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Abstract

The theoretical development of the complex fluid flows such as more than one obstacle with different shapes have great interest
for scientists to understand flow phenomena and verify the model or approximate solution. The complex physical properties due
to a uniform streaming motion past two fixed spheres is investigated having one with shear stress and another being shear
stress-free. This study concerns analytical technique of a steady incompressible viscous fluid past to two fixed spheres. The
Gegenbaur function and associated Legendre polynomials is used to derive the solution that simplify the process of the
theoretical calculations. The mathematical expression for the flow fields are obtained in terms of stream functions by Gegenbaur
function and associated Legendre polynomials. The physical properties of interest such as the Stokes stream function, the stress
and its drag are calculated. It is understandable that for the uniform streaming motion around a sphere with the stress and its drag
are affected owing to the presence of another stress-free are analyzed. The present result can be considered as a generalized by
making other established results as a corollary of this solution. This theoretical study helps to the numerical or computational
work for the verification of their approximated results of interest.
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1. Introduction

Tools development considering flow over solid bodies can another one with shear free condition in viscous fluid flow.

be different scenarios such as all boundaries is stick-slip or
shear free depending upon situations. Theoretical advance-
ment will help to analyze and validate the engineering design
and simulations. Here uniform flow past two spheres are
considered where one with slip-stick boundary condition and

The analytical solution to the Navier-Stokes equation for
the viscous incompressible steady flow past a solid sphere
which was first approached by Stokes in 1851 [1] and has
been discussed subsequently by many researchers [2-7].
Much research has been done to study flow problems related
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to viscous fluid motion in symmetrical boundaries subject to
no-slip condition which states that the velocity of the fluid is
everywhere zero at the solid surface. Sometimes, the fluid
may slip at the surface of the sphere. This problem was first
solved by Basset [8] and in this circumstance the tangential
velocity of the fluid relative to the sphere at a point on its
surface is proportional to the tangential stress prevailing at
that point. It should be pointed out that similar condition have
been used by several authors [9-17] to solve exterior and
interior flow problems past a surface. Now it is intended to
present a solution for flow spheres, one with general boundary
condition and another one with shear free condition in viscous
fluid flow.

James W. Swan and Aditya S. Khair [18] investigate the
low-Reynolds-number hydrodynamics of a novel ‘slip-stick’
spherical particle whose surface is partitioned into slip and
no-slip regions. They compute the translation velocity of such
a particle due to the force density on its surface. They also
compute the rotational velocity and the response to an ambi-
ent straining filled of a slip-stick particle. Stokes [19] first
solved the problem of uniform streaming motion past a rigid
sphere in a viscous fluid by solving the Stokes equation.
Harper [20] and Happel & Brenner [21] and Rybczynski [22]
and Padrino et al. [23] treated the problem of uniform

streaming motion past shear-stress free sphere. There is a
wide literature about viscous and non-viscous flows past one
or more rigid spheres with shear stress. Now, the Stokes
problem of a uniform streaming motion past one rigid sphere
with shear stress can be solved by the Collins theorem [24].
Harper’s theorem [20] for treating the axi-symmetric viscous
flows past a shear stress free sphere can now solve
Rybczynski-Hadamard problem referred above. Harpers the-
orem is valid when the singularities lie on the axis of sym-
metry, z-axis. But Palaniappan et al. [25] established a general
sphere theorem which applies when the singularities may lie
on the axis of symmetry or not. This theorem has its
two-dimensional counter part in the result known as the Circle
theorem [26] for the flow past a shear-stress free circular
sphere. However, literature of fluid flows about shear
stress-free bodies is not so wide as that of the flows about the
same bodies with shear stress.

In this study, the some physical properties of interest due to
a uniform streaming motion past two fixed spheres are inves-
tigated, one having shear stress and another being shear
stress-free. The physical properties, such as the Stokes stream
function for the uniform streaming motion, around a sphere
with the stress and its drag are affected owing to the presence
of another stress-free are analysed.

2. Description of the Solution of the Problem

p (1, 0 ¢
(ri, 6, ¢1) U

Z-axis

U

Figure 1. Sketch of the physical problem where two spheres having radii a and b are situated apart from each other with distance c under the

uniform stream U.

