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Abstract

Background: Contemporary mathematical pedagogy relies fundamentally on hierarchical operation sequences codified through
mnemonic devices such as PEMDAS and BODMAS, yet these conventions emerged through historical contingency rather than
cognitive optimization or mathematical necessity. Current operational precedence hierarchies may systematically conflict with
natural cognitive processing patterns, creating unnecessary cognitive burdens for developing learners while offering limited
compensatory advantages in foundational arithmetic contexts. Objective: This investigation aims to develop a comprehensive
theoretical framework proposing sequential left-to-right processing as a cognitively superior alternative for elementary
mathematics education, integrating insights from cognitive psychology, educational theory, and historical analysis. Method: This
theoretical investigation employs systematic literature synthesis and framework development, integrating established research
across cognitive science, educational psychology, and mathematical pedagogy to construct a unified theoretical model. The
approach follows established protocols for developing a theoretical framework in educational research, emphasizing systematic
integration, logical consistency, and predictive capacity to guide future empirical investigations. Result: The sequential
processing theoretical framework demonstrates that current conventions prioritize notational efficiency over cognitive
accessibility, creating a fundamental misalignment between mathematical systems and human learning processes. The
framework reveals four core theoretical advantages: the elimination of arbitrary precedence rules reduces cognitive load,
alignment with natural reading patterns creates processing fluency, consistent procedural patterns facilitate the development of
automaticity, and explicit notation supports mathematical communication and error detection. Sequential systems eliminate
implicit hierarchies in favor of explicit structural notation, making all computational decisions transparent through notational
structure rather than requiring the recall of arbitrary precedence rules. Conclusion: The sequential processing framework offers
transformative potential for reconceptualizing mathematical notation systems to better serve human cognitive architecture and
learning processes across diverse educational contexts. This theoretical contribution provides a systematic foundation for future
empirical validation and educational innovation, suggesting that mathematical education could evolve toward approaches that
optimize human potential while maintaining mathematical precision and effective communication.
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1. Introduction

1.1. The Problem: Cognitive Burden in
Mathematical Notation Systems

Mathematics education faces a persistent and widespread
problem: students consistently struggle with the order of
operations, despite extensive instruction in PEMDAS (Pa-
rentheses, Exponents, Multiplication and Division, Addition
and Subtraction) and similar mnemonic systems. Educational
research demonstrates that operational precedence ranks
among the most frequently misunderstood topics in elemen-
tary and secondary mathematics, with misconceptions per-
sisting even among students who have successfully completed
advanced mathematical courses [6]. This pattern of difficulty
suggests a systematic rather than isolated instructional prob-
lem, pointing to potential fundamental issues with the
mathematical notation systems themselves, rather than simply
with pedagogical approaches.

The core problem lies in the cognitive demands imposed by
hierarchical precedence systems that require students to
mentally reorganize mathematical expressions before calcu-
lation can proceed. Students must simultaneously scan ex-
pressions to identify operation types, recall arbitrary prece-
dence rules, coordinate non-sequential processing, and track
intermediate results while maintaining awareness of original
expressions [4]. These cognitive coordination demands may
systematically exceed working memory limitations for many
learners, creating barriers to mathematical understanding that
persist despite quality instruction.

1.2. Background: Historical and Cognitive
Foundations

Mathematical notation systems evolved through historical
contingency rather than optimization for human learning.
Operational precedence hierarchies emerged gradually as
symbolic algebra developed during the Renaissance and
post-Renaissance periods, driven primarily by the practical
need to write polynomial expressions compactly rather than
considerations of cognitive accessibility [7]. These conven-
tions achieved dominance through institutional standardiza-
tion during the expansion of mass education in the late nine-
teenth and early twentieth centuries, when educational pub-
lishers required consistent approaches that could be system-
atically taught across diverse populations.

Cognitive science research reveals that these historically
contingent systems may conflict with natural human infor-
mation processing patterns. Working memory limitations
typically constrain simultaneous processing to three to five
discrete elements; yet, hierarchical precedence systems re-
quire the coordination of multiple cognitive processes that
may systematically exceed these constraints [2]. Additionally,
research on spatial-numerical processing demonstrates au-
tomatic associations between numerical magnitude and spa-
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tial position, suggesting an alignment between mathematical
processing and directional reading patterns [5].

1.3. Purpose of the Investigation

The purpose of this theoretical investigation is to develop a
comprehensive cognitive framework for understanding why
current mathematical notation systems create learning diffi-
culties and to propose systematic alternatives that align with
human cognitive architecture. Specifically, this study aims to:
(1) construct a unified theoretical model that explains the
cognitive burden imposed by hierarchical precedence systems,
(2) develop theoretical foundations for sequential left-to-right
processing as a cognitively superior alternative, and (3) es-
tablish systematic frameworks that can guide future empirical
research and inform educational practice.

This investigation employs theoretical synthesis method-
ology, integrating insights from cognitive psychology, edu-
cational theory, historical analysis, and mathematical peda-
gogy to construct a coherent framework that bridges multiple
disciplines. The approach adheres to established protocols for
developing a theoretical framework in educational research,
emphasizing the systematic integration of literature, logical
consistency, and predictive capacity for future empirical
validation.

1.4. Significance of the Research Problem

The significance of this research problem extends across
multiple dimensions of mathematical education and cognitive
science. Theoretically, this investigation addresses funda-
mental questions about the relationship between notation
systems and human cognition, thereby contributing to ongo-
ing scholarly discourse on optimizing educational practices
through insights from cognitive science. The theoretical
framework developed here could inform broader discussions
about educational design principles and the role of cultural
conventions in shaping learning experiences.

Practically, the research addresses persistent difficulties
that affect millions of students worldwide who struggle with
mathematical notation systems that may be fundamentally
misaligned with human cognitive capabilities. If alternative
approaches could reduce cognitive burden and improve
mathematical accessibility, the educational implications
would be substantial, particularly for students with learning
differences, limited working memory capacity, or mathe-
matical anxiety. The framework also provides foundations for
developing educational technologies and instructional ap-
proaches that better support diverse learners.

Methodologically, this investigation contributes to the de-
velopment of theoretical frameworks in educational research
by demonstrating systematic integration across multiple dis-
ciplines while maintaining focus on practical educational
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applications. The approach demonstrates how insights from
cognitive science can inform educational theory while re-
specting the complexity of real-world educational contexts.

