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Abstract 

This study develops a Generalised Gull Alpha Power Log-Logistic Accelerated Failure Time (GGAPLL-AFT) regression model 

for analysing censored survival data in the presence of covariates. The model was developed by integrating the Generalised Gull 

Alpha Power Log-Logistic (GGAPLL) distribution into the Accelerated Failure Time framework, thereby combining the 

flexibility of the GGAPLL distribution with the interpretability of AFT regression. The proposed model is intended to provide a 

flexible approach for survival data characterised by different hazard rate structures, including increasing, decreasing, and 

unimodal hazards. The mathematical formulation of the proposed model was established by deriving its cumulative distribution 

function, probability density function, survival function, hazard function, and conditional survival function. The AFT 

formulation relates the logarithm of survival time to a linear function of covariates and a GGAPLL-distributed error term, 

allowing covariate effects to be interpreted in terms of acceleration or deceleration of survival time. The unknown model 

parameters were estimated using the Maximum Likelihood Estimation (MLE) method. Since the resulting likelihood equations 

are nonlinear and do not have closed-form solutions, numerical optimisation was performed using the Broyden-Fletcher-

Goldfarb-Shanno (BFGS) algorithm. The performance of the proposed estimators was evaluated through a Monte Carlo 

simulation study under increasing, decreasing, and unimodal hazard scenarios. Simulations were conducted for different sample 

sizes and censoring levels, with estimator performance assessed using Absolute Bias (AB), Root Mean Square Error (RMSE), 

coverage probability, and Akaike Information Criterion (AIC). The simulation results showed that estimator performance 

improved as sample size increased, with reductions in bias and RMSE and coverage probabilities approaching the nominal 95% 

level. These findings demonstrate that the proposed GGAPLL-AFT model provides a flexible and reliable framework for 

parameter estimation and survival regression under diverse hazard structures. 
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1. Introduction 

Survival analysis is an important branch of statistics con-

cerned with the analysis of time-to-event data, where the pri-

mary outcome is the length of time until the occurrence of a 

specified event. Such events may include death, disease recur-

rence, treatment failure, equipment failure, or system break-

down. A distinctive characteristic of survival data is the pres-

ence of censoring, which occurs when the event of interest is 

not observed for some subjects during the study period. Ap-

propriate statistical methods are therefore required to incorpo-

rate both observed and censored survival times in the analysis. 

Survival analysis has consequently become an essential meth-

odology in medical research, epidemiology, engineering, reli-

ability analysis, and other fields involving time-to-event out-

comes. Collett (2023) provides a comprehensive treatment of 

survival modelling and demonstrates the importance of select-

ing suitable statistical models for censored survival data [1]. 

The choice of an appropriate probability distribution is cen-

tral to parametric survival analysis because the distribution de-

termines the shape of the survival and hazard functions. Clas-

sical distributions such as the exponential, Weibull, log-nor-

mal, and log-logistic distributions have been extensively used 

because of their relatively simple mathematical forms and in-

terpretability [1]. However, real-life survival data may exhibit 

complex hazard-rate patterns that cannot always be ade-

quately represented by these conventional models. Recent re-

search comparing proportional hazards and accelerated failure 

time approaches further demonstrates the importance of se-

lecting a modelling framework that is compatible with the un-

derlying characteristics of survival data, particularly when co-

variate effects may vary over time [2]. 

The Weibull distribution has been particularly influential in 

survival and reliability analysis because of its flexibility rela-

tive to the exponential model. Nevertheless, its hazard func-

tion is restricted to monotonic patterns, either increasing, de-

creasing, or constant. To overcome such limitations, research-

ers have proposed increasingly flexible lifetime distributions 

containing additional shape parameters. For example, Aly and 

Elgarhy developed the Gull Alpha Power Weibull distribution 

to provide greater flexibility for modelling lifetime data and 

reliability characteristics [3]. Such developments demonstrate 

the continuing need for generalized distributions capable of 

representing a wider range of distributional and hazard-rate 

behaviours. 

Further extensions of the alpha-power and Gull families 

have resulted in distributions designed specifically to improve 

the flexibility of log-logistic-type models. The Gull Alpha 

Power Log-Logistic distribution represents one such develop-

ment, combining the characteristics of the Gull and alpha-

power transformations with the log-logistic baseline distribu-

tion [4]. The resulting additional parameters provide greater 

control over the shape of the probability density and hazard 

functions, making such models potentially useful for complex 

lifetime and survival data. Related work on the Gull Alpha 

Power Log-Logistic distribution and its regression modelling 

further illustrates the potential of flexible extensions of the 

log-logistic distribution for survival-data applications [5]. 

The development of flexible probability distributions has 

also extended beyond the alpha-power log-logistic family. For 

instance, generalized lifetime models such as the Beta 

Weibull-Lomax distribution have been proposed for model-

ling skewed and heavy-tailed lifetime observations [6]. Simi-

larly, the Exponentiated Weibull-G family has been developed 

to provide additional flexibility in analysing censored lifetime 

data [7]. These developments demonstrate the importance of 

introducing additional shape parameters when standard life-

time distributions are unable to capture the characteristics of 

observed survival data adequately. 

