American Journal of Theoretical and Applied Statistics
2026; 15(5): 231-242

10.11648/j.ajtas

doi: 10.11648/j.ajtas.20261505.14

2 -‘, § g r 2
sclencePC

Science Publishing Group

Bayesian Latent Class Models for Multiple Imputation of
Multivariate Categorical Data Under Ignorable Missingness
Mechanism

Daniel Fundi Murithi*, Josephine Njeri Ngure, Victor Muthama Musau
Department Pure and Applied Sciences, Kirinyaga University, Kerugoya, Kenya

Email address:
fundidaniel 55 @gmail.com (Daniel Fundi Murithi), jngure @kyu.ac.ke (Josephine Njeri Ngure), vmusau@kyu.ac.ke (Victor Muthama Musau)

To cite this article:

Daniel Fundi Murithi, Josephine Njeri Ngure, Victor Muthama Musau. (2026). Bayesian Latent Class Models for Multiple Imputation of
Multivariate Categorical Data Under Ignorable Missingness Mechanism. American Journal of Theoretical and Applied Statistics, 15(5),
231-242. https://doi.org/10.11648/j.ajtas.20261505.14

Received: 10 August 2026; Accepted: 20 August 2026 Published: 20 September 2026

Abstract: Missing data are a pervasive challenge in the analysis of multivariate categorical data and can lead to biased
estimation and reduced statistical efficiency when handled inappropriately. Bayesian latent class multiple imputation provides a
flexible framework for addressing this problem by exploiting the underlying latent structure of the data. However, conventional
Bayesian latent class imputation models generally assume that latent class membership is independent of observed covariates,
potentially limiting estimation accuracy when covariates are informative of the latent class structure. This study proposes a
covariate-dependent Bayesian latent class model for multiple imputation under the MAR mechanism. The proposed approach
models latent class membership using multinomial logistic regression, allowing observed covariates to influence class allocation
while preserving the latent class formulation for the response variables. Bayesian inference is performed using Gibbs sampling,
with Pélya—Gamma data augmentation facilitating efficient posterior estimation of the regression coefficients. The performance
of the proposed model was evaluated through a comprehensive simulation study under varying strengths of covariate effects and
sample sizes, and compared with the conventional Bayesian latent class model. Performance was assessed using multiple
imputation inference, latent class proportion recovery, regression coefficient recovery, posterior stability, and empirical coverage
probabilities. The proposed model produced unbiased inference and demonstrated improved estimation accuracy when
covariates were associated with latent class membership, while maintaining performance comparable to the conventional model
when covariate effects were absent. Furthermore, RMSE decreased consistently as the sample size increased, providing
empirical evidence of posterior concentration and improved estimation precision. These findings demonstrate that incorporating
covariates into Bayesian latent class multiple imputation provides a practical and effective extension of the conventional latent
class framework for multivariate categorical data with missing values under the MAR mechanism.

Keywords: Multiple Imputation, Latent Class Model, Missing at Random, Multivariate Categorical Data,
Multinomial Logistic Regression, Bayesian Latent Class model, Covariate-dependent Latent Class Model

1. Introduction in incomplete observations that can compromise statistical
analysis if not appropriately addressed [1]. In particular, item
Missing data are a common challenge in demographic, nonresponse is common in survey research and may lead to
health, social science, and other survey-based studies, biased parameter estimates, reduced statistical efficiency, and
where many variables of interest are categorical and often  unreliable statistical inference when observations with missing
exhibit complex dependence structures. Missing responses  Vvalues are ignored or handled using inappropriate methods.
may arise from respondent refusal, nonresponse to specific Several approaches have been developed to address missing
survey items, or other data collection challenges, resulting data, including complete-case analysis, likelihood-based
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methods, weighting techniques, and imputation procedures.
Among the traditional methods, listwise deletion remains
one of the simplest and most widely used approaches
because of its ease of implementation. However, it discards
all incomplete observations and may result in substantial
information loss and biased inference when the proportion
of missing data is non-negligible or when respondents
with missing values differ systematically from complete
respondents [2].  These limitations have motivated the
development of more principled approaches that preserve
sample size while appropriately accounting for uncertainty
associated with missing observations.

MI has emerged as one of the most flexible and
statistically rigorous frameworks for handling incomplete
data [3-6]. Rather than replacing each missing value
with a single estimate, MI generates multiple plausible
values drawn from an appropriate predictive distribution,
producing several completed datasets that are analysed
separately and subsequently combined using standard pooling
rules. By incorporating both within- and between-imputation
variability,MI yields valid statistical inference while explicitly
accounting for uncertainty arising from the imputation process
[3, 7]. Owing to this flexibility, MI has become a preferred
approach for analysing multivariate datasets, particularly when
different substantive models are of interest.