1.5. Research Questions

This theoretical investigation addresses three primary re-

search questions that guide framework development:

1) Cognitive Burden Question: How do current hierar-
chical precedence systems impose cognitive burden on
mathematical learners, and what specific cognitive
mechanisms explain persistent difficulties with opera-
tional precedence despite extensive instruction?

2) Alternative Framework Question: What theoretical
foundations support sequential left-to-right processing
as a cognitively superior alternative to hierarchical sys-
tems, and how would such alternatives align with es-

tablished principles of cognitive architecture and learn-
ing optimization?

3) Implementation Framework Question: What theoretical
considerations would guide the development and im-
plementation of alternative mathematical notation sys-
tems, including addressing potential challenges and
limitations while maintaining mathematical precision
and communication effectiveness?

These research questions are addressed through systematic
theoretical analysis that integrates historical documentation,
cognitive psychology research, and educational theory to
construct a unified framework. The investigation develops
theoretical propositions that can be tested through future
empirical research, contributing to the immediate scholarly
discourse on mathematical notation and cognitive accessibil-

ity.

2. Theoretical Foundation: The Cognitive Architecture of Mathematical Processing
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Figure 1. Cognitive Architecture Model for Mathematical Processing.

Understanding how the human mind processes mathemat-
ical information provides a crucial foundation for evaluating
the effectiveness of various notation systems. Cognitive ar-
chitecture research reveals systematic patterns in how indi-
viduals encode, manipulate, and retrieve numerical infor-
mation, with these patterns having direct implications for
mathematical learning and performance, as illustrated in
Figure 1.
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The theoretical framework for sequential processing is
based on three key cognitive principles: working memory
limitations that constrain simultaneous information pro-
cessing, spatial-numerical associations that influence direc-
tional processing preferences, and patterns of automaticity
development that determine long-term skill acquisition. These
cognitive mechanisms operate independently of mathematical
conventions, suggesting that notation systems should be de-
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signed to align with rather than conflict with natural pro-
cessing tendencies. By examining mathematical notation
through the lens of cognitive architecture, we can systemati-
cally evaluate whether current conventions support or hinder
optimal learning outcomes.

2.1. Cognitive Load Theory and Mathematical
Notation Systems

The theoretical foundation for questioning current mathe-
matical conventions rests on cognitive load theory's funda-

mental insights about working memory limitations and their
implications for learning design [1]. Working memory ca-
pacity constraints, typically limited to three to five discrete
elements for most individuals, create predictable bottlenecks
when learners encounter tasks that require the simultaneous
coordination of multiple cognitive processes. Mathematical
notation systems that exceed these constraints necessarily
impede learning and performance, regardless of logical con-
sistency or historical precedent. Recent cross-cultural re-
search confirms these cognitive load effects across diverse
educational contexts [3], as shown in Table 1.

Table 1. Cognitive Load Comparison Between Hierarchical and Sequential Processing Systems.

Cognitive Process Hierarchical (PEMDAS)

Visual scanning Required (identify operation types)

Memory retrieval Multiple precedence rules

Mental reorganization Required (non-sequential)

Intermediate tracking Multiple operations

Working memory elements  4-6 simultaneous

Hierarchical precedence systems systematically violate
cognitive load principles by requiring the simultaneous coor-
dination of multiple cognitive processes, including visual
scanning to identify operation types, memory retrieval of
precedence rules, mental reorganization of calculation se-
quences, and tracking of intermediate results during
non-sequential processing [4]. This multi-layered cognitive
demand structure creates what cognitive load theorists term
"extraneous load"-mental effort devoted to arbitrary system
requirements rather than conceptual understanding or prob-
lem-solving.

The theoretical significance of this analysis lies in recog-
nizing that cognitive load is not merely an individual limita-
tion to accommodate, but a fundamental design principle for
optimizing learning systems. Mathematical notation systems
that align with cognitive architecture facilitate learning, while
those that conflict with natural processing patterns create
systematic barriers. This theoretical insight transforms the
evaluation of mathematical conventions from questions of
tradition or efficiency to questions of cognitive compatibility
and learning optimization.

Sequential processing offers theoretical advantages pre-
cisely because it eliminates the complex cognitive coordina-
tion required by hierarchical systems. By processing opera-
tions in encounter order, sequential systems reduce working
memory demands to single-step calculations with consistent
procedural rules, aligning mathematical processing with nat-
ural cognitive tendencies toward linear information pro-
cessing [2]. This theoretical alignment suggests that sequen-

Sequential (Left-to-Right)

Cognitive Load Difference

Minimal (left-to-right only)  High — Low
Single procedural rule High — Low
Not required High — None
Single operation High — Low

2-3 simultaneous
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Exceeds capacity — Within capacity

tial approaches should facilitate learning and reduce cognitive
burden compared to hierarchical alternatives.

The theoretical implications extend beyond individual
cognitive limitations to encompass systemic educational
design principles. Modern educational psychology empha-
sizes the importance of cognitive compatibility in instruc-
tional design, where learning systems should align with
rather than conflict with natural cognitive tendencies [9].
This principle suggests that mathematical notation systems
represent a fundamental design choice that either facilitates
or impedes learning, independent of mathematical correct-
ness or historical precedent.

2.2. Spatial-numerical Processing and
Directional Cognition

Cognitive neuroscience research reveals systematic rela-
tionships between spatial processing and numerical cognition,
providing theoretical foundations for evaluating mathematical
notation systems [5]. The spatial-numerical association of
response codes (SNARC) effect demonstrates an automatic
association between the magnitude of numbers and spatial
position, with smaller numbers being associated with leftward
positions and larger numbers with rightward positions in
cultures that employ left-to-right reading systems. This fun-
damental cognitive architecture suggests deep connections
between spatial orientation and mathematical processing.

The theoretical implications extend beyond simple spatial
associations to encompass directional processing preferences
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that may influence the effectiveness of mathematical notation.
Cross-cultural research examining mathematical processing
in populations with different reading directions reveals sys-
tematic variation in spatial-numerical associations, suggesting
that cultural reading patterns influence fundamental mathe-
matical cognition [15]. This research establishes theoretical
foundations for proposing that mathematical notation systems
optimized for specific cultural contexts might achieve supe-
rior cognitive efficiency compared to universal approaches
that ignore directional processing preferences.