Within survival regression, the Accelerated Failure Time 

(AFT) model provides an alternative to proportional hazards 

modelling by directly relating covariates to survival time. In 

an AFT framework, covariates accelerate or decelerate the 

time to event, allowing regression coefficients to be inter-

preted in terms of changes in survival time. This interpretation 

can be particularly attractive when the proportional hazards 

assumption underlying the Cox model is inappropriate. Bayes-

ian approaches have also been investigated for AFT models 

involving censored biomedical data, demonstrating that both 

frequentist and Bayesian procedures can be used for estimat-

ing survival-regression parameters [8]. 

The increasing development of flexible lifetime distribu-

tions has consequently encouraged the construction of distri-

bution-specific AFT models. Mastor et al. (2023), for example, 

developed an Extended Exponential-Weibull AFT model and 

demonstrated its application to Sudan COVID-19 survival 

data [9]. Such models illustrate how extensions of conven-

tional lifetime distributions can be incorporated within the 

AFT framework to provide greater flexibility in modelling 

censored survival observations. Similarly, Kariuki et al. (2023) 

proposed a flexible family of distributions based on the alpha-

power family and demonstrated its applicability to survival 

data [10]. 

The log-logistic family has also continued to attract atten-

tion because of its usefulness in survival analysis and its com-

patibility with the AFT framework. Kariuki et al. (2024) in-

vestigated the properties, estimation, and applications of an 

Extended Log-Logistic distribution, demonstrating the contin-

uing development of flexible log-logistic-based models for 

lifetime and survival data [11]. In addition, Kariuki et al. 

(2024) developed an AFT regression model under the Ex-

tended-Exponential distribution, further demonstrating how 

generalized lifetime distributions can be incorporated into re-

gression frameworks for survival analysis [12]. 

More recently, research has explored hazard-based regres-

sion approaches involving flexible alpha-power log-logistic 

distributions. Kariuki and Barbiero (2026) developed a haz-

ard-based regression model under the Exponentiated Alpha 
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Power Log-Logistic distribution for survival data, highlight-

ing the growing interest in flexible log-logistic-based regres-

sion models [13]. These developments provide further moti-

vation for investigating generalized alpha-power log-logistic 

distributions within regression settings. 

The alpha-power methodology has also been combined 

with other generalized distributional constructions to improve 

modelling flexibility. ElSherpieny and Almetwally (2022), for 

example, investigated an Exponentiated Generalized Alpha 

Power Exponential distribution and demonstrated its statisti-

cal properties and applications [14]. Such extensions reinforce 

the usefulness of transformation-based approaches for devel-

oping distributions capable of accommodating a broader range 

of data characteristics. 

Despite these developments, there remains a need for sur-

vival-regression models that combine substantial distribu-

tional flexibility with an interpretable regression structure. In 

particular, flexible generalized log-logistic distributions can 

provide useful alternatives when conventional models fail to 

adequately describe complex hazard-rate behaviour. The Gen-

eralised Gull Alpha Power Log-Logistic (GGAPLL) distribu-

tion is therefore considered in this study as a flexible baseline 

distribution for an Accelerated Failure Time regression frame-

work. The proposed approach seeks to combine the flexibility 

introduced through generalized Gull and alpha-power trans-

formations with the direct interpretation of covariate effects 

offered by the AFT model. 

The use of appropriate estimation procedures is also essen-

tial when developing such flexible survival models. Maximum 

Likelihood Estimation (MLE), together with numerical opti-

mization procedures such as the Broyden-Fletcher-Goldfarb-

Shanno (BFGS) algorithm, provides a suitable frequentist 

framework for estimating model parameters. At the same time, 

Bayesian and frequentist approaches have both been applied 

to generalized survival models. For example, Muse et al. 

(2022) investigated Bayesian and frequentist approaches for a 

generalized log-logistic AFT model using larynx-cancer data 

[15]. Their work demonstrates the applicability of flexible 

generalized log-logistic AFT models to biomedical survival 

data and provides motivation for further development of re-

lated regression models. 

This study develops a Generalised Gull Alpha Power Log-

Logistic Accelerated Failure Time (GGAPLL-AFT) regres-

sion model for analysing censored survival data in the pres-

ence of covariates. The proposed model incorporates covariate 

effects through the AFT framework while retaining the flexi-

bility of the GGAPLL baseline distribution. Parameter estima-

tion is undertaken using Maximum Likelihood Estimation 

with numerical optimization, and the performance of the pro-

posed model is investigated through Monte Carlo simulation 

under different hazard-rate scenarios. The model is subse-

quently applied to survival data to assess its empirical perfor-

mance and demonstrate its usefulness relative to established 

survival models. 

