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Abstract 

Modern high-capacity optical fiber communication systems rely fundamentally on accurate mathematical models capable of 

describing the complex mechanisms governing optical pulse propagation in dielectric waveguides. As transmission rates and 

propagation distances continue to increase, the combined effects of chromatic dispersion and optical nonlinearities become 

increasingly significant and must be carefully considered in the design and optimization of advanced communication links. This 

article presents a unified mathematical framework for modeling light propagation in single-mode optical fibers, starting from 

Maxwell’s macroscopic equations and progressively deriving the wave equation, the slowly varying envelope approximation, 

the Nonlinear Schrödinger Equation (NLSE), and its generalized form, the Generalized Nonlinear Schrödinger Equation 

(GNLSE). The formulation provides a consistent description of the main linear and nonlinear phenomena affecting optical signals 

during propagation. Particular attention is devoted to chromatic dispersion, group velocity dispersion (GVD), higher-order 

dispersion effects, fiber attenuation, and Kerr-induced nonlinear interactions, including Self-Phase Modulation (SPM), Cross-

Phase Modulation (XPM), and Four-Wave Mixing (FWM). The physical origin and mathematical representation of these 

mechanisms are examined to clarify their influence on pulse shape, temporal broadening, spectral evolution, and transmission 

performance. Numerical simulations based on the Split-Step Fourier Method (SSFM) are implemented in Python to solve the 

propagation equations efficiently and investigate the evolution of optical pulses along standard SMF-28 transmission links. The 

simulations illustrate characteristic effects such as dispersion-induced pulse broadening, nonlinear frequency chirping, spectral 

modification, and the formation and propagation of optical solitons resulting from the balance between anomalous dispersion 

and Kerr nonlinearity. The impact of these propagation effects on system performance is also evaluated through bit error rate 

(BER) degradation and signal distortion. By combining theoretical derivations, numerical modeling, and physical interpretation, 

this study establishes a comprehensive framework connecting fundamental electromagnetic theory with practical fiber-optic 

transmission analysis. The proposed approach provides useful guidelines for understanding propagation limitations, optimizing 

system parameters, and developing next-generation high-capacity optical communication networks, particularly for terabit-scale 

and ultra-long-haul transmission systems in which dispersion and nonlinear effects represent major constraints on achievable 

performance. 
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1. Introduction 

Over the past four decades, optical fiber communications 

have experienced unprecedented growth, transitioning from 

experimental laboratory links achieving tens of megabits per 

second to ultra-dense wavelength-division multiplexing 

(DWDM) terrestrial and transoceanic networks exceeding ter-

abits per second per fiber [1]. At the physical core of this tel-

ecommunication revolution lies the unique capability of silica 

glass single-mode optical fibers (SMFs) to guide electromag-

netic waves over vast distances with extraordinarily low signal 

loss (approximately 0.18 − 0.20  dB/km in the C-band 

around 1550 nm) [2]. However, as data rates scale to 100G, 

400G, and 800G per channel, signal distortion originating 

from physical wave propagation phenomena imposes severe 

fundamental limitations on achievable channel capacity and 

reach [3]. The physical transmission channel constituted by a 

dielectric optical waveguide is intrinsically dynamic, disper-

sive, and non-linear. Electrical and optical pulse propagation 

is governed by the vector Maxwell equations in inhomogene-

ous dielectric media [4]. Under spatial confinement within a 

microscopic core (typically 8-10 μm in diameter) and across 

multi-kilometer distances, two primary categories of optical 

degradation interact simultaneously: Linear Effects and Non-

Linear Optical Effects [5]. Linear effects include attenuation 

(Rayleigh scattering and material absorption), Chromatic Dis-

persion (CD), and Polarization Mode Dispersion (PMD). 

Non-linear effects arise from the intensity-dependent refrac-

tive index of silica glass (the optical Kerr effect), giving rise 

to Self-Phase Modulation (SPM), Cross-Phase Modulation 

(XPM), and Four-Wave Mixing (FWM), alongside stimulated 

inelastic scattering mechanisms like Stimulated Brillouin 

Scattering (SBS) and Stimulated Raman Scattering (SRS) [6]. 

To design robust coherent detection systems, dynamic optical 

amplifiers, and digital signal processing (DSP) compensation 

algorithms, engineers and applied mathematicians require ac-

curate mathematical models [7]. The governing differential 

equations—most notably the Non-Linear Schrödinger Equa-

tion (NLSE) and its generalized extensions—describe the 

complex spatio-temporal evolution of optical envelope fields 

inside the fiber. Because closed-form analytical solutions to 

the NLSE exist only under restricted ideal conditions (such as 

fundamental optical solitons), numerical simulation algo-

rithms are indispensable for real-world system optimization 

[8]. This research article presents a unified mathematical 

framework for electromagnetic wave propagation in optical 

fibers. We derive the scalar wave equation from Maxwell's 

fundamentals, demonstrate the mathematical expansion lead-

ing to the GNLSE, present detailed numerical simulation al-

gorithms based on the Split-Step Fourier Method (SSFM) ex-

ecuted in Python, analyze performance degradation metrics 

(power decay, pulse broadening, BER), and critically discuss 

physical system trade-offs for optical communication design 

[9, 10]. 