Sequential left-to-right processing aligns theoretically with
established spatial-numerical processing patterns by main-
taining consistent directional flow from smaller to larger
positional values. This alignment creates what cognitive
psychologists term "processing fluency"-the subjective ease
associated with tasks that match natural cognitive tendencies
[1]. Hierarchical precedence systems, by contrast, require
cognitive reorientation that conflicts with natural directional
processing, potentially creating systematic processing ineffi-
ciencies.

The theoretical framework suggests that mathematical no-
tation systems should leverage rather than conflict with es-
tablished cognitive architecture. Sequential processing sys-
tems that maintain consistent directional flow may facilitate
mathematical learning by reducing cognitive conflict between
notation requirements and natural processing tendencies. This
theoretical prediction provides foundations for expecting
superior learning outcomes under sequential compared to
hierarchical processing conditions.

2.3. Automaticity Development and Procedural
Learning Theory

Educational psychology research establishes clear princi-
ples governing the development of automatic procedural skills,
which have direct implications for the design of mathematical
notation [10]. Automaticity development requires extensive
practice with consistent procedural patterns. Complex or
conditional procedures, however, require significantly longer
acquisition periods and remain more vulnerable to errors
under cognitive stress. Mathematical notation systems that
facilitate rapid automaticity development, therefore, offer
systematic advantages for long-term learning outcomes.

Hierarchical precedence systems present particular theo-
retical challenges for automaticity development because they
require conditional processing based on the type of operation
rather than the consistent sequential application. Students
must develop multiple procedural patterns (identify operation
types, apply different precedence rules, coordinate
non-sequential processing) and learn to coordinate these pat-
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terns appropriately. This conditional complexity creates the-
oretical impediments to the development of automaticity,
which may explain the persistent difficulties many students
experience with operational precedence [8].

Sequential processing approaches offer theoretical ad-
vantages for automaticity development through the consistent
application of single procedural rules, regardless of the oper-
ation type or the complexity of the expression. The theoretical
framework predicts that consistent procedures should achieve
automaticity more rapidly and reliably than complex condi-
tional procedures, leading to superior long-term mathematical
performance. This prediction aligns with established princi-
ples of skill acquisition and procedural learning.

The theoretical significance extends beyond individual skill
development to encompass cognitive resource allocation and
mathematical thinking. Automaticity in foundational proce-
dures releases cognitive capacity for higher-order mathemat-
ical reasoning and problem-solving activities [11]. If sequen-
tial processing approaches facilitate more rapid development
of automaticity in basic computational procedures, they could
indirectly support enhanced performance in complex math-
ematical reasoning tasks. This theoretical cascade effect rep-
resents a fundamental advantage that extends far beyond
simple computational efficiency.

3. Historical Analysis: The Contingent
Development of Mathematical
Conventions

Examining the historical development of mathematical
notation reveals that current operational precedence conven-
tions are products of cultural evolution rather than cognitive
optimization or mathematical necessity. Mathematical com-
munication functioned effectively for thousands of years
without hierarchical precedence rules, with calculation se-
guences communicated through explicit description rather
than implicit notational conventions. The gradual adoption of
symbolic notation during the Renaissance and its subsequent
systematization during the expansion of mass education re-
flected practical and institutional priorities that may not align
with contemporary learning needs. Understanding this his-
torical contingency demonstrates that alternative approaches
to mathematical notation remain theoretically viable and
potentially superior for educational contexts. This historical
perspective provides essential foundations for questioning
fundamental assumptions about mathematical conventions
while exploring systematic alternatives that could better serve
human learning processes, as illustrated in Table 2.
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Table 2. Historical Development of Mathematical Notation Systems.

Time Period

Ancient (3000 BCE - 500
CE)

Medieval (500 - 1400 CE)

Basic arithmetic

Islamic algebra

Renaissance (1400 - 1600) Symbolic development

Modern (1600 - 1900) Standardization

Contemporary Mass education

3.1. Pre-symbolic Mathematical
Communication and Natural Processing

Historical analysis reveals that mathematical communica-
tion functioned effectively for millennia without operational
precedence hierarchies, with calculation sequences deter-
mined through contextual description rather than notational
convention [7]. This historical reality provides a crucial the-
oretical perspective: operational precedence represents a
response to the development of symbolic notation rather than
an inherent mathematical requirement. Understanding this
historical contingency illuminates possibilities for alternative
approaches that may better serve contemporary educational
needs.

Ancient mathematical traditions employed verbal descrip-
tion and sequential instruction to eliminate ambiguity in
computational procedures. Mesopotamian mathematical texts
articulated calculation sequences through explicit procedural
description, while Egyptian and Greek mathematical works

embedded computational order within narrative structure [15].

These approaches achieved mathematical precision through
explicit communication rather than implicit conventional
rules, demonstrating theoretical alternatives to hierarchical
precedence systems.

The theoretical significance of pre-symbolic mathematical
traditions lies in demonstrating that explicit notation can
achieve mathematical precision without imposing arbitrary
cognitive burdens. When calculation sequences are trans-
parent through descriptive structure rather than hidden in
conventional rules, mathematical communication becomes
self-documenting and cognitively accessible. This historical
insight provides theoretical foundations for proposing that
explicit notation approaches may offer superior alternatives to
implicit hierarchical systems.

Medieval Islamic mathematical scholarship continued this
tradition of explicit mathematical communication while de-
veloping increasingly sophisticated algebraic concepts.
Scholars such as al-Kindi and al-Battani described complex
procedures through careful linguistic construction, which
made the intended calculation sequences explicit through

Mathematical Context Notation Approach

Verbal/descriptive

Explicit procedures
Experimental notation
Hierarchical precedence

PEMDAS/BODMAS
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Primary Driver Cognitive Consideration

Communication clarity  High cognitive accessibility

Mathematical precision Moderate cognitive accessibility

Compact representation Variable cognitive accessibility

Polynomial efficiency ~ Low cognitive accessibility

Institutional consistency Minimal cognitive consideration

textual organization. The success of these explicit approaches
in supporting advanced mathematical development demon-
strates the theoretical viability of non-hierarchical systems,
even in sophisticated mathematical contexts.