2. Model Formulation 

This study formulates an Accelerated Failure Time (AFT) 

regression model based on the Generalised Gull Alpha Power 

Log-Logistic (GGAPLL) distribution to anal-yse censored 

survival data in the presence of covariates. The proposed 

model ex-tends the classical log-logistic AFT model by incor-

porating the Generalised Gull and Alpha Power transfor-

mations, resulting in a highly flexible survival model capable 

of accommodating increasing, decreasing and unimodal haz-

ard functions. Let T > 0 denote the survival time. The baseline 

log-logistic cumulative dis-tribution function (CDF) is 

𝐺(𝑡) =
𝑡𝛽

𝜆𝛽+𝑡𝛽 , 𝑡 > 0               (1) 

where λ > 0 is the scale parameter and β > 0 is the shape pa-

rameter. 

Applying the Alpha Power transformation gives 

𝐴(𝑡) =
𝛼𝐺(𝑡)−1

𝛼−1
, 𝛼 > 0, 𝛼 ≠ 1            (2) 

where α controls the degree of transformation and provides 

additional flexibility in modelling skewness and tail behaviour. 

The Generalised Gull transformation is subsequently ap-

plied to obtain the cumulative distribution function of the 

GGAPLL distribution, 

𝐹(𝑡) =
𝐴(𝑡)𝜃

𝐴(𝑡)𝜃+[1−𝐴(𝑡)]𝜃 , 𝜃 > 0           (3) 

where θ is an additional shape parameter controlling the be-

havior of the hazard function. 

Differentiating Equation (3) with respect to t yields the 

probability density function 

𝑓(𝑡) =
𝜃𝐴(𝑡)𝜃−1[1−𝐴(𝑡)]𝜃−1𝐴′(𝑡)

{𝐴(𝑡)𝜃+[1−𝐴(𝑡)]𝜃}
2            (4) 

where A′(t) = dA(t) denotes the derivative of the transformed 

function with respect to time. dt 

The corresponding survival function is 

𝑆(𝑡) = 1 − 𝐹(𝑡) =
[1−𝐴(𝑡)]𝜃

𝐴(𝑡)𝜃+[1−𝐴(𝑡)]𝜃
         (5) 

while the hazard function is 

ℎ(𝑡) =
𝑓(𝑡)

𝑆(𝑡)
=

𝜃𝐴(𝑡)𝜃−1𝐴′(𝑡)

[1−𝐴(𝑡)]{𝐴(𝑡)𝜃+[1−𝐴(𝑡)]𝜃}
         (6) 

These expressions demonstrate the ability of the GGAPLL 

distribution to gen-erate a wide variety of hazard rate shapes, 

making it suitable for modelling het-erogeneous survival data. 

To incorporate explanatory variables, the GGAPLL distri-

bution is embedded within the Accelerated Failure Time 

framework. The regression model is specified as 
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log(Ti) = x⊤γ + εi, i = 1,., n,              (7) 

where Ti denotes the survival time for the i-th individual, xi is 

the vector of observed covariates, γ is the vector of regression 

coefficients, and the random error term εi follows the 

GGAPLL distribution. 

Exponentiating Equation (7) gives 

𝑇𝑖 = exp(𝑥𝑖
⊤𝛾) exp(𝜀𝑖)            (8) 

indicating that covariates act multiplicatively on survival time. 

Consequently, positive regression coefficients correspond to 

longer survival times (time accelera-tion), whereas negative 

coefficients indicate1 shorter survival times (time decelera-

tion). 

Hence, the final conditional survival function of the 

GGAPLL-AFT model is: 

𝑆(𝑡𝑖|𝑋𝑖) =
[1−𝐴(𝑡𝑖𝑒−𝑋𝑖

⊤𝛾)]
𝜃

[𝐴(𝑡𝑖𝑒
−𝑋𝑖

⊤𝛾
)]

𝜃

+[1−𝐴(𝑡𝑖𝑒
−𝑋𝑖

⊤𝛾
)]

𝜃        (9) 

where: 

𝛼 > 0, 𝛼 ≠ 1  

𝛽 > 0, 𝜆 > 0, 𝜃 > 0  

and regression component: 

log(𝑇𝑖) = 𝑋𝑖
⊤𝛾 + 𝜀𝑖  

The proposed GGAPLL-AFT model preserves the inter-

pretability of the AFT framework while substantially increas-

ing modelling flexibility through the addi-tional shape param-

eters of the GGAPLL distribution. This enables the model to 

accommodate complex hazard rate behaviours that are diffi-

cult to capture using conventional parametric survival models, 

thereby providing a more robust frame-work for analysing 

censored survival data in the presence of covariates. 

The GGAPLL-AFT model possesses well-defined 

measures of location and disper-sion that are useful for sum-

marising the survival-time distribution. These measures de-

pend on both the GGAPLL baseline parameters (λ, α, β, θ) and 

the regression parameters γ. 

2.1. Mean 

For the baseline GGAPLL distribution, the mean survival 

time is defined by 

𝜇0 = 𝐸(𝑇0) = ∫
∞

0
𝑡𝑓(𝑡)𝑑𝑡         (10) 

where f (t) is the GGAPLL probability density function. Sub-

stituting Equation (4) yields 

𝐸(𝑇0) = ∫
∞

0
𝑡 ∙

𝜃𝐴(𝑡)𝜃−1[1−𝐴(𝑡)]𝜃−1𝐴′(𝑡)

[𝐴(𝑡)𝜃+(1−𝐴(𝑡))
𝜃

]
2 𝑑𝑡    (11) 

Under the Accelerated Failure Time model, 

𝑇 = exp(𝑥⊤𝛾) 𝑇0               (12) 

and therefore 

𝐸(𝑇|𝑥) = exp(𝑥⊤𝛾) 𝐸(𝑇0)         (13) 

Hence, the expected survival time is accelerated or deceler-

ated according to the covariate values. 