2. Mathematical Modeling of 

Propagation 

2.1. Mathematical Modeling of Wave 

Propagation 

Optical Fiber Waveguide Modeling mathematically de-

scribes the spatio-temporal evolution of optical fields propa-

gating through dielectric silica waveguides. Derived directly 

from Maxwell’s macroscopic equations under the Slowly Var-

ying Envelope Approximation (SVEA), the optical wave dy-

namics in a single-mode fiber (SMF) are governed by the Gen-

eralized Non-Linear Schrödinger Equation (GNLSE): [3, 7, 8]. 

𝜕𝐴(𝑧,𝑇)

𝜕𝑧
+

𝛼

2
𝐴(𝑧, 𝑇) + 𝑖

𝛽2

2

𝜕2(𝑧,𝑇)

𝜕𝑇2 −
𝛽3

6

𝜕2𝐴(𝑧,𝑇)

𝜕𝑇2 −
𝛽3

6

𝜕3

𝜕𝑇3 =

𝑖𝛾|𝐴(𝑧, 𝑇)|2𝐴(𝑧, 𝑇)            (1) 

In this model, 𝐴(𝑧, 𝑇) represents the complex slowly var-

ying optical field envelope in a retarded time frame 𝑇 =

 𝑡 − 
𝑧

𝑣𝑔
. The linear propagation impairments are character-

ized by the attenuation coefficient 𝛼, the Group Velocity Dis-

persion (GVD) parameter 𝛽2, and the Third-Order Dispersion 

(TOD) parameter 𝛽3 . The non-linear optical Kerr effect, 

which induces intensity-dependent phase distortions such as 

Self-Phase Modulation (SPM), is quantified by the non-linear 

parameter 𝛾: 

𝛾 =
2𝜋𝑛2

𝜆0𝐴𝑒𝑓𝑓
                  (2) 

Where 𝑛2 is the non-linear refractive index coefficient of 

silica glass (~2.6 ∗
10−20𝑚2

𝑊
), 𝜆0 is the central carrier wave-

length, and 𝐴𝑒𝑓𝑓 is the effective modal area of the fiber core. 

Under anomalous dispersion regimes (𝛽2 < 0), the precise 

mathematical balance between linear GVD dispersion (𝛽2 ) 

and non-linear Kerr phase modulation (𝛾) gives rise to invari-

ant fundamental optical solitons (𝑁 =  1), governed by the 

peak power balance: [9, 10]. 

𝑁2 =
𝛾𝑃0𝑇0

2

|𝛽2|
= 1                    (3) 

Through numerical integration schemes such as the Split-

Step Fourier Method (SSFM), this mathematical model serves 

as the foundational framework for predicting pulse broaden-

ing, inter-symbol interference (ISI), non-linear crosstalk, and 

Bit Error Rate (BER) degradation in ultra-high-speed terabit 

coherent optical communications. [1, 3, 6, 9, 10]. 

 

 

http://www.sciencepg.com/journal/awcn


Advances in Wireless Communications and Networks http://www.sciencepg.com/journal/awcn 

 

9 

2.2. Objectives and Main Contributions 

2.2.1. Objectives 

This work pursues three main objectives: 

1) Predict Signal Degradation & Distortion; 

2) Analyze Non-Linear Kerr Effects; 

3) Study Soliton Dynamics & Pulse Engineering; 

4) Guide System Design & Numerical Simulation. 

5) Enable Digital Signal Processing (DSP) & Non-Linea-

rity Compensation. 

2.2.2. Main Contributions 

The novelty of this work does not lie in introducing a new 

form of the Nonlinear Schrödinger Equation (NLSE) or a new 

Split-Step Fourier Method (SSFM), both of which are well-

established tools in nonlinear fiber optics. Rather, the original 

contribution lies in the development of an integrated theoreti-

cal-numerical framework that connects fundamental electro-

magnetic theory, nonlinear pulse propagation, numerical con-

vergence, and communication-system performance within a 

single consistent analysis. Unlike studies focusing primarily 

on either mathematical derivation, isolated nonlinear phenom-

ena, or system-level simulations, the present work establishes 

a continuous modeling pathway from Maxwell’s equations to 

the 
𝑁𝐿𝑆𝐸

𝐺𝑁𝐿𝑆𝐸
 and subsequently to a Python-based symmetric 

SSFM implementation. Within the same framework, disper-

sion-induced pulse broadening, SPM-induced frequency 

chirping, fundamental and higher-order soliton dynamics, fi-

ber attenuation, BER evolution, and numerical convergence 

are analyzed using representative SMF-28 parameters. A fur-

ther contribution is the explicit assessment of numerical relia-

bility through comparison between asymmetric first-order 

𝑂(𝛥𝑍) and symmetric second-order 𝑂(𝛥𝑧
2) SSFM schemes. 

This analysis links the physical interpretation of the simulated 

propagation phenomena to the numerical accuracy of the al-

gorithm used to obtain them. The reliability of the results is 

additionally strengthened through comparison with estab-

lished analytical behavior, published experimental observa-

tions of optical solitons, and standard SMF-28 transmission 

characteristics. The main scientific significance of this study 

therefore lies in bridging three levels that are often treated sep-

arately: fundamental electromagnetic modeling, nonlinear nu-

merical propagation, and system-level performance evalua-

tion. This unified approach makes it possible to relate physical 

parameters such as 𝛽2, 𝛽3, 𝛾, and fiber attenuation directly to 

observable propagation effects and communication metrics. 