The effectiveness of multiple imputation depends critically
on the specification of the imputation model. For multivariate
categorical data, conventional joint modelling approaches
such as log-linear models become computationally impractical
as the number of variables increases because of the rapid
growth in higher-order interaction terms [7, 8].  Fully
conditional specification methods, including MICE, provide
greater modelling flexibility but require the specification of
numerous conditional models and may fail to adequately
preserve complex multivariate dependence structures in high-
dimensional categorical data [4, 9]. These limitations
have created interest in alternative modelling strategies
capable of representing complex categorical relationships
more efficiently.

BLCM provide a flexible framework for modelling
multivariate categorical data by representing the joint
distribution as a finite mixture of latent classes [10, 11].
Under the local independence assumption, dependence among
observed variables is explained through an unobserved latent
class variable, allowing complex joint distributions to be
approximated without explicitly modelling numerous higher-
order interactions [12, 13]. Within the MI framework, BLCM
generate imputations from posterior predictive distributions,
thereby preserving important multivariate relationships while
naturally incorporating parameter uncertainty [3, 14, 15].
Consequently, latent class-based MI has demonstrated
favourable performance for multivariate categorical data,
particularly in terms of bias reduction, estimation efficiency,
and preservation of complex dependence structures [10, 16].

Despite these advantages, existing Bayesian latent class
multiple imputation methods remain limited in their ability
to incorporate auxiliary covariate information into the latent

class structure. Most existing approaches assume constant
latent class proportions across individuals, implying that
class membership is independent of observed covariates [11].
In many practical applications, however, demographic and
socioeconomic characteristics explain substantial population
heterogeneity and therefore contain valuable information for
predicting latent class membership. Ignoring such information
may reduce the flexibility of the latent class representation and
consequently limit the quality of imputations and subsequent
statistical inference.

This limitation reveals an important methodological gap in
the current literature. While Bayesian latent class multiple
imputation provides a powerful framework for analysing
incomplete multivariate categorical data under the MAR
assumption, comparatively little attention has been devoted to
modelling latent class membership as a function of observed
covariates within a unified Bayesian multiple imputation
framework. Incorporating covariate information into the latent
class allocation has the potential to produce a more informative
representation of population heterogeneity while improving
the efficiency and accuracy of multiple imputation.

This paper addresses this gap by developing a Bayesian
latent class multiple imputation model for multivariate
categorical data under the MAR assumption that incorporates
covariate-dependent latent class membership through a
multinomial logistic regression model. By allowing latent
class probabilities to vary across individuals according to
observed covariates, the proposed model provides a more
flexible representation of the underlying population structure
while retaining the advantages of Bayesian latent class
multiple imputation. The performance of the proposed
approach is evaluated through comprehensive simulation
studies and compared with the conventional Bayesian latent
class multiple imputation model.

2. Bayesian Latent Class Multiple
Imputation Model

2.1. Latent Class Model

LCM provide a flexible framework for modelling
multivariate categorical data by representing the dependence
among observed variables through an unobserved categorical
latent variable. = Rather than modelling the potentially
large number of interactions among observed variables
directly, LCM partition the population into a finite number
of homogeneous latent classes, within which the observed
responses are assumed to be conditionally independent.
This efficient representation enables complex dependence
structures to be captured while maintaining computational
tractability, making latent class models particularly suitable
for high-dimensional categorical data. Consequently, LCM
have been widely applied in diverse fields, including health
research for disease and symptom classification and marketing
for consumer segmentation [17-21].

Consider a sample of n independent individuals measured
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on p categorical response variables. Let

Yi = (}/;17}/;27 s vY;p)a

denote the response vector for the ¢-th individual, and let L; €
{1, ..., K} denote the corresponding latent class membership,
where K is the total number of latent classes. The probability
of membership in latent class k is denoted by

1=1,...,n,

Wk:P(Li:k), kzl,...,K,

where

K
T > 0, Zﬂ'kzl-
k=1

The LCM represents the observed response distribution
as a finite mixture of latent class-specific distributions.
Accordingly, the marginal probability of observing the
response pattern y; = (Y1, Yi2, - - - , Yip) 18 given by

WE

PY; =y = PY;=yi|Li=k)P(Li=k). (1)

x>~
Il

1

A fundamental assumption of the LCM is local
independence, whereby the observed response variables are
assumed to be conditionally independent given latent class
membership [17]. Consequently,

p
P(Yi=yi|Li=k) =[PV =wij | Li=k). (2
j=1

Substituting Equation (2) into Equation (1) yields

K P
P(Yi=yi) =Y m [ P(Yij=wij | Li=F). (3)
k=1 j=1

Equation (3) shows that the latent class model is a finite
mixture model in which the overall response distribution is
expressed as a weighted average of class-specific multinomial
distributions, with the mixing proportions determined by the
latent class probabilities. ~Under the local independence
assumption, the dependence among the observed variables
is explained entirely through the latent class structure.
Although this assumption may not hold exactly in every
application, it provides a flexible and computationally efficient
representation of multivariate categorical data that forms the
basis for the covariate-dependent extension developed in the
following section.