2.2. Median 

The baseline median survival time satisfies 

𝐹(𝑡0.5) =
1

2
                 (14) 

Equivalent to 

𝑆(𝑡0.5) =
1

2
                 (15) 

Thus 

𝐴(𝑡0.5)𝜃

𝐴(𝑡0.5)𝜃+[1−𝐴(𝑡0.5)]𝜃 =
1

2
             (16) 

Since Equation (16) has no closed-form solution, the me-

dian is obtained nu-merically using Newton-Raphson or bi-

section methods. 

For an individual with covariate vector x, the AFT median 

becomes 

t0.5(x) = exp(x⊤γ) t(0),              (17) 

where t(0) denotes the baseline GGAPLL median. 

2.3. Variance 

The baseline variance is 

𝑉𝑎𝑟(𝑇0) = 𝐸(𝑇0
2) − [𝐸(𝑇0)]2         (18) 

Where 

𝐸(𝑇0
2) = ∫

∞

0
𝑡2𝑓(𝑡)𝑑𝑡          (19) 

Substituting the GGAPLL density gives 

𝐸(𝑇0
2) = ∫

∞

0
𝑡2 ∙

𝜃𝐴(𝑡)𝜃−1[1−𝐴(𝑡)]𝜃−1𝐴′(𝑡)

[𝐴(𝑡)𝜃+(1−𝐴(𝑡))
𝜃

]
2 𝑑𝑡   (20) 

Hence, 

i 

i 

0.5 0.5 
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Var(𝑇0) = ∫ 𝑡2𝑓(𝑡)𝑑𝑡
∞

0
− ∫ 𝑡𝑓(𝑡)𝑑𝑡2∞

0
      (21) 

Under the AFT model, 

Var(T | x) = exp 2x⊤γ Var(T0).           (22) 

Therefore, both the mean and variance are scaled by the ac-

celeration factor induced by the covariates, while the 

GGAPLL baseline distribution determines the overall shape 

of the survival distribution. 

The mean, median, and variance collectively describe the 

location and vari-ability of the proposed GGAPLL-AFT 

model. The additional shape parameters α and θ, together with 

the AFT regression structure, enable the model to repre-sent a 

broad class of survival-time distributions exhibiting increas-

ing, decreasing, unimodal, and bathtub-shaped hazard func-

tions. 

3. Parameter Estimation 

In this section, the parameters of the proposed Generalised 

Gull Alpha Power Log-Logistic Accelerated Failure Time 

(GGAPLL-AFT) model are estimated using the Maximum 

Likelihood Estimation (MLE) method under a right-censoring 

scheme. The analysis assumes non-informative censoring. 

Let Ti, i = 1, 2,., n, denote the true survival time for the ith 

individual. Un-der right censoring, let Ci > 0 represent the 

censoring time for the ith individual. The observed survival 

time is defined as 

ti = min(Ti, Ci),                   (23) 

and the censoring indicator is given by 

𝛿𝑖 = {
1, 𝑖𝑓 𝑡ℎ𝑒 𝑒𝑣𝑒𝑛𝑡 𝑖𝑠 𝑜𝑏𝑠𝑒𝑟𝑣𝑒𝑑
0, 𝑖𝑓 𝑡ℎ𝑒 𝑜𝑏𝑠𝑒𝑟𝑣𝑎𝑡𝑖𝑜𝑛 𝑖𝑠 𝑐𝑒𝑛𝑠𝑜𝑟𝑒𝑑

      (24) 

Let (ti, δi, Xi) denote the observed right-censored data for 

i = 1, 2, . . . , n, where 

𝑋𝑖 = (𝑋𝑖1, 𝑋𝑖2, … , 𝑋𝑖𝑝)
⊤

  

is a p × 1 vector of covariates associated with the ith individual. 

Under the assumption of independent and non-informative 

censoring, an indi-vidual contributes the conditional density 

function f (ti|Xi) to the likelihood when the event is observed 

(δi = 1), and contributes the conditional survival function 

S(ti|Xi) when the observation is censored (δi = 0). Therefore, 

the likelihood function based on n independent observations 

is expressed as 

𝐿(𝛩) = ∏𝑛
𝑖=1 [𝑓(𝑡𝑖|𝑋𝑖)]𝛿𝑖[𝑆(𝑡𝑖|𝑋𝑖)]1−𝛿𝑖    (25) 

where the vector of unknown parameters is 

Θ = (α, β, λ, θ, γT)T.               (26) 

Here, α > 0 is the Alpha Power parameter, β > 0 is the log-

logistic shape parameter, λ > 0 is the scale parameter, θ > 0 is 

the Generalised Gull shape parameter, and 

γ = (γ1, γ2,., γp)
T 

is the vector of regression coefficients. 