3.2. Renaissance Symbolic Development and
Alternative Possibilities

The gradual transition toward symbolic mathematical rep-
resentation during the Renaissance occurred through the ex-
perimental adoption of diverse notational approaches, rather
than an inevitable progression toward current conventions.
This historical variation demonstrates that alternative sym-
bolic systems could have emerged under different circum-
stances, challenging assumptions about the necessity of cur-
rent operational precedence hierarchies.

The development of symbolic notation through figures
such as Frangis Viéte, RenéDescartes, and Gottfried Wil-
helm Leibniz involved parallel experimentation with different
approaches to representing mathematical relationships. Each
mathematician developed individual symbolic conventions
and explained them explicitly in their works, demonstrating
that mathematical communication can function effectively
with diverse notational systems provided they are clearly
articulated [1].

The theoretical implication of this historical variation lies
in revealing that current conventions achieved dominance
through practical and institutional factors, rather than
demonstrating superiority in learning or communication.
Mathematical notation systems that prioritized different val-
ues-such as cognitive accessibility rather than notational
compactness-could have developed under alternative histor-
ical circumstances. This insight provides theoretical justifi-
cation for reconsidering current systems from contemporary
pedagogical perspectives.

Historical analysis also reveals that operational precedence
conventions emerged gradually through practical necessity as
symbolic notation became more complex, rather than through
deliberate optimization for learning or communication effec-
tiveness. The convention prioritizing multiplication over
addition was developed primarily to support polynomial no-
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tation (expressions such as 3x=+ 5x + 7) rather than to facil-
itate mathematical learning. This historical insight suggests
that current conventions serve specialized mathematical
communication needs that may not align with the require-
ments of elementary education.

Contemporary analysis of historical mathematical devel-
opment reveals that notational choices often reflected practi-
cal constraints of handwritten calculation and printing tech-
nology rather than pedagogical optimization [12]. The priori-
tization of notational compactness over cognitive accessibility
emerged from economic and technological limitations that
may no longer apply in digital educational environments. This
historical insight suggests that current technological capabil-
ities could support more cognitively accessible notation sys-
tems without the space and reproduction constraints that in-
fluenced earlier developments.

3.3. Educational Systematization and
Institutional Momentum

The codification of operational precedence into formal
pedagogical systems occurred during the expansion of mass
education, driven by institutional needs for consistent in-
structional content rather than optimization for learning ef-
fectiveness [14]. Educational publishers required standard-
ized approaches that could be systematically taught across
diverse populations, creating economic incentives for con-
vention uniformity that transcended purely educational con-
siderations.

Mnemonic devices such as PEMDAS and BODMAS
emerged during this period of systematization as memory aids
for teaching hierarchical precedence, rather than as expres-
sions of mathematical truth or optimal learning strategies. The
focus on memorization over conceptual understanding in
these approaches reflects institutional priorities for efficient
instruction delivery rather than deep mathematical compre-
hension or cognitive accessibility.

Documentation from early twentieth-century educational
sources reveals continued disagreement about operational
precedence details even as formal systematization proceeded,
with different educational authorities advocating alternative

approaches to multiplication-division precedence and other
specifics [6]. This ongoing variation demonstrates that com-
plete standardization remained incomplete even within formal
educational contexts, suggesting that current conventions
achieved dominance through institutional momentum rather
than demonstrated educational superiority.

The theoretical significance of this historical analysis lies in
revealing that current educational practices reflect institu-
tional and economic factors rather than pedagogical optimi-
zation. Mathematical conventions that serve the efficiency of
mass instruction may not serve the effectiveness of individual
learning, creating a systematic misalignment between educa-
tional systems and learning needs. This insight provides the-
oretical foundations for proposing that educational contexts
may benefit from approaches that prioritize learning optimi-
zation over instructional efficiency.

4. Sequential Processing Framework:
A Comprehensive Theoretical Model

The integration of cognitive science insights and historical
analysis provides the foundation for developing a systematic
alternative to hierarchical mathematical notation systems. The
sequential processing framework synthesizes evidence from
working memory research, spatial-numerical cognition stud-
ies, and educational psychology to propose a unified theoret-
ical model that prioritizes cognitive accessibility over nota-
tional compactness. This comprehensive framework ad-
dresses both the theoretical mechanisms underlying cognitive
advantages and the practical implications for mathematical
education and communication. Unlike previous critiques of
conventional notation that focus on isolated problems, this
model provides systematic predictions about learning out-
comes, error patterns, and skill development under alternative
notational approaches. The framework establishes clear the-
oretical propositions that can guide empirical validation while
offering immediate applications for educational innovation
and instructional design, as illustrated in Table 3.

Table 3. Comparison of Mathematical Expression Processing.

Expression Hierarchical (PEMDAS) Result
7+3x5-2 7+15-2=20

12 +4+2 %3 3+6=9

5x2+8+4 10+2=12

15-3%2+4 15-6+4=13

Sequential (Left-Right) Result

((7 +3) x5) -2 =148
((12 +4) + 2) x3=15
((5%2)+8)+4=45
(15 - 3) x2) + 4) = 28
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Explicit Sequential Notation

7+ (3%5)-2=20

(12 +4)+(2x3)=9
(5 x2) + (8 +4) = 12
15-(3%2)+4=13
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4.1. Core Theoretical Propositions

The sequential processing theoretical framework rests on
four fundamental propositions that integrate insights from
cognitive science, educational psychology, and mathematical
communication theory. First, mathematical notation systems
should align with natural cognitive architecture rather than
requiring adaptation to arbitrary conventional rules. Second,
explicit notation offers superior cognitive accessibility com-

pared to implicit hierarchical systems, which require memo-
rization of arbitrary precedence rules. Third, consistent pro-
cedural patterns facilitate the development of automaticity
more effectively than conditional systems that require opera-
tion-type discrimination. Fourth, cognitive resources devoted
to managing notational complexity represent opportunity
costs that could be redirected toward mathematical under-
standing and problem-solving, as illustrated in Figure 2.