Consider the three-dimensional axisymmetrical slow vis-
cous fluid motion about the axis of symmetry (say, z-axis) in
the case of uniform streaming motion in the negative direction
of z-axis, past two rigid spheres of one is with shear stress and
other shear stress-free. The physical model displays in the
above figure 1 where the sphere r = a is with shear stress and
the sphere ry = b is without shear stress.

The governing equation for the steady Stokes flow in terms
of stream function 1 is given by

E*% =0 1)
where
2_ 9%  sim6d 1 9
E Torz ' 12 86 (sin609 @
The velocity components ¢, and gqg for the

axi-symmetrical flow in terms of the Stokes’ stream function
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Y =1(r,0) are given by

1w

_ 1 9
qr = ~ 25 o0 ®)

rsin@ or

and qg =

The operator (2) is form-invariant with respect to the
transformations rcos @ = r; cos 6; + ¢ and rsin 8 = r; sin 8,
where(r, 0, ¢) and (ry,0,,¢,) denote the spherical coordi-
nates of the same point P with respect to the centers O and 0,
respectively as in Figure 1.

It is the interest to find the solution of equation (1) for y
subject to the appropriate boundary conditions at the surfaces
of the spheres.

The boundary conditions

One sphere is considered as stick-slip flow and other one is
considered as pure slip (shear free). Thus, the boundary con-
ditions maybe stated as follows:

lp——Ur sin? 6 + Y. 1( I

which can also be written as

An

1,[J=—Ur sin? 0+ Y% 1(

Or, in (ry,60,) systemas

An

1 , o
Y = EUrlz sin?0; + Yo, (r" =

) Pl(cos@)Pl(cosO) + Yo _, ( Cm

)Pl (cos8)P}(cosB) + X%, [C

) Pl(cos@)Pl(cosO) + Yo, [C

2 (10
onr=a, Lp—Oandﬁ _”rﬁ(riza_zf) (4)
Onr, =b Lp—Oandi(izﬂ)zo (5)

T1 \T- 1

where u and B are constants.

3. Solution Approach

The Stokes stream function for the flow in the absence of
spheres is

Yo = %Ur2 sin @ 6)

If the spheres of radii ‘a’ and ‘b’ are introduced into the
flow, the Stokes’ stream function for the new flow field

%) Pl(cos6;)P}(cosB,) @)

Pm(cos 61)

rsin @ + T ™ pl(cosB,) X rsin 9]

7})’"((:0591) rsinf +

m+1

™_Pl(cosB) xr sm@]

where, P! are the associated Legendre functions and A, B,, C,,, D,, are constants to be determined.
Now the following transformations formula is required in order to solve the problem. The following relations [28] are true

whenr, rn<c
Ph(cos61) _ (D™ ¢ [@m-Dn-(m-2) _2m-1(r\?], (Mns1 (T\* p1
rm-t T em-1 Yoz (m+n)(2n-1) 2n+3 (c) x (n+1)! (c) Py (cos 8), (10)
Ph(cos6;) _ (-p™*t m
mr;f:l 1 _ e Yo (TZ_'_"l‘;Il( ) Pl(cos8) (1)
where (MN=m(M+ L)oo, (m+n-1).
Multiplying both sides of (10) and (11) by rsin6
Ph(cos0y) . (- l)m 1 (2m-1n-(m-2) 2m-1 (1 2 Mn+1 (M\* . p1 1
rjn-1 rsing = Zn 1 (m+n)(2n-1) 2n+3 (C) . (n+1)! (c) TP" (COS 9) . P1 (COS 9) (12)
Ph(cos6y) . (-pmtt (m)
%r sin@ = "— Yo, (7::’1;,1( ) 7Py (cos 0) P (cos 0) (13)
Substituting (12) and (13) in (7), v can be completely written in terms of r and 6 as
Y=

2m-1)n- (m 2)

Ur sin® 6 + Y. 1[ z f—ﬁ] Pl (cos 8)P(cos 0) +

o 1m1
Zm:l(c C ) an

(—1)m+1 Yoo (M)n+1
cm+l n=1 (m+1)

Dy,

(m+n)(2n-1)

( ) rP(cos 8)P} (cos 9))

n
(M1 (;) rPL(cos 8)PL(cos6) +

(n+1)!