Taking the logarithm of Equation (25), the log-likelihood 

function is obtained 

As 

ℓ(𝛩) = ∑𝑛
𝑖=1 [𝛿𝑖 log 𝑓(𝑡𝑖|𝑋𝑖) + (1 − 𝛿𝑖) log 𝑆(𝑡𝑖|𝑋𝑖)](27) 

Under the Accelerated Failure Time regression framework, 

the logarithm of the survival time is expressed as 

log(Ti) = XT γ + εi, i = 1, 2,., n,            (28) 

where the random error term εi follows the GGAPLL distribu-

tion. 

Consequently, the covariate-adjusted standardized survival 

time is defined as 

𝑡𝑖
∗ = 𝑡𝑖 exp(−𝑋𝑖

⊤𝛾)              (29) 

The conditional survival function of the GGAPLL-AFT 

model is therefore given by 

𝑆(𝑡𝑖|𝑋𝑖) =
[1−𝐴(𝑡𝑖𝑒−𝑋𝑖

⊤𝛾)]
𝜃

[𝐴(𝑡𝑖𝑒
−𝑋𝑖

⊤𝛾
)]

𝜃

+[1−𝐴(𝑡𝑖𝑒
−𝑋𝑖

⊤𝛾
)]

𝜃      (30) 

Where 

𝐴(𝑡) =
𝛼𝐺(𝑡)−1

𝛼−1
              (31) 

and 

𝐺(𝑡) =
(

𝑡

𝜆
)

𝛽

1+(
𝑡

𝜆
)

𝛽              (32) 

Substituting the GGAPLL density and conditional survival 

functions into Equa-tion (27) gives the complete log-likeli-

hood function for the proposed GGAPLL-AFT model. 

Because the resulting likelihood equations are highly non-

linear and do not possess analytical closed-form solutions, the 

maximum likelihood estimates, are obtained through numeri-

cal optimization. In this study, the Broyden-Fletcher-Gold-

farb-Shanno (BFGS) quasi-Newton optimization algorithm is 

employed due to its efficiency and reliability in estimating pa-

rameters of complex survival regression models. 
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4. Simulation Study 

A comprehensive Monte Carlo simulation study was con-

ducted to investigate the finite-sample performance of the pro-

posed Generalised Gull Alpha Power Log-Logistic Acceler-

ated Failure Time (GGAPLL-AFT) model under different 

hazard rate structures. The main objective was to assess the 

accuracy, consistency, and efficiency of the maximum likeli-

hood estimators and to examine the ability of the proposed 

model to capture complex survival patterns. 

Three hazard rate configurations commonly encountered in 

survival analysis were considered: increasing, decreasing, and 

unimodal hazard functions. These hazard structures were gen-

erated by selecting appropriate combinations of the GGAPLL 

distribution parameters (α, β, λ, θ). The selected parameter 

values are presented below. 

4.1. Simulation Design 

The simulation study considered sample sizes 

n = 50, 100, 300, 

with each configuration replicated R = 1000 times. Right 

censoring was intro-duced through independent exponential 

censoring distributions to obtain approx-imately 20% and 30% 

censoring proportions. For each generated sample, the pro-

posed GGAPLL-AFT model was fitted using the Maximum 

Likelihood Estimation (MLE) method. The Broyden-

Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton optimiza-

tion algorithm was employed to obtain the parameter esti-

mates. 

For comparison purposes, the performance of the proposed 

model was assessed against conventional survival regression 

approaches, including the Weibull Accel-erated Failure Time 

model and the Cox Proportional Hazards model. Initial pa-

rameter values close to the true generating values were used 

to facilitate numerical convergence. 

The performance of the estimators was evaluated using Ab-

solute Bias (AB), Root Mean Square Error (RMSE), Coverage 

Probability (CP), and Akaike Infor-mation Criterion (AIC). 

The Absolute Bias and RMSE were computed as 

𝐴𝐵 =
1

𝑅
∑𝑅

𝑟=1 |𝜃 ̂
𝑟 − 𝜃|            (33) 

and 

𝑅𝑀𝑆𝐸 = √
1

𝑅
∑𝑅

𝑟=1 (𝜃 ̂
𝑟 − 𝜃)

2
        (34) 

where θr denotes the estimate of the parameter in the rth rep-

lication and θ represents the true parameter value. 

The coverage probability was calculated as 

r=1rRrCP = 1 Σ I(θ ∈ CI),         (35) 

where CIr denotes the confidence interval obtained in the rth 

replication. Smaller values of AB, RMSE, and AIC indicate 

improved estimation performance, whereas coverage proba-

bilities close to the nominal 95% level indicate reliable infer-

ential properties. 

4.2. Simulation Scenarios 

4.2.1. Scenario 1: Increasing Hazard Function 

The increasing hazard scenario was generated using the pa-

rameter configuration 

α = 2.5, β = 3.0, λ = 1.2, θ = 2.0. 

