh
E<ZZ(1_ZZ;) (12l (Ha it e 2)>%p<z,a) -

i=0 j=0

Therefore

E2<Z§:<1_lel)m(l_thQ2>“2K(Xk1h—1ih17Xk-zh—zjhz)>_>P2(Z7a) n - too.
i=0 j=0
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Hence

nVar(P,’f(z,a)) — /R? K2 (y1,y2)P(2, a) — P?(z, ).

Because of the Lemma 1 we have

E(PX(z,a)) = P(z,a) as n — +oc.

Therefore

E}(PX(z,a)) = P%(2,a) as n— +oc.
Define

biais(PX(z,a)) = E(PX(z,0)) — P(z,a).
We have

E(PX(z,a) — Pz,a))? = biais*(P*(z,a)) + Var(PX(z,a))
and
‘ /2 K2(y1»y2)P(z7a) - P2(Z,C¥)‘ S /2 ’C2(y17y2) + 1.
R R

Hence

Var(PX (z,0)) = O(%).

Because of Lemma 1 we obtain

|E(P¢}LC(Z,04)) — P(z,a)l =0, as n— 4oc.
Therefore
biais*(P*(z,0)) = 0, as n— +oc.
Hence
E(PX(z,a) = P(z,a))> =0, as n — 4oo.

If assumption Cl is verified this theorem remains true. According to Corollary 1 of Lemma 2, utilizing Remark 4 of Theorem

5 and according to Theorem 2, we get Theorem 4.

6. Conclusion

This paper has introduced a bivariate radialsymmetric kernel
estimator for the bidimensional FGT poverty index. The
proposed estimator addresses the limitation of multiplicative
kernel estimators by assigning equal weights to observations
at equal Euclidean distance from the reference point. We have
established complete asymptotic results, including uniform
almost-sure consistency and uniform mean square consistency
under appropriate regularity conditions. The simulation
study demonstrates that the radialsymmetric kernel estimator
performs well, particularly for small sample sizes. However,
given the resources at our disposal, we encountered difficulties
in performing simulations with large sample sizes. As a next
step, we plan to propose, in the short term, a study employing
a variable bivariate bandwidth for both the product kernel and
the spherical kernel. We also propose investigating, in the
future, the case of a radialsymmetric adaptive kernel.
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