2m— 1()
2n+3 \c¢

(14)
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Similarly, an expression of y can be written in terms of r; and 6, by the following relations [27].

Pla(cos8) _ 1 o ,_qym-1|@r-1)m-(n-2) 2n-1(n 2 MWm+1 (T1\™ p1
n-t T n-1 Zm:l( 1) (n+m)(2m-1) 2m+3 (c) X (m+1)! (c) P m(COS 61) (15)
Pi(cos ) n) m
M = i Sner (C 1) 28 () A (cos 6,) (16)

Multiplying both sides of (15) and (16) by r;sin6;

1 i _ (n— _ 2 m
Pj(cos 8)ry sin 64 __t Z?ﬁl=1(_1)m_1 [(Zn Dm-(n-2) 2n-1 (%1) ] x (Mm+1 (7”?1) Tlplm(COS 6,) Pll(COS 91) (17)

rn-1 cn-1 (n+m)(2m-1) 2m+3 (m+1)!

1 : m
Pi(cos@)rysinfy _ 1 Z$=1(_1)m+1 % (Mm41 (T?l) Tlplm(COS 6,) Pll(COS 6,) (18)

rn-1 cntl (m+1)!
Substituting (17) and (18) in (9) yields the stream function v as

1

- —(n— _ 2 m
Y(r,6,) = 5 Ur,? sin? 6, +2;;°=1<Ancn—_1 o (1™ [(2" b 2 () ]x%(%) 1 P',, (cos 6,)P, (cos 6,) +

(n+m)(2m-1) 2m+3 (m+1)!

1 (M)m oo Cm
B, g (—1Hm1t (TM;'; (Tl) 7P, (cos 8;) x P, (cos 0;) + X%_, [rlm—z +

%] P, (cos8,)P,(cos 91)> (19)

Now by using the boundary conditions (4) in (14) and equating the coefficients of pl on both sides of the resulting equations
one obtains forn > 1

1 A B - 0™ 1 [em-1)n-(m-2) 2m-1 fa\2] (m) a\" (-1)™+L (m) a\"
0= EUaZé'ln + (anfz + a—Z) + Zm:l (Cm om—1 [ — (Z) ] o (—) a+ D‘m m+1 —nﬂ(z) a), (20)

(m+n)(2n-1) 2n+3 (n+1)! c (n+1)!

u (n-2)f _ (n+D)(n-2)u ng | n(n+3)u w D™ [@m-1)n-(m-2)
=U(ﬁ+;)61"+An(— — )_Bn(_ +—)+Zm:1(c (n+

qnti ant2 ant3 cm-1 (m+n)(2n 1)

n-1 _ 2m-1 n+1 1 _ @m-Dn-(m-2) _ n—-2 , 2m-1 211 Mp4q 1
DBa s (et 3)part 5 = EE D (n 4 1)(n - 2pa” 2 + Zon(n + Bua ]—(nm, Lt
D EL [(n + 1)Ba = (n + 1)(n — 2)pa"?] e 1) (21)
moem+t H (n+1)! c?

Neglecting the terms of ( =), K= 4,5,6 in these two series one gets the following linear equations for the determination of the
constants A;, A,, A; etc.

4 2 2 2
0=2Ud? +ad, +2 +(7—:?)cl—%cz+%c3+j—301, (22)
B, , 1a3 2a3
0:A2+a_2+§c_261_c_3cz7 (23)
0= + 2 4= e (24)

0= (1 2)u s (e B)a (o) m o (e ) - (o) (04 2) s H(e42)0. 9

a3 a* c 5¢3 ac

0=-(%2+2)p,+%c, -, (26)