Consequently, the proposed framework provides both a phys-

ically interpretable and numerically validated basis for analyz-

ing high-speed single-mode fiber links. It can also serve as a 

foundation for extensions toward WDM transmission, coher-

ent detection, polarization effects, Digital Backpropagation 

(DBP), advanced modulation formats, and terabit-scale opti-

cal communication systems. 

3. Materials and Methods 

In this section, we present the step-by-step mathematical 

derivation governing optical wave propagation. Formulas are 

structured using standard mathematical notations fully com-

patible with Microsoft Word equation rendering standards. All 

numerical simulations were implemented in Python using the 

symmetric Split-Step Fourier Method (SSFM). Numerical 

modeling provides an effective framework for analyzing fiber 

propagation and evaluating the influence of physical transmis-

sion parameters on optical communication system perfor-

mance [15]. The simulations considered a standard SMF-28 

fiber at 1550 nm with 𝛼 =  0.20
𝑑𝐵

𝑘𝑚
, 𝛽2 =  −21.7

𝑝𝑠2

𝑘𝑚
, 

𝛽3 =  0.10
𝑝𝑠3

𝑘𝑚
, and 𝛾 =  1.3 𝑊 − 1 · 𝑘𝑚 − 1. Gauss-

ian pulses were used for dispersion and SPM analysis, 

whereas hyperbolic-secant pulses were employed for the 

𝑁 =  1  and 𝑁 =  2 soliton simulations. The propaga-

tion distance was divided into 𝑁𝑍 steps with 𝛥𝑍 =
𝑧𝑡𝑜𝑡𝑎𝑙

𝑁𝑍
. At 

each step, the symmetric SSFM applied a half linear step in 

the frequency domain using FFT, a full nonlinear Kerr step in 

the time domain, and a second linear half-step. Numerical ac-

curacy was verified by progressively reducing 𝛥𝑍 and evalu-

ating the relative error norm. Consistent units of kilometers, 

picoseconds, and watts were used throughout the implemen-

tation to ensure numerical consistency and reproducibility. 

3.1. Derivation from Maxwell's Equations to the 

Wave Equation 

Electromagnetic propagation in an isotropic, non-magnetic 

optical fiber with no free charges or macroscopic currents is 

governed by Maxwell's equations in microscopic vector form 

[4, 12]: 

𝛻 ×  𝐸 =  − 𝜕𝐵 𝜕𝑡             (4) 

𝛻 ×  𝐻 =  𝜕𝐷 𝜕𝑡               (5) 

𝛻 ·  𝐷 =  0                 (6) 

𝛻 ·  𝐵 =  0                 (7) 

Where: 

𝐸 and 𝐻 are the electric and magnetic field vectors, and 𝐷 

and 𝐵 are the corresponding electric and magnetic flux den-

sities. The constitutive relations for a non-magnetic medium 

(𝐵 =  𝜇0 𝐻) with non-linear dielectric response are ex-

pressed as: 

𝐷 =  𝜀0 𝐸 +  𝑃 =  𝜀0𝜀𝑟  𝐸 + 𝑃𝑁𝐿           (8) 

Where: 

http://www.sciencepg.com/journal/awcn


Advances in Wireless Communications and Networks http://www.sciencepg.com/journal/awcn 

 

10 

𝜀0 is the vacuum permittivity, εr is the relative linear die-

lectric tensor, and 𝑃𝑁𝐿 represents the non-linear polarization 

vector induced by the intensity of the propagating optical field 

[5]. Taking the curl of Equation (1) and substituting Equation 

(2) yields: 

∇ × (∇ × E) = - 𝜇0∂2D / ∂t2            (9) 

Utilizing the vector identity: 

𝛻 ×  (𝛻 ×  𝐸) =  𝛻(𝛻 ·  𝐸) −  𝛻2𝐸 

and assuming a weakly guiding fiber structure where 

∇ · 𝐸 ≈  0, Equation (8) simplifies to the wave equation in 

non-linear dielectric media: 

3.2. The Optical Kerr Effect and Non-linear 

Polarization 

For silica glass optical fibers, centro-symmetry dictates that 

the second-order non-linear susceptibility vanishes (𝜒2 = 0). 

Consequently, the lowest-order non-linearity arises from the 

third-order non-linear susceptibility 𝜒3  [6]. The non-linear 

polarization vector 𝑃𝑁𝐿  is expressed as: 

𝑃𝑁𝐿(𝑟, 𝑡) = 𝜀0 𝜒3 =  𝐸(𝑟, 𝑡)𝐸(𝑟, 𝑡)𝐸(𝑟, 𝑡)      (10) 

The total refractive index 𝑛(𝐼) becomes intensity-depend-

ent through the optical Kerr effect: 

𝑛(𝐼) =  𝑛0  +  𝑛2𝐼 =  𝑛0  +  𝑛2  (𝑃 𝐴𝑒𝑓𝑓)     

(11) 

Where: 

𝑛0 is the linear refractive index of silica core glass (~1.45), 

𝑛2  is the non-linear refractive index coefficient (~2.6 ×
10−20𝑚2

𝑊
), 𝐼  is the optical intensity, 𝑃  is the optical power, 

and 𝐴𝑒𝑓𝑓 is the effective mode area of the optical fiber core 

[7]. 