COGNITIVE COMPATIBILITY FACTORS

WORKING MEMORY
OPTIMIZATION

Reduced
cognitive load

SPATIAL-NUMERICAL
ALIGNMENT

Natural reading
patterns

AUTOMATICITY
DEVELOPMENT

Single procedure
pattern

ENHANCED MATHEMATICAL LEARNING

+ Faster skill acquisition

+ Improved error detection ‘

« Better transfer to complex problems

A

* Reduced mathematical anxiety

* Enhanced conceptual understanding

Figure 2. Theoretical Framework for Sequential Processing Advantage.

These theoretical propositions converge on a unified
framework proposing that sequential left-to-right processing
optimizes mathematical notation for human cognitive archi-
tecture. Sequential systems eliminate implicit hierarchies in
favor of explicit structural notation, requiring parentheses or
other grouping symbols to indicate any deviation from
left-to-right sequence. This approach makes all computational
decisions transparent through its notational structure, rather
than requiring the recall of arbitrary precedence rules [13].

The theoretical framework predicts systematic advantages
for sequential processing across multiple dimensions of
mathematical learning and performance. Cognitive load re-
duction through the elimination of hierarchical rule coordi-
nation is expected to facilitate learning and reduce errors.
Alignment with natural reading patterns should foster pro-
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cessing fluency, thereby enhancing computational accuracy.
Consistent procedural patterns should facilitate the develop-
ment of automaticity, thereby releasing cognitive resources
for higher-order mathematical thinking. Explicit notation
should improve mathematical communication and error de-
tection.

Under sequential processing systems, expressions are
evaluated through a consistent left-to-right progression, re-
gardless of the types of operations involved. Consider the
expression 7 + 3 x5 - 2, which produces different results
under conventional and sequential approaches. Conventional
PEMDAS application yields 7 + (3 x5) -2 =7 + 15- 2 = 20,
while sequential processing produces ((7 + 3) x5) - 2 = (10 x
5) - 2 = 48. To achieve the conventional result under sequen-
tial systems, the explicit notation would be required: 7 + (3 x<5)
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- 2 = 20. This fundamental difference illustrates the trade-off
between notational compactness and cognitive transparency
that defines the theoretical choice between systems.

4.2. Theoretical Advantages and Cognitive
Mechanisms

Sequential processing offers multiple categories of theoret-
ical advantages that emerge from alignment with established
cognitive processing patterns. Preliminary empirical evidence

supports these theoretical predictions, with initial studies
showing improved performance under sequential processing
conditions [9]. The elimination of arbitrary precedence rules
reduces memory demands associated with learning and apply-
ing complex conditional procedures, freeing cognitive re-
sources for mathematical reasoning and problem-solving ac-
tivities [2]. This resource reallocation could prove especially
beneficial for students with limited working memory capacity
or those experiencing mathematical anxiety, as illustrated in
Figure 3.

Mathematical Competency Over Time

100%

80% 17 months

60%

40%

20%

Competency Level

Mastery Level (90%)

Learning Trajectdfie8°nths
=#= Sequential Processing

== Traditional PEMDAS

0%

18

24 30 36

Key Differences:

+ Steeper initial learning curve with sequential processing

+ Earlier achievement of automaticity « Reduced plateau periods « Better retention over time

Figure 3. Predicted Learning Trajectory Comparison.

The alignment between sequential processing and natural
reading patterns creates processing fluency that may reduce
cognitive effort and improve computational accuracy. Re-
search in cognitive psychology demonstrates that tasks
aligned with natural processing tendencies require less mental
effort and produce better performance outcomes compared to
tasks that conflict with cognitive predispositions [1]. Se-
quential mathematical processing leverages these natural
tendencies rather than requiring adaptation to arbitrary con-
ventional systems.

The explicit nature of sequential notation systems provides
superior support for mathematical understanding and error
detection. When calculation sequences are transparent
through notational structure rather than hidden in conven-
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tional rules, students can more easily identify computational
errors and understand the logical progression of mathematical
procedures. This transparency supports both independent
learning and collaborative mathematical discussion while
reducing reliance on memorized procedural rules.
Theoretical analysis of cognitive mechanisms suggests that
sequential processing should facilitate mathematical learning
through multiple pathways. Reduced cognitive load enables
deeper processing of mathematical concepts, rather than
merely executing procedures at a surface level. Processing
fluency created by directional alignment enhances computa-
tional confidence and reduces mathematical anxiety. Explicit
notation supports metacognitive awareness of mathematical
procedures and error-detection capabilities. Consistent pro-
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cedural patterns accelerate skill development and support
transfer to novel mathematical contexts.

Recent preliminary research examining sequential pro-
cessing approaches provides initial empirical support for these
theoretical predictions. Students working with sequential
notation systems demonstrate reduced error rates in complex
calculations while reporting lower levels of mathematical
anxiety compared to conventional approaches [9]. These
findings align with predictions from cognitive load theory,
suggesting that theoretical advantages may be effectively
translated into practical educational benefits. However,
comprehensive validation requires larger-scale studies across
diverse populations and extended implementation periods.

4.3. Integration with Educational Theory

The sequential processing framework integrates effectively
with established educational theories that emphasize learning
optimization and cognitive accessibility. Constructivist
learning theory emphasizes the importance of building
mathematical understanding on foundations that connect with
learners' existing cognitive architecture rather than requiring
adaptation to arbitrary external systems [14]. Sequential
processing aligns with constructivist principles by leveraging
natural cognitive tendencies rather than conflicting with them.

Social learning theory highlights the role of communication
and collaboration in mathematical understanding, emphasiz-
ing the importance of notation systems that facilitate rather
than impede mathematical discourse [6]. Sequential pro-
cessing supports social learning through the explicit notation
that makes mathematical reasoning transparent and accessible
to collaborative discussion. Students can more easily explain
mathematical thinking when calculation sequences are visible
through notational structure rather than being hidden in con-
ventional rules.

Cognitive development theory emphasizes the importance
of matching instructional approaches to learners' cognitive
capabilities rather than requiring premature adaptation to
complex conventional systems [10]. Sequential processing
aligns with developmental principles by providing consistent,
concrete procedural patterns that support the gradual devel-
opment of mathematical sophistication. Students can focus on
mathematical concepts rather than managing notational
complexity during foundational learning periods.