0= (G- (rr@)m+ (5 -i50)G @

Also by using the boundary conditions (5) in (19) and equating the coefficients of p2, on both sides of the resulting equations
one obtains form>1
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_liaaem . 1 ime1 [@reDm-m=2)  2n-1 (6\?]  Mmaa o (DN ma1 o MWmat
T2 Ub%6™, + Z"=1 (A" c”‘l( D [ (n+m)(2m-1) 2m+3 (c) ] x (m+1)! x (c) b+ B, n+1( D X (m+1)'( ) b) *
Cm Dm
(G +32) (28)
_ _Ugom 0 1 a\m-1 2n-1)m-(n-2) _ m-3 _ 2n-1 m—1 1 (M)m+1 1
0= b2 6™ + X An cn- 1( D (n+m)(2m-1) (m+1)(m —2)b 2m+3 s m(m + 3)b cz] x (m+1)! ™
(n) 1 (m+1)(m-2) m(m+3)
521 B ey (1™ T (4 1) (m — 2)b™ =t [ 2B 4 p,, RO (29)
Similarly, another six linear equations arises for the same purpose of determining the constants.
b* 3p? 6b? b? D
0=2Up?+ (7—§)A1+C—2A2+—3A3+C—331 +bCy + 22, (30)
b3
b* C D
0=24,+2+2 (32)
U 2 4 6 12 2 2C. 4D
0=~ (ot om) A~ pade — s s — s B = 5+ (33)
0= 5C3A1 +o “c, + )8 (35)
Solving the equations (22) to (27) and (30) to (35) for the constants of O(Cik), k= 1,2,3 one gets
_ _3aB+2u 11 3a(aB+2u) a3p _ 3ab(af+2u) 1
A = 4aB+3u Uab (b ¢ 2c%(ap+3p) + [3(aﬁ+2,u) 2(aB+3u) c3) (36)
_ _Ua*»hB (1 1, 3a(aB+2u) af  Bab(aB+2p)] 1 UaSb (af-3u)
17 4@p+3w (b ¢ 2c%(af+3uw) + [3(a[§+2u) 2(aB+3p) c3) + 15¢3 (ap+2u) (37)
C = __Ub | 3Uab ((a[f+2u)l_£(aﬁ+2u) 3ab (aB+21)* adp ) (38)
1= 2 4 (aB+3u) ¢ c?(ap+3p)  2c3 (aB+3u)? 3c3(ap+3u)
__ 3Uab(aB+2p)
b, = 20c3(af+3u) (39)
Ay, =B, =C,=D,=0 (40)
_ 7 Ua®h (aB+2u)
A5 = 20 ¢3 (af+7p)’ (41)
vatbp 1
Bs T acd (ap+7w) (42)
_ 3 Uab® (aB+2p)
(s = 20 ¢3 (ap+3wp) (43)
D;=0 (44)

Other constants (for n, m > 4) are of O(Cik), k> 4; hence, they may be neglected. The expression for y can now be obtained in

either of the coordinate system by using (36) to (44) in (14). In terms of (r, 0) the expression is
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Y(r,0) =
lU [7"2 " (1 _ 1 3a(aB+2p) [ adp _ 3ab(aﬁ+2;4)] i) ( a*bp _ 3abr(aﬁ+2u)) 2a°b(af-3u) _ b_rz 3ab(af+2u) (i _ E) 2 4
2 b ¢ 2c%(aBf+3w) 3(af+2u) 2(aB+3w) 1c3/ \2(ap+3u)r 2(aB+3p) 15¢3r(aB+2p) c 2(aB+3p) \c? c3
L 4] . 9 _U_b(i_ 3a(aﬁ+2u)) 3 .. 2 ﬂ{7a5(aﬁ+2u)_ a®p _ﬁ} . 5 20 _
| sin®0 —— (3 2@pasm) S B cosb + -7 i 6(5cos%0 — 1) (45)

Another expression for y in terms of (r,, 6,) can be obtained by using (36) to (44) as

U 3ab_ ,(aB+2p) (1 1 3a(aﬁ+2u)) 3ar;*(ap+2p) a*pry?

