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Abstract 

This work focuses on the derivation, analysis and numerical application of a hybrid linear multistep formula for directly solving 

third-order initial value problems (IVPs) ordinary differential equations (ODEs). The method is derived by adopting the 

collocation and interpolation procedure with a power series polynomial of degree eight as the basis function. The procedure 

resulted in the construction of a continuous hybrid linear multistep method by collocating the third derivative at nodal and five 

off-nodal points to generate a system of linear equations for the determination of the unknown parameters, from which the 

formulas that constitute the proposed hybrid block method are obtained. The suggested method is fully hybrid, which is an 

important property that contributed to the good accuracy and minimum errors associated with the results of the method. The 

analysis of the basic properties of the suggested method reveals that the method is of theoretical order six, stable, consistent and 

convergent. Four numerical examples are considered for the numerical experiment to confirm the accuracy of the proposed 

method. The experiment shows that the present method is very efficient for the numerical approximation of third-order initial 

value problems for ordinary differential equations. The method also performs favorably well when compared with the results of 

some cited methods in the literature.  
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1. Introduction 

The modelling of real-life situation often gives rise to third-order IVPs of ODEs which are generally written as: 
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This work proposed method which is easily implemented 

and can also provide high order of accuracy. Higher-order 

ODEs are frequently written as equivalent systems of first-or-

der ODEs to get numerical solutions, which may subsequently 

be solved using proven numerical techniques, and this has as-

sisted in obtaining solutions to higher-order ODEs discussed 

by [1-4]. However, because of the longer runtime and addi-

tional computing effort, this transformation may increase 

computational cost in some cases, particularly for large sys-

tems or stiff problems, as [5] pointed out. Notably, significant 

attention has been given to the development of methods that 

directly solve IVPs of higher-order ODEs without reducing 

them to systems of first-order. This approach has been dis-

cussed by researchers such as [6-11]. Recently, [12] examined 

the numerical solution of third-order IVPs of ODEs using a 

set of linear multistep method with block extension. [13] dis-

cussed the P-stable single-step block method of solving third-

order IVPs: nine orders of accuracy, and additionally, the 

modified fourth derivative block approach and its direct ap-

plicability to third-order initial value problems were covered 

in detail by [14]. In this research, third-order ordinary differ-

ential equations (IVPs) were numerically integrated using a 

hybrid linear multistep approach with five off-steps. By im-

proving accuracy, stability, and computational time, this tech-

nique seeks to provide a more potent substitute for reduction-

based methods. 

2. Derivation of the Method 

This section presents a detailed derivation of the proposed 

scheme by applying interpolation and collocation procedures 

to a power series polynomial, which serves as the trial func-

tion. The power series function is given as: 

 
  1

0

r s
j

y x a x
jj

 

 


            (2) 

where 𝑟 and 𝑠 are respectively number of interpolation and 

collocation points, 𝑎𝑗 ’s are parameters to be obtained 

uniquely and 𝑥 is differentiable over the [a, b]. The third de-

rivative of (2) gives 

  
  1

3
( ) 1 2

0

r s
j

y x j j j a x
jj

 


   


       (3) 

Equating (1) and (3) yields the differential system 

  
  1

3 '1 2 ( , ( ), ( ), ( ))
0

r s
j

j j j a x f x y x y x y x
jj

 


  


. (4) 

By collocating (4) at grid points  
180

, 0 1 5
j

n

x x j


  and 

interpolating Eq. (2) at
180

j
n

x x


 ,  42 1j   yield a system 

of equations for interpolation equation, 

 

 
1

0
180

, j 2 1 4
r s

j

j j
nj

a x y
 



           (5) 

and for collocation, 

  
 

 1 5

180

1
3

1 2 , 0
0 j

r s
j

j j j a x f j
jj n

 


   
 

. (6) 

By putting equations (5) and (6) in matrix form and solving 

them to determine the parameter values ,

j
a s , 0,1,...,8j  , 

which when substituted in (3) yields, after a some simplifica-

tion, thus provides a continuous hybrid linear multistep for-

mula of the form: 

     
4 5

3

2 0
180 180 180 180

j j j j
n nj j

y t y t h f t 
  

       (7) 

where  j
x  and  j

x  are the coefficients that defined 

the method and are obtained as: 

 1

45

2
450 316200 tt t   ,  1

60

2
1080 832400 tt t    , 

 1

90

2
630 616200 tt t   ,  

32805000 437400 2025 137 1 6383 479 18 7 6 5 4 3 2

7 7 2 8 6 7257600 21772800 466560000
34425

0
t t t t t t t tt          , 

 1

180

164025000 75 9307 593 1098 7 6 5 4 2
291600 143775 3465

7 2 2419200 18662400 1399680000
t t t t t t tt        , 

 1

90

32805000 37908000 75 143 19847 2478 7 6 5 4 2
4815

7 7 2 80640 32659200 699940000
238950t t t t t t tt         , 
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 1

