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Abstract: Background: Analysis of time-to-event data, generally called survival analysis, arise in many fields of study.
Conventional methods of analyzing this type of data are historically well established and continue to be applied. The methods
rely on the assumptions that subjects on follow-up can only fail from a well-defined single type of event, and that, conditioned on
subject covariates, censoring time and the impending time-of-failure are independent. In real-world settings these assumptions
are rarely fulfilled: subjects are typically exposed to multiple events that act concurrently to impede or modify the probability of
failure from the event of interest. Events “compete” with each other, so the eventual failure of a subject can only be attributed to
the first-occurring event – a competing risks scenario in which both the time to the first occurring event and the type of event that
occurs at that time are of interest. Objective: To provide you the reader with a friendly and sufficient introduction to the theory
underpinning the sub-distribution hazard model, based on the familiar or rather “traditional” description of survival data. This
model describes the absolute risk of a subject experiencing an outcome while adjusting for right censoring, subject covariates, and
naturally existing competing outcomes. Conclusions: In the competing risks framework, data may be modelled either through
the cause-specific hazard model or the sub-distribution hazard model. Although both strategies are founded on the proportional
hazards assumption, they differ in how risk sets are constituted and thus in what they measure, in their context of application, and
in how the resulting hazard ratios are interpreted. For research questions where the sub-distribution hazard model is appropriate,
the theoretical framework presented in this paper applies.

Keywords: Competing Risks, Survival Analysis, Censoring, Cumulative Incidence Function, Sub-distribution Hazard,
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1. Introduction

The response variable of interest in survival analysis is the
time-to-occurrence of a specific event, i.e. the time from a
well-defined origin until a specified endpoint is reached. This
time-to-event is often denoted by T and is interchangeably
referred to as survival time, event time, or “failure” time. The
distribution of T is conventionally characterized by its survival
function S(t) = Pr(T > t), the probability that an individual
survives, or remains event-free, beyond a given time t.

Interest usually lies not in the distribution of survival times
per se, but in how populations or sub-groups differ with respect

to time of event occurrence given some exposure, intervention,
or risk factor. A common difficulty is that not all subjects
experience the event of interest by the close of a study: some
are lost during follow-up because of some other, competing,
event. This yields incomplete information about survival
times, a phenomenon called censoring, and in particular right
censoring.

According to [1], if censoring is not handled appropriately
it has the potential to bias results and to reduce the statistical
power of analyses. A clear understanding of why censoring
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occurred is therefore essential for correct analysis of censored
data.

1.1. Familiar or “Traditional” Description of Survival
Data

Due to right censoring, the familiar or “traditional”
description of survival data means that, for each ith study
subject i = 1, 2, 3, ..., n, we observe identically, independently
distributed (i.i.d) random variables

{Ti = min(T,C), δi, Ei, and Xi}

where:
1) Ti is the potential true time of failure observed during the

study;
2) δi = I(T ≤ C) is a binary indicator of whether event

time T or censoring time C was observed. If the event
occurred (T ≤ C), δi = 1; if censoring occurred
(T > C), δi = 0. Right-censoring occurs when T > C,
so δi = 0 and consequently (δi, Ei) = 0;

3) Ei denotes the event cause of failure (when δi = 1);
4) Xi is a vector of, either continuous or categorical,

covariates upon which survival time may depend.
In the survival literature, likelihood-based approaches to

analyzing censored data (Kaplan–Meier curves, log-rank tests,
and Cox regression) are well established and continue to be
applied. Their success is hinged on two main assumptions:
(1) that a subject can only fail from a single, well-defined
event; and (2) that, given subject covariates, censoring occurs
completely at random and independently of the event in
question – i.e. censoring is non-informative, so censored
and uncensored individuals have the same survival prospects.
Non-informative censoring occurs when a subject is censored
because the study period ends, the subject is lost to follow-up,
or the subject fails due to something unrelated to the event of
interest.

In real-world settings these two assumptions are rarely met,
and careless application of the methods can lead to flawed
results – for example, surrogate endpoints in AIDS treatment
studies, where patients are withdrawn once CD4 counts fall
below a threshold, produce clearly informative censoring.

1.2. Competing Risks/Events

According to [2], another difficulty commonly encountered
in follow-up studies is the occurrence of a competing
event/risk prior to the one of interest. A competing risk/event is
defined as an event different from the one of interest that occurs

first and impedes the event of interest from being observed,
or fundamentally alters its probability of occurrence [3]. In
this paper we presume competing risks/events are indexed
k = 1, 2, 3, ...,m.

In the competing risks framework, data can be viewed as:
1) Records arising from risk-specific latent failure times.

This approach was first developed by [4]. According
to [5], latent failure times do not really exist, but
are hypothetical times {Ti1, Ti2, ..., Tim} that could be
observed if a subject were to fail from each of the
m causes operating in the population, so that Ti =
min{Ti1, Ti2, ..., Tim}. The key additional assumption
required is that causes of failure act independently on the
population [6].