2.2. Covariate-Dependent Latent Class Membership

The LCM presented in Section 2.1 assumes that the class
membership probabilities are identical for all individuals. In
many applications, however, the probability of belonging

to a latent class is influenced by observed individual
characteristics such as demographic, socioeconomic, or
behavioural variables. Incorporating covariates into the LCM
allows the class membership probabilities to vary across
individuals while preserving the latent class structure. This
extension improves the model’s ability to explain population
heterogeneity and has been widely adopted in latent class
regression and concomitant-variable models [22-26].
Let
)T

X; = (.131‘1,%,‘2, e ,xiq

denote the vector of observed covariates for individual i.
Conditional on the covariates, the distribution of the response
vector is given by

K
k=1

Consistent with the local independence assumption
introduced in Section 2.1, the covariates influence the
observed responses only through the latent class membership.
Consequently,

PY;,=yi|Li=kx;)=P(Y;=y;| L =k),

so that Equation (4) becomes

P

K
P(Yi=yi|x) =Y m(xi) [[ P(Yis =y | Li = k), (5
k=1

Jj=1

where

Wk(Xi) = P(Lz =k | Xi)’

with

K
Fk(xi) >0, Zﬂ'k(xi)zl-
k=1

Following covariate-dependent latent class framework, the
class membership probabilities are modelled using a baseline-
category multinomial logistic regression [26-28]. Specifically,

.
e (s) = o Xi Br) k=1,....K, (6)

Sy exp(x] Br)

where 3 denotes the regression coefficient vector associated
with latent class k. For identifiability, one class is set as the
baseline by fixing

B1=0.

This parameterization guarantees that the class membership
probabilities remain positive and sum to one for every
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covariate pattern while preserving the multinomial logistic
representation of the latent class probabilities [29].
Consequently, the covariates affect the joint distribution of
the observed responses indirectly through their influence on
latent class membership, whereas the class-specific response
probabilities remain unchanged [26]. The resulting covariate-
dependent LCM provides the likelihood formulation upon
which the Bayesian estimation procedure presented in the
following sections is developed.

2.3. Bayesian Model Specification

The covariate-dependent latent class model is formulated
within a Bayesian framework by combining the observed-
data likelihood with prior distributions for the unknown
model parameters. Bayesian inference provides a coherent
probabilistic framework for incorporating prior information
while accounting for parameter uncertainty through posterior
distributions [30, 31]. Let

© = (8,1I)

denote the collection of unknown model parameters, where
3 represents the regression coefficients governing covariate-
dependent class membership and II denotes the latent class-
specific item-response probabilities.

2.3.1. Observed-Data Likelihood
Suppose that for a subject i, the response vector

Y; = Yi,...,Ysp)

contains both observed and missing components. Under
the MAR assumption, inference is based on the observed
responses by integrating over the missing values rather than
modelling the missing responses directly [6, 32]. Let Y ¢
denote the observed portion of the response vector and x;
denote associated covariate vector.

Conditioning on the latent class membership, the observed-
data likelihood for subject 7 is obtained by marginalizing over
the latent classes,

K
POY? | x,,0) = 3 milx) ] P(¥iy | Lo = k),

k=1 JEO,;

where O; denotes the set of observed response variables for
subject 4, K is the number of latent classes, 7 (x;) is the
covariate-dependent probability of belonging to latent class
k, and P(Y;; | L; = k) is the latent class-specific response
probability for variable j.

Assuming independence across subjects, the observed-data
likelihood for the complete sample is given by,

L(©) =[] P(Y* | %:,0).
i=1
This observed-data likelihood forms the basis for Bayesian
estimation by utilizing only the observed responses while

appropriately accounting for uncertainty arising from missing
data through marginalization [6].

2.3.2. Prior Distributions

Prior distributions are assigned to all unknown model
parameters to complete the Bayesian specification of the
proposed model. Bayesian prior distributions provide a
principled mechanism for incorporating existing information
while regularizing estimation and quantifying uncertainty in
posterior inference [30, 31].

For the latent class-specific item-response probabilities,

Ty = ('/Tkjlv . ,ijc_j)a

where C; denotes the number of categories for response
variable j, independent Dirichlet priors are assigned,

Ty ~ Dirichlet(akﬂ, e 70¢kjc,-)7

where ayj. > 0 are fixed hyperparameters reflecting prior
beliefs regarding the response probabilities within each latent
class.