60

328050000 34992000 7397 53 598 7 6 5 4 2
198450 3510 25

7 7 3628800 134400 233280000
t t t t t t tt        , 

 1

45

164025000 16038000 2745 75 599 83 18 7 6 5 4 2
83025

7 7 2 8 2419200 130636800 1399680000
t t t t t t tt         , 

 1

36

3280500 2916000 3 103 127 18 7 6 5 4 2
14175 225

7 7 2 2419200 653184000 1399680000
t t t t t t tt        , 

where n
x x

t
h


 . Evaluate Eq. (8) at 

1 1
0, ,

180 36
t   to obtain the discrete one thirty-sixth step formulas 

3

90
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3 109 494
1 1

1806 8 3
1 354

11399680000
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                  (10) 

In order to implement the derived method in block mode, 

we adopted the block formula proposed in Awoyemi et al. [15]. 

The formula in its normalized form is given as 

     0

m n m m
A Y ey h df y h bF y            (11) 

By evaluating Eq. (7) at 
1

36
t  ; the first and second deriv-

atives at 
1 1

, 0
180 36

n i
x x i



 
   

 
and substituting into Eq. 

(11) gives the coefficients matrices as: 

3

1 1

60 3690 45

1 1 2
1 1 1 1180

180 180

3929 475 3862 2422 883 139
64800 235146240000

h
y y hy h y f f f f f fn n n n n nn n n n

         
    

 
 
  

,  (12) 

3

1 1

60 3690 45

1 1 2
1 1 1 1180
90 180
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16200 3674160000

h
y y hy h y f f f f f fn n n n n nn n n n

         
    

 
 
  

   (13) 

3

1 1

60 3690 45

1 1 2
1 1 1 160
60 180

609 1710 486 470 171 27
7200 2903040000

h
y y hy h y f f f f f fn n n n n nn n n n

         
    

 
 
  

   (14) 

3

1 1
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1 1 2
1 1 1 1

180
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h
y y hy h y f f f f f fn n n n n nn n n n
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 
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3
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+
1 1
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1

1
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
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
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1
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1

74 446938176 281 947978624 +204 419581821

120 382283008 1583971200 316795481645 2020759 178256000

f f fn
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n


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    

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 
  

   (20) 

1 1

60 3690 4536

2

+ 250
1 1 1
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1
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36 2612736

h
f f f f f fn n nn n n

y hy h yn n
n

  
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

 
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        (21) 

1 1

60 3690 45

- -
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180

2
  

1
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475 1427 798 482 173 27
259200

h
f f f f f fn n nn n n

y h yn
n

  
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

 
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           (22) 

1 1

60 3690 45

-
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180

2
  

1
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16200

h
f f f f f fn n nn n n

y h yn
n
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
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              (23) 

1 1

60 3690 45
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1 1 1

180

2
  

1
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9600

h
f f f f f fn n nn n n

y h yn
n

  
   

  
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               (24) 

1

6090 45

12 7
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7 32 32
1 1 1
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2
  

1
 

4050

h
f f f f fn nn n n

y h yn
n
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  

  
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                 (25) 

1 1

60 3690 45

50 75

36

19 75 50 19
1 1 1

180

2
1 10368

h
f f f f f fn n nn n n

y h yn
n

   
   

  


 
 
  

             (26) 

Equations (12)-(26) are the discrete formulas of one-

thirty-six off-steps hybrid block method suggested in the 

work for the direct solution of third-order IVPs of ordinary 

differential equations which require no predictor to start the 

corrector. 

3. Analysis of the Basic Properties of the 

Proposed Method 

This section presents the analysis of the basic properties of 

the propose method was carried out as follows. 

3.1. Order and Error Constant of the Method 

The linear multistep formula in equation (10) in its conven-

tional form can be express as 

4 5
3

2 0
180 180 180 180

j j j j
n nj j

y h y 
  

        (27) 
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The local truncation error associated with equation (27), go- ing the work of Lambert [2], is defined by the difference op-

erator. 

  
4 5

3

2 0
180 180 180

:
180 180

j j n j n
j j

j j
L y x h y x h h y x h 

 

      
          

      

                  (28) 

where  y x is continuously differentiable. Expanding (10) in Taylor series about the point x yields the expression of the local 

truncation error 

        
 

 
 

 
180

2 32 32
: ...