_u 2 _ 3ab _ 3abry (aﬁ+2,u)l _ i(aﬁ+2,u)
1,[)(7’1'91) T2 [rl 2 1 (ap+3w) (bc 2 2c3(aB+3p) 10c3(af+3u) 2¢3(aB+3p) le + (

2 (aB+3u)c  cZ (aB+3u)

3ab(af+2u)? _ a®p _ 3abS(af+2u) .5 3Uab (af+2p) (1 1 3 .2
2¢c3(aB+3u)? 303(aﬁ+3u)) 10c3r1(a,8+3u)] X sin 91 + 4c? (aB+3u) (b c) rosn 91(:0591 +
anbS (aB+2p) 9 Uar* (aB+2u)) . - 20 _
{40 c3ry (aB+3u) 40 3 (aﬁ+3u)} stn G(SCOS 91 1) (46)

The pressure field p in the neighborhood of the spheres may be obtained from momentum equations.

o _ __ k9 (2
ar  r2sin20 00 (E l'b) (47)
0P _ K 9 (p2
36~ sind ar (E*%) (48)
Now,
2. _ 0% sind 8 (1 8y _ 1 1, 3a(aB+2u) a3 3ab(aB+2w)] 1 3ab(aB+2u) | br¥) .
E l’b ~ or2 (l/)) + r2 96 (sine 69) - {b ¢ 2c%(aB+3u) [3(a,8+2u) 2(ap+3p) 1c3 2r(af+3u) + c3 }Sln 6
_E,uUasb(a,8+2,u) . 20
. BT X sin“0(5cos“0 — 1) (49)
2 _ iﬁ(aﬁﬂzm b 3ab((@B+2u)1 b (aB+2p) 3ab(af+2p)? _ a®p 2n 2Uab5 (aB+2u)
E l’b(rl'el) =U [2 c3 (ap+3pn) 1 21 ((aﬁ+3u)c cZ (ap+3u)  2c3(af+3u)? 303(a,8+3;1)) sin®0, 4 c3r; (af+3up)

sin?0,(5cos%6, — 1)] (50)

Using (49) in (47) or (48), it is easily obtained,

_ 2br  3ab(aB+2p) (1 1, 3a(aB+2p) a*f  3ab(aB+2p)] 1
p(r' 0) =—HU { c3 2r2 (af+3u) (b ¢ 2c3(aB+3p) [3(a[3’+2u) 2(ap+3u) ] 53)] cos

21 uUaSh (aB+2u) _
s &t @pirm 05 0(5cos26—1) (51)

Similarly,
_ 3ary(ap+24) b ﬂ((a[HZu)l __ b (aB+2p) | 3ab(aB+2mw)® adp )]
p1(7"1, 01) =—HU [ c3(aB+3u) 12 + 2r12 \(aB+3u) ¢ c?(aB+3u)  2c3(afp+3u)?  3c3(aB+3w) cos6,
5
—%ﬂwcoselﬁcosz@l -1) (52)

8 311 (af+3p)

4. Drag and Torgue on the Spheres

Following Faxen’s laws [28] the drag is found by the formula
Q: f(Trr gr +Tr9 g@ +Tr¢ g¢> Xazsine dae d¢
s r=a

where, S is the surface of spherer=aand €,, €,, €, being unit vectors in the directions of r, §, ¢ increasing and where

dq 1dq q dq 1 dq q aq
Ty = _p+2”a_'rr' Tre ='u(:6_6r_76+6_r9) and Tr¢ =H(rsin66_9r_7¢+6_f)
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For the case of axisymmetric motion this formula becomes

2 .
Q = f9n=0 f¢:0 (Trr gr + TTG Qg ) X a%sin@ do d¢ (53)

r=a

where
e, = sinf cos¢i + sinfsingj + cosOk
eg = cosBcospi+ coshsingj — sinfk

andp=0ton, § =0t02x
Now on omitting the details of calculation, It can be shown that

_[_ (aB+2up) 11 3a(af+2u) a®p __3ab(aB+2m) 1\] 3
b= [ érplab (aB+3u) (b c + 2¢2(af+3u) + (3(aﬁ+3/.¢) 2(af+3u) ) c3)] k (54)

The negative sign implies that the force exerted by the fluid on the sphere r = a is in the direction of the uniform stream. To
keep the sphere at rest, the force of the amount |D| must be applied to the rigid sphere.
Similarly, the drag on this sphere r; = b s,

b4 2 .
D1 Jg o Jyr=o(Truri&r, + Trio,80,), _, b* sin6; 6, dgp, (55)
_[_ (@B+2W)1 b (aB+2p) | 3ab(aB+2p)® adp
b, = [ 4muUb+6muUab ((a,8+3u) ¢ c2(ap+3n)  2c3(af+3p)? 303(aﬁ+3u))] - (56)
which is negative for sufficiently large value of ¢. This also Next the torque (T) on the sphere r = a, is calculated which

implies that the equal and opposite force must be applied to is found from the formula of Faxen’s laws [24].