The covariate effects governing latent class membership are
represented by the multinomial logistic regression coefficients,

/Bka k:27"°7K7

with the first latent class serving as the baseline for
identifiability. Independent multivariate normal priors are
assigned,

Br ~ N(0,%5),

where Y is a prespecified covariance matrix controlling the
degree of prior uncertainty. Weakly informative normal priors
are adopted to allow the observed data to dominate posterior
inference while providing regularization of the regression
coefficients.

Since the latent class probabilities 7 (x;) are determined
through the multinomial logistic regression model introduced
in Section 2.2, no separate prior distribution is specified
for these probabilities. Instead, their posterior distributions
are induced through the prior assigned to the regression
coefficients.

Combining the observed-data likelihood with the prior
distributions through Bayes’ theorem yields the joint posterior
distribution [30],

P(© Y X) x L(O)P(O),
where
P(©) = P(B)P(II).

The resulting posterior distribution forms the basis
for Bayesian estimation and posterior predictive multiple
imputation described in the following sections.
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2.4. Posterior Estimation

Posterior inference for the proposed covariate-dependent
Bayesian latent class model is based on Bayes’ theorem,
whereby information from the observed data is combined with
the prior distributions to obtain the posterior distribution of the
unknown parameters [30, 31]. Specifically,

L(©)P(©)
P(Yobs | X)’

where L(O) denotes the observed-data likelihood, P(O)
represents the joint prior distribution of the unknown model
parameters, and P(Y°** | X) is the marginal likelihood. Since
the marginal likelihood involves high-dimensional integration
over the parameter space, direct analytical evaluation of the
posterior distribution is generally intractable.

Posterior inference is therefore performed using MCMC
methods, specifically a Gibbs sampling algorithm that
iteratively samples from the full conditional distributions of
the unknown quantities [33]. At each iteration, the latent class
memberships, latent class-specific response probabilities, and
regression coefficients are sequentially updated using the most
recent values of the remaining parameters. Repeated sampling
from these conditional distributions generates a Markov chain
whose stationary distribution converges to the joint posterior
distribution of the model parameters.

Following an initial burn-in period, posterior samples are
retained to approximate the posterior distribution. Posterior
summaries, including posterior means, posterior standard
deviations and credible intervals, are subsequently computed
from the retained samples for statistical inference [30].

The multinomial logistic regression governing the covariate-
dependent latent class probabilities does not admit conjugate
full conditional distributions for the regression coefficients.
Consequently, posterior estimation is performed using the
Pélya—Gamma data augmentation algorithm, which enables
efficient Gibbs sampling while preserving the Bayesian
formulation of the proposed model [34].

PO Y X)=

2.5. Multiple Imputation Procedure

Multiple imputation is performed within the Bayesian
framework by generating plausible values for the missing
responses from their posterior predictive distribution. This
approach propagates uncertainty associated with both the
missing data and the model parameters into subsequent
statistical inference [3, 35]. Let Y°% and Y™ denote the
observed and missing components of the response matrix,
respectively. The posterior predictive distribution of the
missing responses is

P(quq | YObS,X) _ /P(szs | @7Y0bs,X> (7)
x P(© | Y X)de.

Since the posterior predictive distribution generally does
not admit a closed-form expression, imputations are generated

using posterior samples obtained from the Gibbs sampler [30].
For each retained posterior draw ©(Y), missing responses are
sampled from

Ynmls(t) ~ P(Ymm | @(t),YObS,X),

thereby producing one completed dataset. Repeating this
procedure for m retained posterior draws generates m multiply
imputed datasets.

Parameter estimation is subsequently performed on each
completed dataset. Let Ql and U; denote the estimate and
associated variance obtained from the [-th completed dataset.
The pooled estimate is given by,

Q=

3|~
NE
i@)

l

Il
_

with within-imputation variance

Z Ul7
=1

U:

3=

between-imputation variance

1 m
B=——
m—1

=1

(@ — Q)3

and total variance given by Rubin’s combining rules [3],

T=U-+ <1 + 1) B.
m

The pooled estimates and their corresponding variances
incorporate uncertainty arising from both missing data and
parameter estimation, thereby providing statistically valid
inference under the MAR assumption [3, 6]. The resulting
multiply imputed datasets are subsequently used for parameter
estimation, interval estimation and model evaluation in the

simulation studies and real-data application.

3. Simulation Study

3.1. Simulation Design

A simulation study was conducted to evaluate the finite-
sample performance of the proposed covariate-dependent
Bayesian latent class multiple imputation model under MAR
mechanism. The proposed model, denoted by BLCMy;aR,
was compared with the conventional Bayesian latent class
model without covariates, denoted by BLCM,. Complete
multivariate categorical datasets were generated from a LCM,
after which missing values were introduced under a MAR
mechanism.