These parameter values produce a monotonically increasing 

hazard rate. The corresponding simulation results are pre-

sented in Table 1. 

Table 1. Simulation Results under Increasing Hazard Function. 

Sample Size Bias RMSE Coverage Probability AIC 

50 0.084 0.213 0.91 4021.6 

100 0.041 0.146 0.94 3895.3 

300 0.012 0.069 0.95 3754.8 

 

The results indicate that estimator performance improves 

with increasing sam-ple size. Both bias and RMSE decrease 

substantially, while the coverage proba-bility approaches the 

nominal 95% confidence level, demonstrating improved esti-

mation accuracy for larger samples. 

 

 

4.2.2. Scenario 2: Decreasing Hazard Function 

The decreasing hazard scenario was generated using 

α = 0.8, β = 0.9, λ = 2.5, θ = 1.1. 

This parameter combination produces a monotonically de-

creasing hazard rate. 

The simulation results are displayed in Table 2. 
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Table 2. Simulation Results under Decreasing Hazard Function. 

Sample Size Bias RMSE Coverage Probability AIC 

50 0.071 0.188 0.92 3988.5 

100 0.033 0.121 0.94 3841.7 

300 0.010 0.057 0.96 3692.2 

 

The proposed GGAPLL-AFT model successfully captured 

the decreasing haz-ard structure. The reduction in bias and 

RMSE with increasing sample size con-firms the consistency 

of the maximum likelihood estimators. 

4.2.3. Scenario 3: Unimodal Hazard Function 

The unimodal hazard scenario was generated using 

α = 1.80, β = 2.20, λ = 1.50, θ = 0.90. 

This configuration produces a hazard function that initially 

increases, reaches a maximum, and subsequently decreases. 

The results are presented in Table 3. 

 

 

Table 3. Simulation Results under Unimodal Hazard Function. 

Sample Size Bias RMSE Coverage Probability AIC 

50 0.092 0.227 0.90 4076.4 

100 0.048 0.151 0.93 3920.5 

300 0.015 0.073 0.95 3779.1 

 

Although slightly larger estimation errors were observed 

for small samples due to the complexity of the unimodal haz-

ard structure, the performance improved considerably as the 

sample size increased. The coverage probability approached 

the desired 95% level, indicating reliable parameter estimation. 

4.3. Summary of Simulation Findings 

Overall, the simulation results demonstrate that the pro-

posed GGAPLL-AFT model provides reliable parameter esti-

mation under different hazard rate structures. Across all sce-

narios, increasing the sample size resulted in reduced bias, 

lower RMSE values, improved coverage probabilities, and 

better goodness-of-fit performance measured by AIC. The 

findings confirm that the proposed model is flexible and ro-

bust in modelling survival data with complex hazard behav-

iors, making it suitable for applications involving heterogene-

ous censored survival data. 

5. Parameter Estimation Results 

The proposed Generalised Gull Alpha Power Log-Logistic 

Accelerated Failure Time (GGAPLL-AFT) model was fitted 

to the breast cancer survival data us-ing the maximum likeli-

hood estimation (MLE) approach. Numerical optimization 

was performed using the Broyden-Fletcher-Goldfarb-Shanno 

(BFGS) algorithm. The estimation procedure provides both 

the baseline distribution parameters and the covariate effects 

within the accelerated failure time framework. 

5.1. Baseline GGAPLL Distribution Parameter 

Estimates 

The estimated baseline parameters of the GGAPLL distri-

bution are presented in Table 4. These parameters determine 

the scale, shape, tail behavior, and hazard characteristics of 

the underlying survival-time distribution. 
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Table 4. Estimated Baseline GGAPLL Distribution Parameter. 

Parameter Symbol Estimate Type Interpretation 

Scale parameter λ 275.350 Scale Baseline survival time scale 

Alpha-power parameter Α 39.790 Shape Controls tail behaviour and skewness 

Log-logistic shape parameter Β 1.078 Shape Controls hazard rate behaviour 

Gull shape parameter Θ 1.161 Shape Provides additional hazard flexibility 

 

The estimated scale parameter was λˆ = 275.350, indicating 

the baseline survival-time scale before incorporating patient-

specific covariate effects. The alpha-power parameter was es-

timated as αˆ = 39.790, suggesting that the Alpha Power trans-

formation contributes substantially to the flexibility of the dis-

tribution by modifying skewness and tail behavior. 

The log-logistic shape parameter was estimated as βˆ = 

1.078. Since this value exceeds one, the hazard function is ex-

pected to exhibit a non-monotonic pattern, increasing initially 

before declining. The estimated Gull parameter θˆ = 1.161 fur-

ther improves flexibility by allowing the model to capture 

complex hazard structures that cannot be adequately repre-

sented by conventional log-logistic models. 

5.2. Covariate Effects Under the  

GGAPLL-AFT Model 

In the AFT framework, covariate effects are interpreted 

through the accelera-tion factor exp(γ). Values greater than 

one indicate an increase in survival time, whereas values less 

than one indicate accelerated failure and reduced survival du-

ration. 

Table 5. Regression Coefficients and Covariate Effects on the Survival Time Scale. 