2) Records of i.i.d. random variables {Ti =
min(T,C), δi = I(T ≤ C), Ei,Xi}, i = 1, ..., n.
This second view permits modelling via estimable and
identifiable functions, namely:
a) Cause-specific hazard modelling. Every

event/outcome has its own hazard function, so a usual
Cox proportional hazards model can be fitted with
respect to a specific outcome, hence cause-specific
hazard model. According to [7], this can be used to
assess covariate effects on a specific outcome, after
treating individuals who fail from other causes as
censored observations.

b) The sub-distribution hazard model. An alternative
that, besides adjusting for covariates, also accounts
for competing outcomes directly by developing the
sub-distribution hazard function, which quantifies the
risk of failure from the kth event given the subject has
survived to time t or experienced a competing event
E ̸= k at or before time t.[8]

The two hazard functions differ in how their risk sets
are constituted. For the cause-specific hazard, subjects who
experience the event of interest or a competing event at or
before t are censored and removed from the risk set. For the
sub-distribution hazard, the risk set consists of subjects who
survived all events to time t and those who had a competing
event at or before t – adjusted using inverse probability of
censoring weights (Section 5.1).

2. The Model
Model (1) below, called the sub-distribution hazard model,

was first developed by [8].

hik(t/Xi) = h0k(t) exp (βk1Xi1 + βk2Xi2 + ...+ βkpXip)

= h0k(t) exp (β
T
k Xi) (1)

where hik(t/Xi) is the predicted hazard at time t for the
ith individual to experience the kth event, h0k(t) is the
unspecified baseline sub-hazard function, and βT

k Xi is the
linear sum of covariate effects, taken to be time-independent.

The model is a direct analogue of the [9] regression model,
but with sub-distribution hazard functions in place of the
traditional hazard functions.

The model stems from the cumulative incidence function
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(CIF):

CIFik(t/Xi) = Pr(T ≤ t, E = k|Xi)

=

∫︂ t

0

fik(u/Xi)du for t > 0 (2)

which represents the absolute risk that the ith individual
experiences the kth event as the first event, at time t, in
presence of other causes. The CIF is also called the sub-
distribution function: as t → ∞, expression (2) converges to
Pr(E = k), not to 1 as in a proper probability distribution.

According to [8], the sub-distribution hazard function (SHR
defined below) that uniquely describes the distribution in (2) is

hik(t/Xi) = lim
△t→0

1

△t
Pr

(︂
t ≤ T < t+△t, E = k | Ri(t)

)︂
=

fik(t)

1− CIFik(t)

= − d

dt
ln [1− CIFik(t)] (3)

where Ri(t) = {T > t} ∪ {T ≤ t and E ̸= k} is
the conditioning event (survived to t, or previously had a
competing event), fik(t) = d

dtCIFik(t) is the sub-density
function for the kth event, and 1 − CIFik(t) represents the
probability of surviving past t or having already failed from a
competing cause j ̸= k.

3. Research Gap
Leveraging the direct relationship between CIF (2) and the

sub-hazard function (3),

CIFik(t/Xi) = 1− exp

{︃
−
∫︂ t

0

hik(u/Xi)du

}︃
(4)

A proportionality assumption was imposed on the sub-
hazard functions, and the sub-distribution hazard model (1)
was proposed under the counting process formulation of time-
to-event data (see [10]) [8].

In this paper, we digress from the counting process
formulation and instead explore the case when survival data is
described in the familiar or “traditional” manner. To the best of
our knowledge, no existing work has explored the Fine–Gray
model under the traditional survival-data formulation, and this
paper aims to fill that gap.

4. Model Assumptions
1) As with the [9] proportional hazards model, the ratio

of sub-hazard functions comparing two individuals with
different covariates is proportional and constant over
time. If the sub-distribution hazard ratio is denoted SHR,
then

SHR =
hik(t/ Xi)

hjk(t/ Xj)
= ϕ, constant over time

This means sub-hazard functions for different
individuals, plotted on the complementary log(−log)
scale, should not cross.

2) For continuous covariates, the link function between the
log of the sub-hazard ratio and the covariate vector is
linear:

log [SHR(Xi)] = log

{︃
hik(t/ Xi)

hok(t)

}︃
= (βk1Xi1 + βk2Xi2 + ...+ βkpXip)

meaning a unit change in a continuous covariate has the
same effect on the log-SHR regardless of covariate level.

5. Estimation of Model Parameters

Estimates of βT
k for the sub-distribution hazard model (1)

are obtained by maximizing a partial likelihood function,
which has the same form as that of Cox’s proportional hazards
model.