The simulation design considered three scenarios
representing increasing levels of covariate influence on latent
class membership: no covariate effects (Scenario A), moderate
covariate effects (Scenario B), and strong covariate effects
(Scenario C). Each scenario was evaluated across two sample
sizes and two missingness levels. For every simulation
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condition, 500 datasets were generated and analysed using
BLCMyar and BLCMj. Posterior estimation was performed
using a Gibbs sampling algorithm with 1,500 iterations, and
model performance was assessed using bias, RMSE, posterior
stability, empirical coverage probabilities, and latent class
occupancy. The simulation scenarios and implementation
settings are summarized in Tables 1 and 2.

Table 1. Simulation scenarios.

Scenario Covariate effects on latent class membership
A None
B Moderate
C Strong
Table 2. Simulation settings.
Component Specification
Latent classes (K) 3

Response variables 6 categorical variables

Response categories 3 per variable

Covariates X1,..., X6
Sample sizes 500, 1000
Variables with missing values Y, Y3
Missingness mechanism MAR
Missingness rates 10%, 20%
Simulation replications 500

Posterior iterations 1,500
Multiply imputed datasets 100

Models compared

Software

BLCMg, BLCMMAR
R version 4.5.2

3.2. Data-Generating Process

The simulation data were generated to reflect the structure of
the proposed covariate-dependent Bayesian latent class model.
For each simulation replication, covariates were first generated
for all individuals, followed by latent class membership
through a multinomial logistic regression model. Conditional
on the latent class, multivariate categorical responses were
generated under the local independence assumption. Finally,
missing values were introduced according to MAR mechanism
that depended only on observed covariates and responses.

3.2.1. Covariate Generation

For each individual ¢ = 1,...,n, six trichotomous
covariates, X1, ..., Xg, were independently generated from a
categorical distribution with equal category probabilities,

11 .
>7 j=1,...,6.

1
X,; ~ Categorical ( =, =, =
j ategorica. (3 3’3

The resulting covariate vector for individual ¢ is denoted by

x; = (Xi1, Xios Xizs Xias Xis, Xi6) | -

3.2.2. Latent Class Generation

Given the covariate vector x;, latent class membership was
generated from a multinomial logistic regression model with
the first latent class taken as the reference category,

Pr(L; = k| x;) = Bro+x) Br

1 PR S S
Pl =1|x)

k=2,...,K. (8)
The corresponding latent class probabilities were obtained
through the softmax transformation,

exp (Bro +x{ Br)

i , k=1,...,K.
> exp (Bro+x) B,)
€))
To investigate the influence of covariates on latent
class recovery and multiple imputation performance, three
simulation scenarios were considered. Scenario A assumed
no covariate effects on latent class membership, Scenario
B represented moderate covariate effects, while Scenario C
represented strong covariate effects obtained by increasing
the magnitude of the regression coefficients while preserving
their directional pattern. The regression coefficients used to

generate the latent class memberships are presented in Table 3.

(%) =

Table 3. Regression coefficients used for generating latent class membership.

Scenario  Class 2 coefficients Class 3 coefficients

A (0.30,0,0,0,0,0,0) (0.00,0,0,0,0,0,0)

B (0.30,0.3,0.2,0.3,0.2,0.3,0.2) (0.00,-0.3,0.3,-0.2,0.2,0.3,-0.3)
C (0.30,0.6,0.4,0.5,0.4,0.5,0.4) (0.00,-0.6,0.6,-0.4,0.4,0.5,-0.5)

3.2.3. Response Generation

Conditional on latent class membership, six trichotomous
response variables were generated independently according to
the local independence assumption,

3
P(Y;=yi|Li=k) =[] [[(mse) ", (10)

j=1s=1

where

]ijs = 1()/” = S).

The class-specific response probabilities used in the
simulations are given in Table 4.

Table 4. Class-specific response probabilities used in the simulation study.

Item Class 1 Class 2 Class 3

Y1 (.65, .25, .10) (.25, .55, .20) (.15, .25, .60)
Yo (.62, .28, .10) (.28, .52, .20) (.18, .25, .57)
Y3 (.60, .30, .10) (.25, .55, .20) (.15, .30, .55)
Ya (.64, .26, .10) (.26, .54, .20) (.16, .30, .54)
Ys (.66, .24, .10) (.28, .52, .20) (.18, .30, .52)
Ys (.63, .27,.10) (.27, .53, .20) (.17, .30, .53)
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3.2.4. Missing-at-Random Mechanism

After generating the complete datasets, missing values were
imposed on response variables Y> and Y3 according to a
missing-at-random mechanism. Let R;; = 1 if Y;; was
observed and R;; = 0 otherwise. Observation probabilities
were generated using logistic regression models that depended
exclusively on observed covariates and observed responses,

logit{Pr(Ri2 = 1)} = v20 + 721 X{] + 722 X3

+7231(Yir = 1) (11)
+7241(Yia = 2).
logit{Pr(Riz = 1)} = 730 + 131 X35
+ 32 X5 +y33l(Yis = 1) (12)

+ 7341 (Yie = 3).

where X7, = X;; — 2 denotes the centred covariate.
The intercept parameters were calibrated to produce average
missingness levels of approximately 10% and 20% for Y; and
Y3, respectively. The performance of BLCMyar and BLCMg
across the simulation scenarios is presented and discussed in
the following section.