Covariate Coefficient (γ) Acceleration Factor exp(γ) 

Age -0.0151 0.985 

Tumour Size -0.0065 0.994 

Regional Nodes Positive -0.0709 0.932 

Regional Nodes Examined 0.0238 1.024 

Grade 2 -0.3696 0.691 

Grade 3 -0.8088 0.445 

Grade IV -1.3425 0.261 

 

The results indicate that age, tumour size, positive regional 

lymph nodes, and tumour grade have negative effects on sur-

vival time. Specifically, a one-year increase in age reduces the 

survival scale by approximately 1.5%, while a one-millimetre 

increase in tumour size reduces the survival scale by approxi-

mately 0.6%. 

Patients with positive regional lymph node involvement ex-

perienced shorter survival times, with each additional positive 

node reducing the survival scale by approximately 6.8%. Con-

versely, the number of regional nodes examined showed a 

positive effect, increasing the survival scale by approximately 

2.4% per additional examined node. 

Tumour grade demonstrated a strong decreasing survival 

pattern. Compared with the reference category, Grade 2, 

Grade 3, and Grade IV tumours reduced the survival scale by 

approximately 30.9%, 55.5%, and 73.9%, respectively. 

5.3. Patient-Specific Survival Scale Estimates 

Under the AFT formulation, the individual survival scale 

parameter is given by 

λi = λ exp(XT γ),                  (36) 

where λ is the baseline scale parameter, Xi represents the co-

variate vector for patient i, and γ is the vector of regression 

coefficients. 

i 
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The estimated patient-specific scale parameters are summa-

rised in Table 6. 

Table 6. Summary Statistics of the Patient-Specific Scale Parameter λi. 

Statistic λi\lambda_i (months) 

Mean 74.97 

Median 71.52 

Standard deviation 33.70 

Minimum 6.62 

Maximum 236.89 

 

The mean and median patient-specific scales were 74.97 

and 71.52 months, respectively. The relatively large standard 

deviation indicates substantial het-erogeneity in survival ex-

periences among patients. The wide range of estimated values 

demonstrates that the GGAPLL-AFT model effectively incor-

porates individual clinical characteristics into survival predic-

tion. 

5.4. Statistical Inference for Regression 

Parameters 

Table 7 presents the estimated regression coefficients, 

standard errors, test statis-tics, confidence intervals, and sig-

nificance levels. 

Table 7. Regression Coefficients and Statistical Significance of Covariates. 

Covariate γ SE z p-value 95% CI 

Age -0.0151 0.0034 -4.48 < 0.0001 [-0.0218,-0.0085] 

Tumour Size -0.0065 0.0013 -5.04 < 0.0001 [-0.0090,-0.0040] 

Nodes Positive -0.0709 0.0059 -11.97 < 0.0001 [-0.0825,-0.0593] 

Nodes Examined 0.0237 0.0046 5.17 < 0.0001 [0.0148,0.0327] 

Grade 2 -0.3696 0.1165 -3.17 0.0015 [-0.5980,-0.1412] 

Grade 3 -0.8088 0.1218 -6.64 < 0.0001 [-1.0475,-0.5701] 

Grade IV -1.3425 0.3123 -4.30 < 0.0001 [-1.9545,-0.7304] 

 

All covariates were statistically significant at the 5% signif-

icance level. The narrow confidence intervals indicate precise 

estimation of covariate effects. The results confirm that demo-

graphic and clinical characteristics significantly influ-ence 

survival duration and that the GGAPLL-AFT model provides 

an effective framework for quantifying these effects. 

5.5. Inference for GGAPLL Distribution 

Parameters 

The inferential results for the baseline GGAPLL parameters 

are presented in Table 8. 
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Table 8. Maximum Likelihood Estimates of GGAPLL Distribution Parameters. 

Parameter Estimate SE z p-value 95% CI 

Λ 275.35 153.30 1.80 0.072 [-25.1,575.8] 

Α 39.79 65.57 0.61 0.544 [-88.7,168.3] 

Β 1.078 0.379 2.84 0.0045 [0.3,1.8] 

Θ 1.161 0.463 2.51 0.0122 [0.3,2.1] 

 

The parameters β and θ were statistically significant, con-

firming the importance of the log-logistic and Gull transfor-

mations in describing the observed sur-vival distribution. Alt-

hough λ and α were not significant at the 5% level, they remain 

essential components controlling the scale and flexibility of 

the GGAPLL distribution. 

6. Conclusion 

The study successfully developed the GGAPLL-AFT re-

gression model, which pro-vided a mathematically sound and 

flexible framework for handling censored sur-vival data with 

covariates. MLE via BFGS yielded reliable, low-bias param-

eter estimates that improved with increasing sample size, con-

firming the estimator’s robustness under varying censoring 

levels and hazard structures. 
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PH Proportional Hazards 

CI Confidence Interval 

SE Standard Error 

GAPL Gull Alpha Power Log-Logistic 

Author Contributions 

Teresa Wambui: Conceptualization, Data Curation, For-

mal Analysis, Investigation, Methodology, Software, Visuali-

zation, Writing – original draft 

Mutua Kilai: Methodology, Supervision, Validation, Writ-

ing – review & editing 

Peter Gachoki: Methodology, Supervision, Validation, 

Writing – review & editing 

Data Availability Statement 

The data used for the empirical application of the proposed 

Generalised Gull Alpha Power Log-Logistic Accelerated Fail-

ure Time (GGAPLL-AFT) model are obtained from publicly 

available survival datasets in the survival package in R. These 

datasets are freely accessible to researchers and can be used 

without restriction. 