According to [9], if one event occurs at time t, the
conditional probability that it is from the ith individual in the
risk set R(t) can be written as a regression model with (p× 1)
vector β. On cancelling the baseline hazard functions, the
conditional probability that the failure observed at t is from
individual i is

exp(βT Xi)∑︂
j ∈ R(t)

exp(βT Xj)
(5)

Assuming individuals experience events independently (no
ties), the joint likelihood over all n distinct event times, in
terms of all survival times (censored or not), is

L(β) =

n∏︂
i=1

⎧⎪⎪⎪⎨⎪⎪⎪⎩
exp (βT Xi)∑︂

j∈R(t)

exp (βT Xj)

⎫⎪⎪⎪⎬⎪⎪⎪⎭
δi

(6)

called the partial likelihood function, since it contains no
information on the baseline hazard ho(t). Only subjects with
δi = 1 contribute; right-censored subjects (δi = 0) do not.

Equation (6) was modified to accommodate m mutually
exclusive events by: (1) redefining the risk set R(t) to also
include, as a placeholder, subjects who previously had a
competing event at or before t, i.e. [8]

R(t) =

{︃
i;T > t or

(︁
T ≤ t and E ̸= k

)︁}︃
and (2) assigning such retained subjects time-dependent
weights that gradually reduce according to the conditional
probability of remaining under follow-up had the competing
event not occurred – a procedure called inverse probability of
censoring weighting.
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5.1. Inverse Probability of Censoring Weights

These weights are

wij(t) =
ri(t)Ĝ(t)

Ĝ
(︂
min(t, tj)

)︂ (7)

=

⎧⎪⎪⎨⎪⎪⎩
1 if T > t,

0 if failed from event k or censored at t,
Ĝ(t)

Ĝ(tj)
≤ 1 if T ≤ t, E ̸= k.

where ri(t) = I[C ≥ min(T, t)] denotes vital status at time
t. Censoring is assumed, per [11], to occur completely at
random; the censoring distribution Ĝ(t) = Pr(C ≥ t) is
obtained via Kaplan–Meier by inverting event and censoring
indicators. As noted by [12], the estimated probability of
censoring is used to inversely weight the “complete data” score
function. For a worked example, see chapter 6 of [13]. We
concur with [14] that manual assignment of these weights is
time-consuming; the cmprsk package’s crr() function in R
automates this. For a detailed, user-friendly implementation,
see [15].

5.2. Likelihood Function

Implementing these modifications in (6) gives the partial
likelihood function for all n individuals, with subjects in the
risk set weighted:

L(βk) =

m∏︂
k=1

⎧⎪⎪⎪⎨⎪⎪⎪⎩
n∏︂
i=1

⎡⎢⎢⎢⎣ exp (βT
k Xi)∑︂

j∈R(t)

wj(t) exp (βT
k Xj)

⎤⎥⎥⎥⎦
δik

⎫⎪⎪⎪⎬⎪⎪⎪⎭ (8)

which, with respect to the kth event type, factorizes into a
product of m terms:

L(βk) =

n∏︂
i=1

⎡⎢⎢⎢⎣ exp (βT
k Xi)∑︂

j∈R(t)

wj(t) exp (βT
k Xj)

⎤⎥⎥⎥⎦
δik

(9)

Taking natural logarithms and simplifying gives the log-
partial likelihood function:

lnL(βk) =

n∑︂
i=1

δik

⎧⎪⎨⎪⎩βT
k Xi − ln

⎡⎢⎣ ∑︂
j∈R(t)

wj(t) exp (βT
k Xj)

⎤⎥⎦
⎫⎪⎬⎪⎭ (10)

Equation (10) is maximized, often via Newton–Raphson
iteration, to yield β̂ks, the maximum likelihood estimates
(MLE) of the true model parameters. If the series of iterations
is β ĵ+1 (ĵ = 1, 2, 3, ...), the iteration converges in probability
to the true parameter values when |β̂ ĵ+1 − β ĵ | ≈ 0.

To permit further inference – Wald tests, likelihood ratio
tests, and confidence intervals (CI) – It was shown that,
under mild regularity conditions, the MLEs are asymptotically
multivariate normally distributed [8]:
√
n(β̂k−βk) ≈ N(0, diagonal elements of I−1

βk
), as n → ∞

where Iβk
, the Fisher Information matrix, is a non-singular

(p × p) matrix of negative expected second-order partial
derivatives of lnL(βk). Its inverse is the asymptotic variance–
covariance matrix of β̂ks; the square root of the jth diagonal
element is the standard error (s.e), giving, e.g., a 95% CI of
β̂k ± 1.96 s.e(β̂k).

Lastly, A proper way in which these estimated regression
coefficients should be interpreted is described in [16].

6. Model Limitations
According to [17], one major limitation of the sub-

distribution hazard model is that it requires the exact cause of
failure to be known for every subject on follow-up.

7. Conclusion
Whereas censored survival times are inevitable in typical

follow-up studies, competing events/risks occur naturally, and
if ignored (by treating them as censored) there is a likelihood
of inflating the risk of event occurrence – which, in clinical
settings, is the cornerstone of decision-making. We conclude
that when the sub-distribution hazard model is the appropriate
choice for the research question at hand, the theory provided
in this paper applies.
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