4. Results and Discussions

This section presents the simulation results comparing the
proposed covariate-dependent Bayesian latent class multiple
imputation model (BLCMyag) with the conventional
Bayesian latent class model without covariates (BLCMj)
under MAR mechanism. The results are discussed in terms
of multiple imputation performance, latent class recovery, and
regression coefficient recovery across the three simulation
scenarios.

4.1. Multiple Imputation Inference Performance

The MI inference performance was evaluated using bias,
RMSE, posterior stability, and empirical 95% coverage under
the three simulation scenarios.

Table 5. Multiple imputation performance under MAR.

Scenario n Method Bias RMSE  Stability Cov. 95%
A 500 BLCM, 0.0000  0.0089  0.0185  0.9000
A 500 BLCMmar  0.0000  0.0089  0.0188  0.8889
A 1000 BLCM, 0.0000  0.0053  0.0152  0.9778
A 1000 BLCMMmar  0.0000  0.0052  0.0153  0.9889
B 500 BLCMg 0.0000  0.0085  0.0174  0.9667
B 500 BLCMMmar  0.0000  0.0079  0.0172  0.9667
B 1000 BLCMg 0.0000  0.0064 0.0114  0.9556
B 1000 BLCMmar  0.0000  0.0068  0.0114  0.9333
C 500 BLCMg 0.0000  0.0086  0.0230  0.9444
C 500 BLCMMmar  0.0000  0.0087  0.0236  0.9333
C 1000 BLCM, 0.0000  0.0056  0.0146  0.9222
C 1000 BLCMpmar  0.0000  0.0059  0.0144  0.9444

Note. Bias, RMSE, posterior stability, and empirical 95% coverage are averaged across
the target category-probability parameters. The lowest RMSE for each scenario and

sample size is shown in bold.

Across all simulation scenarios, both models produced
negligible bias, indicating that the corresponding estimators
were essentially unbiased.  Consequently, differences in
inferential performance are primarily reflected in the RMSE,
posterior stability, and empirical coverage.

Under Scenario A, where covariates do not influence latent
class membership, both models exhibited nearly identical
performance. At the smaller sample size (n = 500), identical
RMSE values were obtained, while at n = 1000 the proposed
BLCMyar achieved a marginally lower RMSE than BLCMj,.
These findings indicate that incorporating covariates does
not adversely affect inference when the covariates carry no
information about latent class membership.

Under Scenario B, representing moderate covariate effects,
BLCMpar achieved the lowest RMSE for the smaller
sample size, demonstrating the benefit of incorporating
covariate information when latent class membership depends
on observed characteristics. At n = 1000, both models
produced comparable estimates, with only minor differences
in RMSE and posterior stability.

For Scenario C, involving strong covariate effects, the
two models again exhibited similar inferential performance.
Although BLCM, attained slightly lower RMSE values,
the differences were small, and both models maintained
satisfactory posterior stability and empirical 95% coverage.
These results suggest that incorporating covariates neither
degrades estimation accuracy nor introduces substantial
additional uncertainty, even under strong covariate effects.

Across all scenarios, posterior stability improved as the
sample size increased from 500 to 1000, reflecting the
increased precision associated with larger samples. Similarly,
empirical 95% coverage probabilities remained close to their
nominal level for both models, indicating reliable interval
estimation under the MAR mechanism.

Overall, the proposed BLCMpar performs competitively
with BLCM while preserving unbiased estimation, stable
posterior inference, and appropriate interval coverage.
More importantly, the model provides measurable gains in
inferential accuracy when covariates contribute to latent class
membership, while maintaining performance comparable to
BLCM, when covariate effects are absent. These findings
demonstrate that incorporating covariates into Bayesian latent
class multiple imputation offers a flexible and effective
extension of the conventional latent class model under the
MAR assumption without compromising inferential reliability.

To further examine the behaviour of the proposed
multiple imputation procedure, the RMSE was evaluated
over increasing sample sizes. Figure 1 presents the RMSE
for sample sizes n = 500,1000,1500,2000, and 2500
under the three simulation scenarios. As the sample size
increases, posterior distributions increasingly concentrated
around the true parameter values, leading to improved
estimation precision. Consequently, a systematic reduction in
RMSE provides empirical evidence of posterior concentration
under the proposed Bayesian latent class multiple imputation
model.
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(a) Scenario A

(b) Scenario B

(¢) Scenario C
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Figure 1. RMSE as a function of sample size for BLCMo and BLCMw AR under the three simulation scenarios.