3.3. Slowly Varying Envelope Approximation 

(SVEA) and the NLSE 

To model quasi-monochromatic pulse propagation centered 

at optical carrier frequency 𝜔0 , the electric field is decom-

posed into a transverse spatial distribution 𝐹(𝑥, 𝑦)  and a 

slowly varying temporal envelope 𝐴(𝑧, 𝑡) propagating along 

the z-axis [8]: 

𝐸(𝑟, 𝑡) = 𝑅𝑒{𝐹(𝑥, 𝑦)𝐴(𝑧, 𝑡) exp[𝑖(𝛽0𝑧 −  𝜔0𝑡)]}   (12) 

Where: 

β0 = 𝛽(𝜔0) is the propagation constant at frequency ω0. 

Substituting Equation (12) into Equation (9) and applying the 

Slowly Varying Envelope Approximation (SVEA), wherein 

|
𝜕2𝐴

𝜕𝑧2
| <<  |β0

𝜕𝐴

𝜕𝑧
| , yields the standard Non-Linear Schrö-

dinger Equation (NLSE) [8]: 

∂A / ∂z + (α / 2) A + i (𝛽2 / 2) ∂2A / ∂T2 - (𝛽3 / 6) ∂3A / ∂T3 = 

i γ |A|2 A                  (13) 

In Equation (13), the variables and parameters are defined 

as follows: 

𝐴(z + 𝛥𝑧, T) ≈ exp ((𝛥𝑧 / 2) 𝐷ℎ𝑎𝑡) exp (∫ ∫ ∫  [z to 

z+𝛥𝑧] 𝑁ℎ𝑎𝑡(z') dz') 𝑒𝑥𝑝((𝛥𝑧 / 2) 𝐷ℎ𝑎𝑡) 𝐴(z, T)   (14) 

Table 1. Typical Physical and Propagation Parameters of SMF-28 

Optical Fiber. 

Sym-

bol 
Physical Parameter 

Typical SMF-28 

Value / Unit 

𝛼  Fiber Attenuation Coefficient 
0.20 dB/km (0.0461 

km-1) 

𝛽2  
Group Velocity Dispersion 

(GVD) 

-21.7 ps2/km (at 1550 

nm) 

𝛽3  
Third-Order Dispersion 

(TOD) 
0.10 ps3/km 

𝛾  Non-Linear Coefficient 1.3 W-1·km-1 

𝑇  

Retarded Time Frame (𝑇 =

 𝑡 −
𝑧

𝑣𝑔
) 

ps (picoseconds) 

The non-linear coefficient γ in Equation (11) is mathemati-

cally defined as: 

𝛾 =
(2 𝜋𝑛2)

(𝜆0 𝐴𝑒𝑓𝑓)            (15) 

3.4. The Split-step Fourier Method (SSFM) 

The NLSE (11) is a non-linear partial differential equation 

that generally lacks exact analytical solutions when dispersion 

and non-linearity act simultaneously. The Split-Step Fourier 

Method (SSFM) is a numerical technique that operates by 

splitting the propagation distance into small spatial steps 𝛥𝑍 

[9]. Over a small step 𝛥𝑍, the linear and non-linear operator 

effects are assumed to act independently. 

Equation (13) can be written symbolically as: 

𝐷ℎ𝑎𝑡= − (𝛼 2) −  𝑖 (𝛽2 2) 𝜕2 𝜕𝑇2 +

 (𝛽3 6) 𝜕3 𝜕𝑇3             (16) 

Where: 
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𝜕𝐴 𝜕𝑧 = (𝐷ℎ𝑎𝑡+ 𝑁ℎ𝑎𝑡)A          (17) 

where 𝐷ℎ𝑎𝑡  is the differential operator accounting for attenu-

ation and dispersion, and 𝑁ℎ𝑎𝑡  is the non-linear operator ac-

counting for Kerr non-linearities: 

In the symmetric Split-Step Fourier Scheme, the field evo-

lution from z to 𝑧 + 𝛥𝑧 is approximated with second-order 

numerical accuracy O (𝛥𝑧
2) as follows [10]: 

The action of the linear operator exp ((𝛥𝑧/2) 𝐷ℎ𝑎𝑡) is effi-

ciently computed in the spectral domain using the Fast Fourier 

Transform (FFT): 

exp ((𝛥𝑧 2) 𝐷ℎ𝑎𝑡) 𝐴(𝑧, 𝑇) =  𝐹 −

1 {exp ((𝛥𝑧 2) 𝐷ℎ𝑎𝑡(𝑖 𝜔)) ·  𝐹 { 𝐴(𝑧, 𝑇)}}     (18) 

 

 

4. Results 

Using the mathematical framework and Python-based 

SSFM algorithm described above, numerical simulations were 

conducted to evaluate the principal physical mechanisms gov-

erning optical pulse propagation. To strengthen the reliability 

of the numerical results, the obtained trends were compared 

with established analytical solutions, experimental observa-

tions reported in the literature, standard SMF-28 specifica-

tions, and previously published SSFM benchmark studies. 

4.1. Pulse Broadening and Frequency Chirping 

Dynamics 

Figure 1 illustrates the decoupled physical impact of group 

velocity dispersion (GVD) and self-phase modulation (SPM) 

on an initial unchirped Gaussian pulse. In anomalous disper-

sion regimes (𝛽2 < 0), red frequencies propagate faster than 

blue frequencies. Conversely, SPM introduces an intensity-

dependent phase shift 𝜑𝑁𝐿(𝑡)  = 𝛾 |𝐴(𝑡)|2 𝑧 , causing a 

time-dependent frequency chirp 𝛿𝜔(𝑡) = - ∂
𝜑NL 𝜕𝑡. 