0 1 2 2 3

p pp p
L y x h c y x c hy x c h y x c h y x c h y x

j p p

  
      

            (29) 

The term 
3

c
p

 is the error constant while the local trun-

cation error is given by: 

       5 5 6

5
0

p p p

n k p n
t c h y x h

  

 
        (30) 

since 
0 1 2 3

... 0, 0
p p

c c c c
 

     . The procedure reveals 

that the suggested method has order 6p   with error con-

stant 
3

18744952939776000000

1

0000
p

c

 , see [16]. 

3.2. Zero Stability of the Proposed Method 

Definition 3.1 (Fatula [17]) 

The block method presented in (12) - (26) is zero Stable 

provided the roots , 1(1)
j

z j k  of the first characteristic 

polynomial ( )r  specified as 

     0

0

det 0, 1
k

j k j

j

z A Z A 



      
     (31) 

Satisfies 1,
j

z   and for those roots with 1,
j

z  the 

multiplicity must not exceed 2. 

By applying definition (3.1), the block is found to be zero 

stable since the roots of the characteristic polynomial of the 

proposed block method satisfy 1z  and the root 1z  has 

multiplicity not exceeding the order of the ODE. This is estab-

lished with the following calculation; as 

   0, 1 ,rh z z
     where   is the order of the 

differential equation, for the block method, 15,r  and 

3   

   
312 1 0 0,0,0,0,0,0,0,0,0,0,0,0,1,1,1       z  

Hence, since all roots satisfy the roots condition, the 

method is Zero Stable. 

3.3. Consistency of the Method 

From Eq. (10), the first and second characteristics polyno-

mials of the method are given by 

 
1 1 1 1

36 45 60 903 3r r r r r      

  180 90 60 45 36

1 1 1 1 11 7 18 22

2799360000 2799360000 2799360000 2799360000 2799360000 2799360000

2 227 3
     r r r r r r  

This implies that the method presented in this report is con-

sistent since it satisfies the following conditions: 

i. The order of the method is 6 1p   which is obvious. 

ii. For the method, 
1 2 3 4

1, 3, 3, 1and         , 

thus  

4

1

1 3 3 1 0
j

j




     , show the condition (ii) is satisfied. 

iii. If 

 
1 1 1 1

36 45 60 903 3r r r r r      

and 

 
35 44 59 89

36 45 60 90
1 1 1 1

36 15 20 90
r r r r r

   

      

It follows from here that    1 0 1   . Show that the 

condition (iii) is satisfied as well 

iv. Note that 
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     
107 134 179 269

36 45 60 90
2485 3916 7021 15931 1

1 3! 1
46656 30375 72000 729000 972000

  
   

       r r r r r  

Thus, the condition (iv) is satisfied. Hence the method is 

consistent. 

3.4. Convergence of the Method 

As reported in [18], the method (10) requires both con-

sistency and zero stability to achieve convergence; Thus, since 

it has been successful shown in (3.2) and (3.3) above respec-

tively. Therefore, (10) converges. 

3.5. Region of Absolute Stability of the Method 

Worth considering the stability polynomial in the general 

form: 

     , h h 0r r r             (32) 

Where 
2h h   and 

f

y






is assumed constant. The 

first and second characteristics polynomials of Eq. (10) are 

given by 

 
1 1 1 1

36 45 60 903 3r r r r r      

  180 90 60 45 36

1 1 1 1 11 7 18 22

2799360000 2799360000 2799360000 2799360000 2799360000 2799360000

2 227 3
     r r r r r r  

The boundary of the region of the absolute stability is 

 

 

1 1 1 1

36 45 60 90

45 36222 227

h
1 1 1 1 1

180 90 601 7 18 3

279936000 3 30
r

r
r r r r r

r r r r



 

 

 

  

 
  

                         (33) 

By setting
ir e  , then Eq. (33) becomes 

ℎ̄(𝜃)
−2799360000 (𝑒

1
36

𝑖𝜃 + 10𝑒
3
4

𝑖𝜃 − 10𝑒
5
8

𝑖𝜃 + 5𝑒
1
2

𝑖𝜃 − 𝑒
3
8

𝑖𝜃)

19 − 212𝑒
1
8

𝑖𝜃 + 1072𝑒
1
4

𝑖𝜃 − 3044𝑒
3
8

𝑖𝜃 − 25010𝑒
1
2

𝑖𝜃 − 338204𝑒
5
8

𝑖𝜃 − 329048𝑒
3
4

𝑖𝜃 − 31532𝑒
7
8

𝑖𝜃 + 199𝑒𝑖𝜃

 

−2799360000(𝑟
1

36−3𝑟
1

45+3𝑟
1

60−𝑟
1

90)

1−7𝑟
1

180+18𝑟
1

90−222𝑟
1

60−227𝑟
1

45−3𝑟
1

36

                                (34) 

Evaluate Eq. (34), and equate the imaginary part to zero gives 

 

1 1 3
19cos 226369cos 485216cos 85995cos

8 4 823781703680
1 5 3 6

291386cos 10913cos 2322cos 307 cos 127413
2 8 4 7

1 1 3 1
7562cos 260219207780cos 39711472112cos 2731248864 381017960cos

8 4 8 2

578

h

  

   



    

  


    



   



 
 
 
 
 

5 3 7
48480cos 1292400cos 1282592cos 116120485352

8 4 8
    

 
 
 
 
 

            (35) 

Evaluating Eq. (35) at the interval of 
030 gives the following results of the boundaries for the region of absolute stability of 

the method as tabulated below; 
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Table 1. Boundaries for region of absolute stability. 