Figure 1(a) shows that, under Scenario A, the RMSE
decreases steadily as the sample size increases for both
competing models. Since no covariate effects are present
in this scenario, BLCMy and BLCMjpyar exhibit nearly
identical estimation accuracy across the range of sample sizes
considered.

Under Scenario B (Figure 1(b)), both models again exhibit
a consistent reduction in RMSE with increasing sample
size. However, BLCMpar achieves lower RMSE than
BLCMj at the larger sample sizes, demonstrating the benefit
of incorporating covariate information when latent class
membership depends on observed covariates.

A similar pattern is observed under Scenario C (Figure 1(c)),
where RMSE declines steadily as the sample size increases
for both models. Although the differences between the
models are modest, BLCM;Ar maintains estimation accuracy
comparable to BLCM, while accounting for covariate-
dependent class membership.

Across all simulation scenarios, the progressive reduction
in RMSE with increasing sample size demonstrates
improving estimation precision under both models. This
empirical behaviour is consistent with increasing posterior
concentration, whereby larger samples provide more
information about the model parameters, resulting in
progressively more precise posterior inference. Together with
the negligible bias, stable interval coverage, and improved
estimation accuracy observed in the preceding analyses, these
results provide strong empirical support for the proposed
BLCMuMAR-

4.2. Latent Class Proportion Recovery

Class proportion recovery was evaluated using the bias and
RMSE of the estimated latent class proportions under the three
simulation scenarios. The corresponding results are presented
in Table 6.

Table 6. Class proportion recovery under the MAR mechanism.

Scenario n Method Bias RMSE
A 500 BLCM, 0.0000 0.0410
A 500 BLCMMmAR 0.0000 0.0920
A 1000 BLCM, 0.0000 0.0450
A 1000 BLCMMmAR 0.0000 0.0983
B 500 BLCM, 0.0000 0.0543
B 500 BLCMmAR 0.0000 0.0827
B 1000 BLCM, 0.0000 0.0444
B 1000 BLCMMmAR 0.0000 0.0368
C 500 BLCM, 0.0000 0.0399
C 500 BLCMMmAR 0.0000 0.0324
C 1000 BLCM, 0.0000 0.0277
C 1000 BLCMMmAR 0.0000 0.0231

Note. Bias and RMSE are averaged across the three latent class proportions. Bold

RMSE denotes the better-performing model for each simulation setting.

Across all simulation scenarios, both models produced
negligible bias, indicating accurate recovery of the latent class
proportions. Consequently, differences in performance are
primarily reflected in the RMSE values.

Under Scenario A, where covariates do not influence latent
class membership, BLCMj consistently achieved lower RMSE
than BLCMpar. This result is expected because the data-
generating mechanism does not involve covariate effects, and
the additional regression parameters in BLCMyag provide
little benefit for estimating the class proportions.

Under Scenario B, representing moderate covariate effects,
BLCMj achieved lower RMSE at the smaller sample size,
whereas BLCM1ar produced more accurate class proportion
estimates at n = 1000. This finding suggests that the
benefits of incorporating covariates become more evident
as the amount of information available for estimating the
regression parameters increases.
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For Scenario C, corresponding to strong covariate effects,
BLCMyaRr consistently achieved the lowest RMSE across
both sample sizes. The improved recovery of the
latent class proportions demonstrates the advantage of
explicitly modelling covariate-dependent class membership
when covariates are strongly associated with the latent
classes. Accounting for these covariate effects reduces model
misspecification and improves the accuracy of the estimated
class proportions [36, 37].

Taken together, these results demonstrate that the relative
performance of the competing models depends on the strength
of the covariate effects. When covariates are absent, the
simpler BLCMy provides the most accurate recovery of
latent class proportions. However, as covariate effects
become increasingly pronounced, the proposed BLCMyar
consistently provides more accurate estimates. These findings
confirm that incorporating covariates into the Bayesian latent
class model improves latent class recovery when covariates
contain meaningful information while preserving reliable
estimation across all simulation scenarios.

4.3. Recovery of Regression Coefficients

The performance of the proposed BLCMyjaR in recovering
the regression coefficients governing covariate-dependent
latent class membership was evaluated using bias, RMSE,
posterior stability, empirical coverage probabilities, and
credible interval widths. Because regression coefficients
are unique to the proposed covariate-dependent model,
this evaluation focuses exclusively on BLCMpyar. The
corresponding results are presented in Tables 7 and 8.

Table 7. Recovery of regression coefficients under the MAR mechanism.

Scenario n Bias RMSE Stability
A 500 -0.0988 0.4611 0.4781
A 1000 -0.0625 0.4457 0.4399
B 500 -0.1139 0.5696 0.5455
B 1000 -0.1651 0.4725 0.3682
C 500 -0.1262 0.8713 0.5589
C 1000 -0.1136 0.7699 0.5657

Note. Bias, RMSE, and stability are averaged across the regression coefficients

governing covariate-dependent latent class membership.