The theoretical integration suggests that sequential pro-
cessing approaches should enhance the effectiveness of
mathematical learning across diverse populations and educa-
tional contexts. The framework predicts particular advantages
for students with learning differences, limited working
memory capacity, or mathematical anxiety, while also antic-
ipating general benefits for all learners through cognitive load
reduction and enhanced processing fluency.
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4.4. Practical Implementation Considerations

The transition from hierarchical to sequential processing
systems requires systematic attention to implementation
challenges that extend beyond theoretical advantages.
Teacher preparation programs would need modification to
support sequential processing instruction, while educational
materials would require redesigning to maintain mathematical
precision under alternative notation systems.

Technology integration offers promising opportunities for
supporting the implementation of sequential processing
through adaptive learning systems that can provide multiple
representation modes while maintaining computational ac-
curacy. Educational software could facilitate gradual transi-
tion approaches, allowing students to work with familiar
notation while building competence with sequential alterna-
tives.

Assessment systems would require modification to evalu-
ate mathematical understanding rather than procedural rule
compliance, recognizing that notation systems should support
rather than create barriers to demonstrating mathematical
competence. This shift represents a fundamental change in
educational evaluation philosophy that prioritizes conceptual
understanding over conventional adherence.

5. Addressing Theoretical
Counterarguments and System
Limitations

While the sequential processing framework offers compel-
ling theoretical advantages for elementary mathematical ed-
ucation, it faces legitimate challenges that require systematic
examination and acknowledgment. Critics of alternative no-
tation systems raise important concerns about compatibility
with advanced mathematics, the potential disruption of in-
ternational standardization, and cultural variations in cogni-
tive processing patterns. These counterarguments represent
genuine limitations rather than superficial objections, de-
manding careful theoretical analysis to determine the bound-
aries and scope of sequential processing applications. A
comprehensive theoretical framework must honestly assess its
constraints while distinguishing between fundamental limita-
tions and implementation challenges that could be addressed
through systematic development. By examining these coun-
terarguments directly, the framework can establish realistic
expectations for its applicability while identifying areas where
additional theoretical development or empirical validation is
most urgently needed.

5.1. The Advanced Mathematics Compatibility
Challenge

The most significant theoretical challenge to sequential
processing frameworks concerns compatibility with advanced
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mathematical notation, particularly polynomial expressions
and algebraic manipulation that benefit substantially from
implicit multiplication precedence. Expressions such as 3x=+
5x + 7 achieve elegant compactness under current conven-
tions while requiring more cumbersome notation under se-
quential systems: 3(xF+ 5(x) + 7 or ((3xF + (5x)) + 7. This
notational complexity represents a genuine theoretical limi-
tation that must be acknowledged and addressed systemati-
cally.

However, theoretical analysis reveals that this challenge
primarily affects advanced mathematical communication,
rather than elementary education, where the initial learning of
operational precedence occurs. The sequential processing
framework focuses specifically on foundational mathematical
learning, where cognitive accessibility may outweigh nota-
tional efficiency considerations. Advanced mathematical
domains could potentially develop specialized conventions
that maintain efficiency while building on sequential founda-
tions established during elementary education.

Professional mathematical communication already em-
ploys extensive parenthetical notation when clarity is required,
suggesting that explicit notation is not inherently problematic
for sophisticated mathematical work [4]. The efficiency ad-
vantages of implicit precedence may be less significant than
traditionally assumed, particularly when weighed against the
cognitive accessibility benefits of explicit notation for de-
veloping learners.

The theoretical framework suggests that mathematical
notation systems do not need to be uniform across all edu-
cational levels and professional contexts. This perspective
aligns with recent pedagogical research advocating for
context-specific mathematical conventions [12]. Elementary
education could benefit from sequential approaches that
prioritize cognitive accessibility, while advanced mathe-
matics could maintain or develop specialized conventions
that strike a balance between efficiency and clarity. This
graduated approach would optimize notation systems for
specific contexts rather than requiring universal solutions
that may serve no context optimally.

5.2. International Standardization and
Communication Efficiency

Current conventions offer significant benefits through in-
ternational standardization, which systematic changes to se-
quential approaches would disrupt. Mathematics serves as a
universal language for science, technology, and commerce,
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with current notation enabling communication across cultural
and linguistic boundaries [7]. This standardization reduces
translation errors, facilitates international collaboration, and
supports global economic activities requiring mathematical
precision.

The theoretical framework acknowledges these standardi-
zation benefits while questioning whether current standards
serve learning optimally, particularly for elementary educa-
tion, where international coordination requirements may be
less critical than cognitive accessibility. Different mathemat-
ical domains already employ different notational conventions
successfully, suggesting that some diversity in notation does
not prevent effective communication when conventions are
clearly specified.

Standardization arguments assume that professional effi-
ciency should take precedence over learning accessibility, but
this priority ordering requires theoretical justification rather
than assumption. Suppose sequential approaches could sig-
nificantly improve mathematical learning and reduce educa-
tional barriers. In that case, the long-term benefits might jus-
tify the short-term transition costs, particularly if implemen-
tation focuses initially on elementary education, where
standardization pressures are less stringent.

The theoretical analysis suggests that the benefits of
standardization, while real and important, may not outweigh
the cognitive accessibility advantages for foundational
mathematical learning. International coordination could po-
tentially develop around improved educational approaches if
research demonstrates systematic learning advantages. The
framework proposes that learning optimization should inform
standardization rather than standardization constraining
learning optimization.

5.3. Cultural and Linguistic Variation
Considerations

The sequential processing framework acknowledges sig-
nificant cultural and linguistic variations in mathematical
education that may influence the effectiveness of different
notational approaches. Cross-cultural research reveals varia-
tions in spatial-numerical processing, reading patterns, and
mathematical terminology that could moderate the advantages
predicted for sequential systems [15]. These cultural factors
require systematic theoretical consideration rather than the
assumption of universal applicability, as illustrated in Figure
4.
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Figure 4. Cross-Cultural Cognitive Processing Patterns.

However, the theoretical framework suggests that sequen-
tial processing advantages may be particularly robust across
cultural contexts because they leverage fundamental cognitive
architecture rather than culturally specific practices. Working
memory limitations, directional processing preferences, and
principles of automaticity development appear to operate
consistently across cultural contexts, suggesting that the
cognitive advantages of sequential processing may be broadly
generalized.