 
Figure 1. (a) Temporal pulse broadening driven by anomalous dispersion (z = 2 LD). (b) SPM-induced instantaneous frequency shift 𝛿𝜔 

across the pulse temporal profile. 

𝑁ℎ𝑎𝑡  = i γ |A|2             (19) 

The simulated behavior agrees with the established NLSE 

description of pulse propagation in silica fibers. In particular, 

the opposite frequency shifts generated on the leading and 

trailing edges of the pulse are the characteristic signature of 

SPM-induced chirping. The magnitude of the effect increases 

with nonlinear phase accumulation, whereas dispersive broad-

ening scales with the normalized propagation distance 
𝑧

𝐿𝐷
. 

The fiber parameters used in the simulations are also con-

sistent with standard telecommunications fibers. For example, 

the assumed attenuation of approximately 0.20 dB/km at 1550 

nm is close to the values reported for commercial SMF-28-

type fibers. Current Corning SMF-28 Ultra specifications in-

dicate a maximum attenuation of approximately 0.18 dB/km 

at 1550 nm, showing that the propagation-loss parameter 

adopted in the present model is representative of realistic sin-

gle-mode transmission fibers. 

4.2. Optical Soliton Propagation and Higher-

Order Breathing Dynamics 

When anomalous dispersion (𝛽2 < 0) exactly balances self-

phase modulation (𝛾 >  0), the non-linear phase shift coun-

teracts dispersion-induced pulse broadening. The fundamental 
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soliton order parameter N is defined by: 

N2 = (γ 𝑃0 𝐿𝐷) / 1 = (γ 𝑃0 𝑇0
2) / |𝛽2|       (20) 

For 𝑁 =  1, the envelope maintains a stationary hyper-

bolic secant profile over arbitrary propagation distance. For 

integer orders 𝑁 ≥  2, higher-order solitons undergo peri-

odic temporal splitting and breathing cycles with period 𝑧, as 

demonstrated in Figure 2. 

 
Figure 2. Spatiotemporal power distribution over normalized distance Fundamental Soliton (N=1) showing absolute spatial stability, and 

(Right) Higher-Order Soliton (N=2) undergoing periodic breathing. 

For 𝑁 =  1, the simulation shows preservation of the 

characteristic hyperbolic-secant pulse profile, whereas for 

𝑁 =  2  the pulse undergoes periodic compression and 

broadening. These behaviors constitute an important bench-

mark for the SSFM implementation because they correspond 

to well-established solutions of the NLSE. The numerical ob-

servations are consistent with classic experimental measure-

ments of optical solitons. Mollenauer, Stolen, and Gordon ex-

perimentally propagated 7-ps pulses through 700 m of single-

mode silica fiber near 1.55 µm and observed pulse narrowing 

and splitting at specific power levels, identifying the charac-

teristic behavior predicted for optical solitons. Subsequent ex-

periments reported compression of initially 7 − 𝑝𝑠 pulses to 

approximately 0.26 𝑝𝑠 for high-order soliton conditions, in 

semiquantitative agreement with NLSE predictions. More im-

portantly for the 𝑁 =  1 case considered here, Mollenauer, 

Stolen, and Islam experimentally demonstrated distortionless 

propagation of approximately 10-ps fundamental soliton 

pulses over 10 km of single-mode fiber at 1.56 µm when Ra-

man gain compensated the fiber loss. The preservation of the 

𝑁 =  1 pulse profile obtained in the present simulation is 

therefore qualitatively consistent with experimentally ob-

served fundamental-soliton propagation. 

4.3. Transmission Power Attenuation and Bit Error Rate (BER) 

 
Figure 3. Optical power attenuation (𝑚𝑊) and Bit Error Rate (BER) evolution across SMF-28 fiber distance (km) against standard Forward 

Error Correction (FEC) threshold. 
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Signal propagation over multi-kilometer single-mode fiber 

(SMF-28) experiences power exponential decay according to 

Beer-Lambert's law: 𝑃(𝑧) =  𝑃0 exp(−𝛼 𝑧). Figure 3 high-

lights the theoretical relationship between optical signal atten-

uation, Optical Signal-to-Noise Ratio (OSNR), and Bit Error 

Rate (BER) for a 10 Gbps intensity-modulated direct-detec-

tion (
𝐼𝑀

𝐷𝐷
) optical link. 

4.4. Convergence Analysis of the Split-step Fourier Method 

 
Figure 4. Relative error norm convergence versus number of spatial steps (𝑁𝑍) comparing asymmetric 𝑂(𝑑𝑧) and symmetric 𝑂(𝑑𝑧2) SSFM 

implementations. 

The accuracy of numerical simulations depends strongly on 

the spatial step size 𝑑𝑧 =  𝑧𝑡𝑜𝑡𝑎𝑙 𝑁𝑧. Figure 4 compares 

the L2 error norm convergence between asymmetric first-or-

der 𝑆𝑆𝐹𝑀 𝑂(𝑑𝑧)  and symmetric second-or-

der 𝑆𝑆𝐹𝑀 𝑂(𝑑𝑧2). 