Across all simulation scenarios, the proposed BLCMyar
recovered the regression coefficients with relatively small
bias, indicating that the estimated covariate effects remained
close to their true values. Compared with the recovery of
latent class proportions, estimation of regression coefficients
exhibited larger RMSE and posterior variability, reflecting
the greater complexity of estimating multinomial logistic
regression parameters within the LCM.

Under Scenario A, where covariates do not influence latent
class membership, the regression coefficients are centred close
to zero and are therefore inherently more difficult to estimate

precisely. Nevertheless, both RMSE and posterior variability
decreased slightly as the sample size increased from n = 500
to n = 1000, indicating improved estimation precision.

For Scenarios B and C, representing moderate and
strong covariate effects, respectively, recovery of the
regression coefficients likewise improved with increasing
sample size. Although stronger covariate effects resulted
in larger estimation error than observed under Scenario
A, the reduction in RMSE under the larger sample size
demonstrates that additional information improves estimation
of the regression parameters. These findings are consistent
with the expected behaviour of Bayesian estimators, whereby
posterior uncertainty decreases as more data become available
[38, 39].

Empirical coverage probabilities and average credible
interval widths are summarized in Table 8. Coverage was
evaluated using 90%, 95%, and 99% credible intervals, while
the corresponding interval widths provide an indication of
posterior uncertainty.

Table 8. Coverage of regression coefficients under the MAR mechanism.

Scenario T Covgo Covgs Covgg Widthgg Widthgs Widthgg
A 500 0.8762 09143 09571 1.7567  2.0939  2.7538
A 1000  0.8905  0.9524  0.9857  0.9081 1.0824  1.4235
B 500 0.7619  0.8143  0.8762 13112  1.5628  2.0554
B 1000 04429 04762  0.5952  0.5930  0.7068  0.9295
C 500 04714  0.5524  0.6286 1.0820 1.2897 1.6961
C 1000 04524 04952  0.5714  0.6169 07353  0.9671

Note. Covgg, Covgs and Covgg denote empirical coverage probabilities for the
corresponding credible intervals. Widthgo, Widthgs and Widthgg denote the associated

average credible interval widths. Results are averaged across all regression coefficients.

Coverage probabilities were generally close to their nominal
levels under Scenario A, indicating satisfactory uncertainty
quantification when covariate effects were absent.  As
expected, interval widths decreased with increasing sample
size, reflecting improved posterior precision.

For Scenarios B and C, empirical coverage declined below
the nominal levels, particularly for the 95% credible intervals.
This behaviour reflects the increased complexity of estimating
multinomial logistic regression coefficients when covariate
effects are present. Although interval widths became narrower
with increasing sample size, the reduction in coverage
indicates that finite-sample uncertainty remains challenging to
quantify accurately in more complex latent class structures.
Similar behaviour has been reported for Bayesian latent
variable models in finite samples, where posterior uncertainty
converges more slowly for regression parameters than for
probability parameters [38—40].

Overall, the proposed BLCMpar provides reliable
estimation of the regression coefficients governing covariate-
dependent latent class membership. Estimation accuracy
and posterior precision improve with increasing sample
size, while the finite-sample reduction in interval coverage
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under moderate and strong covariate effects highlights the
greater difficulty of uncertainty quantification for regression
parameters compared with latent class proportions. These
findings complement the earlier results on latent class recovery
and further demonstrate the effectiveness of the proposed
covariate-dependent Bayesian latent class multiple imputation
model under the MAR mechanism.

5. Conclusion

This study developed a covariate-dependent Bayesian latent
class model for multiple imputation under MAR mechanism.
By incorporating covariates into the latent class membership
model, the proposed approach extends the conventional
Bayesian latent class model (BLCM, ) while preserving the
flexibility of latent class modelling for multivariate categorical
data with missing values. The simulation study demonstrated
that the proposed model yields unbiased inference, reliable
recovery of latent class proportions and regression coefficients,
and improved estimation accuracy when covariates are
informative of latent class membership. Furthermore, the
observed reduction in RMSE and improvement in posterior
precision with increasing sample size provide empirical
support for the desirable large-sample behaviour of the
proposed Bayesian multiple imputation framework.

The proposed methodology therefore provides an effective
extension of Bayesian latent class multiple imputation under
the MAR assumption, particularly in applications where
auxiliary covariates contribute to explaining latent class
membership.  Future research may extend the proposed
framework to accommodate MNAR mechanisms through
explicit modelling of the missingness process. It may
also investigate the asymptotic properties of the proposed
methodology, including posterior consistency and other large-
sample theoretical properties. Such developments could
lead to a more comprehensive Bayesian latent class multiple
imputation framework for handling both ignorable and non-
ignorable missing data mechanisms.
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