Cultural variation in reading direction creates interesting
theoretical questions about optimal directional processing for
mathematical notation. The framework's emphasis on
left-to-right  processing  reflects assumptions  about
left-to-right reading cultures that may not be universally ap-
plicable. However, the core theoretical principles-alignment
with natural processing patterns, explicit notation, and con-
sistent procedures-could be adapted to different directional
preferences while maintaining cognitive advantages.

The theoretical analysis suggests that cultural responsive-
ness represents a strength rather than a limitation of the se-
quential processing framework. Unlike hierarchical systems
that impose universal conventional rules regardless of cultural
context, sequential approaches could be adapted to leverage
specific cultural cognitive patterns while maintaining core
theoretical advantages.
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6. Implications for Educational Theory
and Practice

The sequential processing theoretical framework extends
beyond abstract cognitive principles to provide concrete
guidance for transforming mathematical education systems
and instructional practices. Educational applications of this
framework require systematic attention to cognitive load
optimization, teacher preparation, curriculum design, and
assessment approaches that align with sequential processing
principles rather than traditional hierarchical conventions.
The framework provides specific recommendations for rede-
signing mathematical instruction to capitalize on natural
cognitive tendencies while maintaining mathematical preci-
sion and effective communication. These practical implica-
tions span multiple levels of educational implementation,
from individual classroom strategies to institutional policy
development and professional preparation programs. By
translating theoretical insights into actionable educational
practices, the framework demonstrates its potential for cre-
ating meaningful improvements in mathematical learning
outcomes across diverse populations and educational contexts,
as illustrated in Table 4.
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Table 4. Educational Implementation Framework.

Implementation Level Current System Challenge

Student confusion with

Individual Classroom
precedence

Curriculum Design Complex rule memorization

Assessment Systems Rule compliance focus
Teacher Preparation Traditional method training

Technology Integration Static notation systems

6.1. Cognitive Load Optimization in
Mathematical Instruction

The sequential processing framework provides specific
theoretical guidance for optimizing cognitive load in mathe-
matical instruction through systematic attention to notation

Sequential Processing Solution  Timeline Resources Required
Explicit notation training 1 semester ;-gi(r::)er training (20
Consistent left-right procedures 1-2 years Curriculum revision
Understanding-based evaluation ~ 2-3 years Assessment redesign
Cognitive theory integration 3-5 years Program restructuring
Adaptive representation modes 2-4 years Software development

design and procedural consistency. Educational applications
should prioritize explicit notation that makes mathematical
reasoning transparent rather than relying on implicit conven-
tional rules that consume cognitive resources without con-
tributing to conceptual understanding [13], as illustrated in
Table 5.

Table 5. Cognitive Load Theory Applications.

Cognitive Load Type  Hierarchical System Impact

Intrinsic Load High (complex precedence rules)

Extraneous Load Very High (arbitrary conventions)

Germane Load Limited (resources exhausted)

Total Load Often exceeds capacity

Instructional design informed by sequential processing
theory would emphasize consistent procedural patterns that
facilitate the development of automaticity while reducing
cognitive coordination demands. Rather than teaching multi-
ple precedence levels with complex conditional rules, in-
struction could focus on single principles-calculate from left
to right unless parentheses indicate otherwise-that align with
natural cognitive tendencies while maintaining mathematical
precision.

The theoretical framework suggests that cognitive load
optimization should be a primary consideration in mathe-
matical notation design, with notation systems evaluated
based on cognitive efficiency rather than historical precedent
or notational compactness. Mathematical communication that
requires extensive cognitive resources to decode necessarily
reduces resources available for mathematical reasoning and
problem-solving.

Assessment practices informed by sequential processing
theory would focus on mathematical understanding rather
than procedural rule compliance, recognizing that notation

Sequential System Impact

Low (simple left-right rule)
Minimal (natural processing)
Optimal (resources available)

Within optimal range
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Educational Implication

Faster concept acquisition
Reduced cognitive interference
Enhanced schema construction

Improved learning outcomes

systems should serve learning rather than creating barriers to
demonstrating mathematical competence. Students can be
evaluated on mathematical reasoning while being provided
with notation systems that support, rather than impede, cog-
nitive processing.

6.2. Theoretical Foundations for Educational
Innovation

The sequential processing framework establishes theoreti-
cal foundations for systematic innovation in mathematical
education that extends beyond notation to encompass broader
principles of cognitive compatibility and learning optimiza-
tion. Educational innovations should be evaluated based on
alignment with cognitive architecture rather than similarity to
traditional approaches, with cognitive science providing sys-
tematic guidance for educational design.

Technology integration informed by sequential processing
theory could support learning through adaptive notation sys-
tems that adjust to individual cognitive preferences while
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maintaining mathematical precision. Educational software
can provide multiple representation modes that allow learners
to work with notation systems that match cognitive strengths
while gradually building competence with diverse approach-
es.

Professional development programs informed by a theo-
retical framework would emphasize an understanding of
cognitive principles that guide effective mathematical in-
struction, rather than training in specific pedagogical tech-
niques. Teachers equipped with a theoretical understanding of
cognitive architecture could adapt instruction to serve diverse
learners while maintaining systematic attention to learning
optimization.

Curriculum development guided by sequential processing
theory would prioritize cognitive accessibility and conceptual
understanding over traditional topic coverage, recognizing
that foundational learning effectiveness influences all sub-
sequent mathematical development. Systematic attention to
cognitive load optimization could accelerate learning while
reducing mathematical anxiety and improving long-term
outcomes.

6.3. Research Implications and Future
Theoretical Development

The sequential processing theoretical framework provides a
systematic foundation for extensive research programs ex-
amining the cognitive aspects of mathematical notation and
instruction. Empirical validation of theoretical predictions
would require controlled studies comparing learning out-
comes under different notational systems, while measuring
cognitive load, processing fluency, and the development of
automaticity.

Cognitive neuroscience research could examine brain ac-
tivation patterns during mathematical processing under dif-
ferent notation systems, providing direct evidence about
cognitive mechanisms underlying theoretical predictions.
Such research could illuminate individual differences in cog-
nitive architecture that might influence optimal notation ap-
proaches for different learners.