keep the shear-stress-free sphere at rest. Note that the mag-

nitude of the drag on the rigid sphere is greater than thatonthe 1=/ f;:o(rTrega —1Trpep),_,a°sin6do dd =0 (59)

stress free sphere, when the spheres are particularly equal.
When the stress free sphere r;=b is located at a very large

distance relative the sphere r=a, the flow in the neighborhood

of the sphere r=a will be that of a uniform streaming motion

past the sphere r=a. Therefore, the Stokes stream function for

this flow is the limit of the expression (45), as c approaches 5. Generalization of the Present Problem

infinity and clearly, this is

Similarly, It is shown that the torque on the sphere r;=b is
also zero.

The present results can be generalized by shifting the
boundary condition of the referral condition. The properties of
flow motion such as drag and torque are investigated as lim-
iting case of the present development.

_1 2 _ 3a(ap+2w)r atp .y
l/)(‘r‘, Q) T2 u [T 2(ap+3u) + 2(a,8+3u)r] sin”@ (57)
Similarly, when the rigid sphere r=a is located at a very
large distance with respect to the stress free sphere ry=hb, the
flow in the vicinity of the latter sphere is the limit of the ex-
pression (46) as ¢ approaches infinity and this is obviously,

5.1. Transforming Boundary Condition to the
Referral

) When =0 (transforming stick-slip to no slip condition [25])
Y(r,0,) = SU(ry* — bry)sin?6, (58)  then the equations (45), (46), (50) and (51) become

2 3 5 2 4
PO = LU b (P 20y (C ) 1)@ ) 2 bt s (1 by 0 g

b ¢ 2c? 3 2 /c3 2r 2 15¢3r c 2 \c2 3
Ub (1 3a . 3Ub (7a®> a7 r*) .

- — (— - —) r3sin?0cosf + — {— - —} sin?0(5cos%0 — 1) (60)
2 \c2 2¢3 4¢3 L1or 273 5
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_1 2 _3ab_,(1 1  3a\  3ar{ i _ 3abry (1 b 3ab _ a?\  3ab® .
¥(r,6) = 2 U{ 2 1 (bc T 2c3) t e toar bry 2 (c Ry 3c3) 10c3r1} sin® 6y
3Uab (1 2 9 Uab® 9 Uarf 2 _
v (b )rl sin“0, cos 6, + {40—C . 10 o3 }sm 6,(5c0s26, — 1) (61)
2br  3abf1 1 6 3a a?  3ab) 1 Ua®b
p(r,0) = —uU{ —m(g—;+ﬁ+(?—7)c)}cosﬂ— u 34c059(5c0529—1) (62)
3ar b 3abf1 b . 3ab a? uUab
p1(r,0,) = —uU{ 1 ¥+E(2_c_2+§_3 3)} cos0; —=——-cos6,(5cos 26, — 1) (63)

which agree with the results obtained by Chowdhury [29]
corresponding to the no slip boundary conditions.

5.2. Drags on the Spheres

Similarly, when f=co, then the equations (54) and (56) give
the drags for no slip boundary conditions as follows:

-

g)) — 4muUb|k  (65)

D =[-6mutab (1 -1+ 3% 4+ (<

b 2¢2

(64)
= [6nuUab(%—C%+;i3+ (32—b—

which also agrees with the result obtained by Chowdhury
[29].

Therefore, the present development of this kind of problem
can be considered as a general formulation since other cases
such no slip boundary condition can be derived from the
present result.

6. Conclusions

In this study, it is examined some axi-symmetrical flows in
the presence of the two fixed spheres, one having stick-slip
and another being shear free. The forces have been found by
employing Faxen’s law [28]. The results have good agree-
ment in the limiting case of flow field for a single sphere.
Generalization of the present problem was investigated cor-
responding to the no slip boundary conditions. The present
development of the theoretical work will help to understand
the numerically approximated result for the verification.
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