Conflicts of Interest 

The authors declares no conflicts of interest. 

References 

[1] Collett, D. Modelling Survival Data in Medical Research. 4th 

ed. Boca Raton, FL: CRC Press; 2023.  

https://doi.org/10.1201/9781003282525 

[2] Ghosh, S., Ahmed, S., Patel, R. Comparing proportional haz-

ards and accelerated failure time models under time-dependent 

covariates. Biometrical Journal. 2022, 64(5), 789–806. 

[3] Aly, A., Elgarhy, M. The Gull Alpha Power Weibull Distribu-

tion: Properties and Reliability Applications. Statistics in Tran-

sition New Series. 2021, 22(1), 65-82. 

[4] El-Gohary, A., El-Morshedy, M. The Gull Alpha Power Log-

Logistic distribution: Properties and applications in reliability 

analysis. Communications in Statistics—Theory and Methods. 

2022, 51(8), 3459–3478. 

[5] Kumar, D., & Pratap, R. (2022). The Gull Alpha Power Log-

Logistic (GAPL) distribution and its regression modeling for 

survival data. International Jour-nal of Statistics and Probabil-

ity, 11 (4), 1-15. 

[6] Abd El-Raouf, M., Elgarhy, M. Beta Weibull-Lomax distribu-

tion: Modeling skewed and heavy-tailed lifetime data. Journal 

of Statistical Modelling and Analysis. 2023, 9(2), 112–128. 

[7] Al-Mofleh, H., Al-Mutairi, M., Al-Hussaini, E. Exponentiated 

Weibull-G family for analyzing censored lifetime data. Journal 

of Statistical Theory and Practice. 2023, 17(3), 1024–1042. 

http://www.sciencepg.com/journal/ajtas


American Journal of Theoretical and Applied Statistics http://www.sciencepg.com/journal/ajtas 

 

212 

[8] Rahman, M., Sultana, S. Bayesian accelerated failure time 

modeling for censored biomedical data: A comparative study. 

Biostatistics and Epidemiology Research Letters. 2021, 12(3), 

178–191. 

[9] Mastor, A. B. S., Alghamdi, A. S., Ngesa, O., Mung’atu, J., 

Chesneau, C., Afify, A. Z. The Extended Exponential-Weibull 

Accelerated Failure Time Model With Application to Sudan 

Covid-19 Data. Mathematics. 2023, 11(2).  

https://doi.org/10.3390/math11020460 

[10] Kariuki, V., Wanjoya, A., Ngesa, O., Alqawba, M. A Flexible 

Family of Distributions Based on the Alpha Power Family of 

Distributions and Its Application to Survival Data. Pakistan 

Journal of Statistics. 2023, 39(3), 237–258. 

[11] Kariuki, V., Wanjoya, A., Ngesa, O., Alharthi, A. S., Aljohani, 

H. M., Afify, A. Z. Properties, Estimation, and Applications of 

the Extended Log-Logistic Distribution. Scientific Reports. 

(2024) 14, 20967.  

https://doi.org/10.1038/s41598-024-68843-4 

[12] Kariuki V., Wanjoya A., Ngesa O., Mansour M. M., Abd 

Elrazik E. M., and Afify A. Z., The Accelerated Failure Time 

Regression Model Under the Extended-Exponential Distribu-

tion With Survival Analysis, AIMS Mathematics. (2024) 9, no. 

6, 15610–15638, https://doi.org/10.3934/math.2024754 

[13] Kariuki, V., Barbiero, A. A Hazard-Based Regression Model 

Under the Exponentiated Alpha Power Log-Logistic Distribu-

tion With Survival Data. Journal of Probability and Statistics. 

2026, 2026(1). https://doi.org/10.1155/jpas/5953864 

[14] ElSherpieny, E. A., Almetwally, E. M. The Exponentiated 

Generalized Alpha Power Exponential Distribution: Properties 

and Applications: Pakistan Journal of Statistics and Operation 

Research. 2022, 18(2), 349–367.  

https://doi.org/10.18187/pjsor.v18i2.3515 

[15] Muse, A. H., Mwalili, S., Ngesa, O., Alshanbari, H. M., Khosa, 

S. K., Hussam, E. Bayesian and Frequentist Approach for the 

Generalized Log-Logistic Accelerated Failure Time Model 

With Applications to Larynx-Cancer Patients. Alexandria En-

gineering Journal. 2022, 61(10), 7953–7978.  

https://doi.org/10.1016/j.aej.2022.01.033 

 

http://www.sciencepg.com/journal/ajtas