Cross-cultural research examining the advantages of se-
quential processing across different linguistic and cultural
contexts could test the universality of theoretical predictions
while identifying cultural factors that moderate cognitive
advantages. International collaboration could provide valua-
ble evidence about the generalizability of theoretical princi-
ples across diverse educational contexts.

Longitudinal research tracking students' mathematical de-
velopment under different notational approaches could assess
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the long-term implications of early notation experiences while
identifying developmental factors that influence optimal in-
structional approaches. Such research could inform educa-
tional policy by providing evidence about the lasting effects
of early mathematical instruction on subsequent learning.

6.4. Theoretical Framework Limitations and
Scope

This theoretical investigation acknowledges several im-
portant limitations that define its scope and contributions.
First, the framework requires empirical validation through
controlled studies comparing learning outcomes under dif-
ferent notational systems. While cognitive theory provides
strong theoretical predictions, the actual effectiveness of
implementation must be demonstrated through systematic
research with diverse student populations.

Second, the framework focuses specifically on elementary
mathematics education rather than advanced mathematical
domains, where notational efficiency considerations may
outweigh cognitive accessibility factors. The applicability
boundaries of sequential processing advantages require fur-
ther theoretical and empirical exploration.

Third, cultural and linguistic variations may moderate the
predicted advantages of sequential processing, particularly in
educational contexts with different reading directions or
mathematical traditions. Cross-cultural validation represents
an essential component of future research programs.

Finally, institutional implementation challenges, including
teacher training requirements, curriculum adaptation costs,
and standards coordination, extend beyond the scope of this
theoretical analysis, while still representing important factors
for practical application. These implementation considera-
tions require separate investigation through educational pol-
icy research.

6.5. Future Research Directions and Empirical
Validation

This theoretical framework establishes foundations for
extensive empirical research programs that can validate core
predictions while refining the understanding of optimal ap-
proaches for diverse learners. Priority research directions
include controlled comparison studies measuring cognitive
load, processing accuracy, and learning outcomes under dif-
ferent notational systems. Neuroimaging research can exam-
ine brain activation patterns during mathematical processing,
providing direct evidence of the cognitive mechanisms un-
derlying theoretical predictions, as illustrated in Table 6.
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Table 6. Research Validation Framework.

Research Domain  Specific Questions
Does sequential processing reduce

Cognitive Load working memory demands?

Learning Out-
comes

Do students learn faster with sequential
notation?

What types of errors decrease under se-

Error Patterns .
quential systems?

Automaticity De-

i ?
velopment How quickly do students develop fluency?

Cross-Cultural

. Do advantages persist across cultures?
Validation gesp

Longitudinal studies tracking mathematical development
under different instructional approaches could assess
long-term implications while identifying developmental fac-
tors that influence optimal notation systems. Cross-cultural
research examining the advantages of sequential processing
across different linguistic and educational contexts could test
the universality of theoretical predictions.

Classroom implementation studies could evaluate practical
feasibility while identifying effective transition strategies from
conventional to sequential approaches. Research on teacher
training could examine the professional development require-
ments for supporting alternative mathematical notation sys-
tems.

7. Conclusions

This theoretical investigation challenges fundamental as-
sumptions underlying contemporary mathematical education
while establishing systematic foundations for reconceptual-
izing mathematical notation through cognitive science per-
spectives. The sequential processing framework developed
here integrates historical analysis, cognitive psychology re-
search, and educational theory to demonstrate that current
operational precedence conventions may systematically con-
flict with human cognitive architecture rather than support-
ing optimal mathematical learning.

The theoretical contribution lies in providing a unified
framework that explains the persistent difficulties students
experience with conventional mathematical notation, while
also predicting specific advantages for sequential processing
alternatives. By revealing that current conventions emerged
through historical contingency rather than pedagogical opti-
mization, the analysis opens theoretical space for systematic
reconsideration of mathematical notation from contemporary
learning perspectives.

The sequential processing framework holds transformative
potential for mathematical education by providing systematic

Methodology
EEG/fMRI during
mathematical tasks
Randomized controlled
trials

Error analysis studies
Longitudinal skill as-
sessment

International compara-

Expected Outcomes

Reduced activation in
prefrontal cortex

Improved accuracy and
speed

Fewer procedural errors
Faster automaticity de-

velopment

Cultural moderation

Timeline

6-12 months

12-18 months

6-9 months

24-36 months

tive study
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offects 18-24 months

attention to cognitive compatibility and learning optimization.
Rather than requiring students to adapt to arbitrary conven-
tional systems, mathematical notation could be designed to
leverage natural cognitive tendencies while maintaining
mathematical precision and communication effectiveness.
Designing mathematical notation to leverage natural cognitive
tendencies represents a fundamental shift from nota-
tion-centered to learner-centered approaches to mathematical
instruction.

The theoretical implications extend beyond specific nota-
tion systems to encompass broader principles for educational
design and innovation. Mathematical education systems
should be evaluated based on cognitive efficiency and learn-
ing effectiveness rather than adherence to historical prece-
dent or institutional convenience. Cognitive science provides
systematic guidance for optimizing educational approaches
that can be applied across diverse mathematical domains and
educational contexts.

Future theoretical development should examine the
boundaries and limitations of sequential processing ad-
vantages while identifying individual and cultural factors
that may moderate cognitive benefits. The framework pro-
vides a foundation for extensive research programs that can
establish empirical evidence for theoretical predictions while
refining the understanding of optimal approaches for diverse
learners and educational contexts.

The ultimate theoretical vision involves mathematical ed-
ucation systems that are not only mathematically sound but
also cognitively accessible, culturally responsive, and educa-
tionally effective for diverse populations. Through the sys-
tematic application of cognitive science insights to mathe-
matical notation design, educational systems could evolve
toward approaches that truly serve human learning while
respecting the remarkable intellectual achievements that
mathematical notation represents.

Mathematical conventions should serve human learning
and mathematical progress rather than perpetuating historical
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choices without contemporary justification. The sequential
processing theoretical framework provides a systematic
foundation for this evolution, while maintaining a commit-

ment to mathematical precision and effective communication.

Through continued theoretical development and empirical
validation, mathematical education could advance toward
practices that optimize human potential while advancing
mathematical understanding and achievement.
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