The results show that increasing 𝑁𝑍, and consequently de-

creasing 𝛥z , systematically reduces the numerical error for 

both implementations. However, the symmetric SSFM exhib-

its a significantly faster convergence rate. The asymmetric 

formulation follows approximately first-order behavior, with 

the global numerical error decreasing proportionally to 𝑂(𝑑𝑧), 

whereas the symmetric operator-splitting scheme approaches 

second-order convergence, 𝑂(𝑑𝑧2). Consequently, when the 

spatial step size is reduced by a factor of two, the theoretical 

error is expected to decrease by approximately a factor of two 

for the first-order scheme and by approximately a factor of 

four for the symmetric scheme. This convergence behavior 

provides an important numerical validation of the imple-

mented Python algorithm because it agrees with the theoreti-

cal order of accuracy expected from operator-splitting meth-

ods. It is also consistent with previously published SSFM 

benchmark studies, which demonstrated that symmetric split-

ting generally provides greater accuracy than asymmetric 

splitting for nonlinear optical-fiber propagation. 

From a practical perspective, the result highlights the trade-

off between numerical accuracy and computational cost. In-

creasing 𝑁𝑍  improves the accuracy of the simulated pulse 

evolution but simultaneously increases the number of FFT and 

inverse-FFT operations required over the total propagation 

distance. The symmetric SSFM therefore provides an advan-

tageous compromise because a given numerical accuracy can 

generally be achieved with fewer propagation steps than with 

the first-order asymmetric implementation. The convergence 

analysis consequently supports the numerical reliability of the 

pulse-broadening, nonlinear-chirping, and soliton-propaga-

tion results presented in the preceding sections. Nevertheless, 

the optimum value of 𝛥z remains dependent on propagation 

distance, optical peak power, dispersion, and nonlinear length, 

and should therefore be selected according to the physical re-

gime being simulated. 

5. Discussion and Theoretical Synthesis 

The numerical and analytical results obtained in this study 

provide a consistent description of the main physical mecha-

nisms governing high-speed pulse propagation in single-mode 

optical fibers. Using representative SMF-28 parameters, 

namely an attenuation coefficient of 0.20
𝑑𝐵

𝑘𝑚
, a group-veloc-

ity dispersion coefficient of 𝛽2 =  −21.7
𝑝𝑠2

𝑘𝑚
 at 

1550 𝑛𝑚 , a third-order dispersion coefficient 𝑜𝑓 𝛽3 =
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 0.10
𝑝𝑠3

𝑘𝑚
, and a nonlinear coefficient of 𝛾 =  1.3 𝑊 − 1 ·

𝑘𝑚 − 1, the simulations demonstrate that transmission per-

formance cannot be interpreted from dispersion, attenuation, 

or nonlinearity independently. Instead, system behavior re-

sults from their cumulative interaction along the propagation 

distance. The results shown in Figures 1-4 is consistent with 

the theoretical predictions of the NLSE/GNLSE framework. 

Nevertheless, the simulations represent controlled propaga-

tion conditions and therefore provide primarily a physical and 

numerical assessment rather than a complete representation of 

an operational optical network. This distinction is important 

when extrapolating the results toward practical long-haul and 

high-capacity systems. 

5.1. Balance of Linear and Non-linear 

Impairments 

The results of Figure 1 demonstrate two fundamentally dif-

ferent pulse-distortion mechanisms. Group velocity disper-

sion produces temporal pulse broadening because different 

spectral components propagate with different group velocities. 

For the considered SMF-28 fiber, 𝛽2 =  −21.7
𝑝𝑠2

𝑘𝑚
 at 1550 

nm places propagation in the anomalous-dispersion regime. 

After a normalized propagation distance of 𝑧 , dispersion 

therefore produces a substantial modification of the initial 

temporal profile. 

In contrast, Self-Phase Modulation (SPM) primarily modi-

fies the optical phase and spectrum through the intensity-de-

pendent Kerr effect. The instantaneous nonlinear phase shift 

can be expressed as φNL . Consequently, increasing optical 

power strengthens nonlinear spectral broadening even when 

the linear dispersion parameters remain unchanged. More gen-

erally, the confinement and propagation of optical fields in di-

electric waveguides constitute the physical basis of both fiber 

and integrated photonic systems [12]. 

This distinction has an important practical implication. In-

creasing launch power can initially improve the received sig-

nal quality by increasing the available optical power relative 

to noise. However, beyond an optimum operating region, the 

nonlinear phase accumulation becomes sufficiently large to 

introduce additional distortion. For launch powers above ap-

proximately +3 dBm per channel, as considered in the present 

analysis, Kerr effects can no longer be regarded as negligible. 

Thus, simply increasing transmitted power does not guarantee 

improved transmission performance. 

In WDM systems, the problem becomes more complex be-

cause SPM is accompanied by Cross-Phase Modulation (XPM) 

and Four-Wave Mixing (FWM). These effects generate non-

linear interactions between wavelength channels and may in-

troduce additional crosstalk and OSNR penalties. The practi-

cal optimum launch power is therefore determined by a com-

promise between attenuation/noise at low powers and nonlin-

ear distortion at high powers. 

However, the present numerical model does not explicitly 

simulate a complete multi-channel WDM grid. Consequently, 

the discussion of XPM and FWM represents an extension of 

the GNLSE physical framework rather than a direct quantita-

tive result of the single-channel simulations. A full assessment 

would require simultaneous propagation of multiple wave-

length channels, including their spacing, relative powers, 

modulation formats, and phase-matching conditions. In addi-

tion to propagation-induced impairments, wavelength-selec-

tive fiber components such as fiber Bragg gratings play an im-

portant role in optical filtering, dispersion management, and 

sensing applications [11, 14]. 

5.2. Soliton Physics and Soliton Transmission 

Systems 

Figure 2 provides an important verification of the numerical 

model because soliton propagation requires a precise balance 

between two competing physical mechanisms. In the anoma-

lous-dispersion regime ( 𝛽2 <  0 ), dispersion tends to 

broaden the optical pulse, whereas the Kerr effect introduces 

a nonlinear phase modulation capable of counteracting this 

temporal spreading. 

For 𝑁 =  1, the simulations show that the fundamental 

soliton preserves its characteristic temporal profile, confirm-

ing the expected balance between the dispersion length 𝐿𝐷 

and nonlinear length 𝐿𝑁𝐿. In contrast, the 𝑁 =  2 solution 

exhibits periodic temporal compression and broadening, cor-

responding to the characteristic breathing behavior of a 

higher-order soliton. These results demonstrate that nonlinear 

effects are not exclusively detrimental: under appropriate con-

ditions, they can be exploited to stabilize or manipulate optical 

pulses. 

Nevertheless, ideal soliton propagation assumes conditions 

that are difficult to maintain in practical transmission systems. 

In particular, the theoretical balance is exact only when fiber 

loss, higher-order effects, amplifier noise, polarization fluctu-

ations, and other perturbations are sufficiently small. With the 

SMF-28 attenuation used in this study (0.20 dB/km), the opti-

cal power decreases continuously according to 𝑃(𝑧). For ex-

ample, ignoring amplification, the accumulated fiber loss 

reaches approximately 10 dB after 50 km and 20 dB after 100 

km. Thus, only about 10% and 1% of the launched optical 

power remain after 50 and 100 km, respectively. 

This power reduction decreases the nonlinear contribution 

𝑃(𝑧) and progressively destroys the dispersion-nonlinearity 

balance required for ideal soliton propagation. Consequently, 

the invariant propagation observed for the ideal 𝑁 =  1 

case should not be interpreted as unlimited transmission in a 

real fiber link. Practical soliton transmission requires optical 

amplification, such as EDFAs or distributed Raman amplifi-

cation, together with appropriate dispersion and power man-

agement. 
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5.3. Transmission Loss, BER, and System-level 

Implications 

The attenuation and BER results presented in Figure 3 es-

tablish the connection between physical propagation mecha-

nisms and communication-system performance. With an at-

tenuation coefficient of 0.20 dB/km, an uncompensated SMF-

28 link introduces approximately 16 dB of fiber loss over 80 

km and 20 dB over 100 km, excluding connector, splice, and 

component losses. 

This exponential reduction in received optical power has di-

rect consequences for OSNR and BER. As transmission dis-

tance increases, the receiver operates with a progressively 

weaker signal, making the system more sensitive to noise and 

detection errors. Therefore, BER degradation cannot be inter-

preted solely as a nonlinear phenomenon; it reflects the com-

bined influence of attenuation, available OSNR, dispersion-

induced waveform distortion, and receiver characteristics [13]. 

The 10 Gb/s link considered in this study provides a useful 

reference case for illustrating these relationships. However, 

the BER analysis remains an idealized system-level represen-

tation. A real transmission link would additionally contain 

transmitter noise, laser phase noise, amplified spontaneous 

emission (ASE) from EDFAs, receiver thermal and shot noise, 

polarization-mode dispersion (PMD), filtering effects, and im-

plementation penalties. Therefore, the calculated BER should 

primarily be interpreted as an indicator of propagation trends 

rather than an exact prediction of field-deployed system per-

formance. At the network level, attenuation, dispersion, am-

plification, and receiver constraints collectively determine the 

achievable transmission reach and capacity of practical optical 

communication systems [13]. 

5.4. Numerical Accuracy and SSFM 

Convergence 

The convergence results in Figure 4 have an important 

methodological implication. The accuracy of the SSFM de-

pends directly on the spatial discretization Δz because the 

method assumes that linear and nonlinear effects can be sepa-

rated over sufficiently short propagation intervals. 

The symmetric SSFM applies half of the linear operator be-

fore and after the nonlinear propagation step, reducing the op-

erator-splitting error relative to the asymmetric formulation. 

The observed convergence behavior therefore supports the use 

of the symmetric scheme for the simulations performed in this 

work. 

However, increasing the number of spatial steps improves 

accuracy at the cost of computational complexity because ad-

ditional FFT and inverse FFT operations are required. An ex-

cessively large Δ𝑍 may fail to resolve rapid nonlinear or dis-

persive evolution, whereas an unnecessarily small Δz substan-

tially increases computation time without providing a propor-

tional improvement in physically relevant accuracy. This ac-

curacy-complexity trade-off becomes particularly important 

for WDM systems, long transmission distances, or digital 

backpropagation involving many fiber spans. Numerical mod-

eling therefore provides an essential tool for evaluating opti-

cal-fiber communication systems and for studying the influ-

ence of physical propagation parameters on system perfor-

mance [15]. 

5.5. Digital Signal Processing and Digital 

Backpropagation 

The same mathematical framework used for forward SSFM 

propagation has direct implications for coherent optical re-

ceivers. Digital Backpropagation (DBP) numerically approx-

imates the inverse propagation of the received complex optical 

field by reversing the signs of the relevant propagation param-

eters. In principle, this allows deterministic chromatic disper-

sion and Kerr-induced nonlinear distortions accumulated dur-

ing transmission to be partially compensated in the digital do-

main. The present results support this concept because the 

simulated propagation is governed by operators that can, un-

der ideal conditions, be numerically inverted. Nevertheless, 

practical DBP performance is limited by several factors. Noise 

introduced during transmission cannot be perfectly reversed, 

and nonlinear interactions between the signal and amplifier 

noise are not deterministic. Furthermore, multi-channel DBP 

requires significantly greater computational resources than 

single-channel compensation. Therefore, while increasing the 

number of SSFM steps per span can improve compensation 

accuracy, it simultaneously increases the number of FFT op-

erations and consequently the computational cost. This repre-

sents a major practical limitation for real-time implementation 

in very-high-capacity systems. The convergence results ob-

tained in this study are thus relevant not only to forward prop-

agation simulations but also to the design of computationally 

efficient DBP algorithms. 

6. Conclusion 

This work established a unified mathematical and numeri-

cal framework for analyzing optical pulse propagation in 

standard single-mode fibers, from Maxwell’s equations to the 

Nonlinear Schrödinger Equation (𝑁𝐿𝑆𝐸)and its numerical 

solution using the Split-Step Fourier Method (𝑆𝑆𝐹𝑀). The 

simulations were performed using representative SMF-28 pa-

rameters, including an attenuation coefficient of 0.20 dB/km 

(0.0461 km-1), a group velocity dispersion coefficient of 

𝛽2 =  −21.7
𝑝𝑠2

𝑘𝑚
at 1550 nm, a third-order dispersion coef-

ficient of 𝛽3 =  0.10
𝑝𝑠3

𝑘𝑚
, and a nonlinear coefficient of 

𝛾 =  1.3 𝑊 − 1 · 𝑘𝑚 − 1. The numerical results quantita-

tively confirmed the strong influence of dispersion and Kerr 

nonlinearity on pulse evolution. Under anomalous dispersion 

conditions (𝛽2 <  0), temporal pulse broadening and fre-

quency-dependent propagation were observed, whereas Self-

Phase Modulation (𝑆𝑃𝑀)  produced an intensity-dependent 
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nonlinear phase shift and spectral chirping. For propagation 

over two dispersion lengths, the simulations clearly demon-

strated the temporal deformation caused by 𝐺𝑉𝐷. When the 

dispersive and nonlinear effects were balanced, the fundamen-

tal soliton (𝑁 =  1) maintained a stable temporal profile, 

while the second-order soliton (𝑁 =  2) exhibited the ex-

pected periodic compression and breathing dynamics. For the 

investigated 10 Gb/s intensity-modulated direct-detection 

transmission link, the analysis further demonstrated the rela-

tionship between the 0.20 dB/km fiber loss, received optical 

power, 𝑂𝑆𝑁𝑅, and Bit Error Rate (𝐵𝐸𝑅). These results con-

firm that increasing transmission distance progressively re-

duces the available optical power and consequently affects 

system performance relative to the Forward Error Correction 

(𝐹𝐸𝐶)  threshold. The convergence analysis also demon-

strated the numerical advantage of the symmetric SSFM for-

mulation over the asymmetric first-order implementation. The 

symmetric scheme provides second-order accuracy and there-

fore enables improved propagation accuracy for a given spa-

tial discretization, making it particularly suitable for long-dis-

tance nonlinear fiber simulations. Overall, the results demon-

strate that the combined effects of 𝛽2 =  −21.7
𝑝𝑠2

𝑘𝑚
, 

𝛽3 =  0.10 
𝑝𝑠3

𝑘𝑚
, 𝛾 =  1.3 𝑊 − 1 · 𝑘𝑚 − 1 , and 

0.20
𝑑𝐵

𝑘𝑚
 attenuation must be considered simultaneously when 

predicting the performance of SMF-28 transmission systems. 

The developed framework therefore provides a practical basis 

for optimizing dispersion management, launch power, trans-

mission distance, and nonlinear compensation in high-capac-

ity optical links. Future extensions may incorporate 

𝑊𝐷𝑀 transmission, polarization effects, 𝐸𝐷𝐹𝐴  or Raman 

amplification, advanced modulation formats, and Digital 

Backpropagation (𝐷𝐵𝑃) for terabit-scale and ultra-long-haul 

optical communication systems. 

Abbreviations 

CMT Coupled-mode Theory 

DC Dual-core 

EM Electromagnetic 

FEM Finite Element Method 

Lc Coupling Length 

LP Linearly Polarized Mode 

MATLAB Matrix Laboratory 

MMF Multimode Fiber 

NA Numerical Aperture 

SNR Signal-to-noise Ratio 

SMF Single-Mode Fiber 

TE Transverse Electric 

TM Transverse Magnetic 

V Normalized Frequency 

WDM Wavelength-division Multiplexing 

κ Coupling Coefficient 

𝛥𝑛12 Core-to-core Refractive-index Difference 

𝛥𝑛ᶜ Core-to-cladding Refractive-index Difference 
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