θ 0° 30° 60° 90° 120° 150° 180° 

𝒉̅(𝛉)  0  3.2384  12.953  29.088  51.656  80.640  116.060  

From Table 1 above, it could be deduced that the region of absolute stability of the method is given by    116 0, 060 .x    

which suggests potential P-stability according to [19], subject to further spectral verification. 

 
Figure 1. Domain of stability (i.e. absolute) of the proposed method. 

4. Numerical Results 

The section presents numerical experiment that involves 

numerical solutions of third-order initial value of ordinary dif-

ferential equations to confirm the accuracy and viability of the 

method. 

The Table show that 
rc ex c

E y y  where 
ex

y  is the ex-

act solution, 
c

y  is the computed result and absolute error de-

fined as 
rc

E . 

4.1. Problem 1: We Consider the Initial Value 

Problem (IVP) of the Form 

y′′′ = ex, y (0) = 3, y′ (0) = 1, y′′ (0) = 5, h = 0.1 

Exact solution: y(x) = 2 + 2x2 − ex 

Source: Kuboye et al., (2020) 

The solutions were obtained within 10 iterations following 

the procedure described in Ref. [20]. Table 2 compares the 

exact results (ERC) with the numerical results (NRC) gener-

ated by the newly developed method for solving ordinary dif-

ferential equation initial value problems (IVPs). For all values 

of the independent variable (XVC), the numerical results 

show excellent agreement with the exact solutions, achieving 

accuracy close to machine precision. The computed errors 

(ERR) of the proposed method remain extremely small, con-

sistently lying between (10^{-13}) and (10^{-16}), which re-

flects the high precision and numerical stability of the method. 

In comparison, the errors obtained using the method in Ref. 

[20] are noticeably larger, increasing gradually from (10^{-

12}) at (XVC = 0.1) to (10^{-10}) at (XVC = 1.0). As illus-

trated in Figure 2, the proposed method provides several or-

ders of magnitude improvement in accuracy over the method 

reported in Ref. [20]. These results therefore establish the pro-

posed method as an efficient, reliable, and highly accurate 

technique for solving higher-order initial value problems in 

ordinary differential equations. 
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Table 2. Numerical result for problem 1. 

XVC ERC NRC ERR ERR in [20] 

0.10 3.12517 3.12517 0 1.5227811E-12 

0.20 3.30140 3.30140 2.22044604925031E-16 9.6922224E-12 

0.3 3.52986 3.52986 2.22044604925031E-15 2.4267699E-11 

0.4 3.81182 3.81182 7.993605777301127-15 4.5451198E-11 

0.5 4.14872 4.14872 1.68753899743023E-14 7.8387963E-11 

0.6 4.54212 4.54212 3.08642000845793E-14 1.3159340E-10 

0.7 4.99375 4.99375 5.329070518200751E-14 2.0471091E-10 

0.8 5.50554 5.50554 8.26005930321116E-14 2.9804159E-10 

0.9 6.07960 6.07960 1.225686219186172E-13 4.1925841E-10 

1.0 6.71828 6.71828 1.771915947301749E-13 5.8107297E-10 

 

 
Figure 2. Numerical and exact solution of problem 1. 

4.2. Problem 2: Consider the Third Order 

Linear Problem 

y′′′ + ex = 0, y (0) = 1, y′ (0) = −1, y′′ (0) = 3, h = 0.1 

Exact solution: y(x) = 2(1 + x2) − ex 

Source: Ogunware et al., (2020) 

Table 3; presents a detailed comparison between the ERC 

and NRC obtained by adopting the developed block formula 

for solving ordinary differential equation initial value prob-

lems. The numerical results agree very closely with the exact 

solutions for all values of the independent variable XVC, with 

only negligible differences observed. The ERR produced by 

the suggested approach are very small, between (10−13) to 

(10−16), demonstrating the method’s high numerical precision 

and stability. As illustrated in Figure 3, the proposed method 

consistently outperforms the method of Ogunware et al. [21], 

particularly as the values of increase. For example, at (XVC = 

1.0), the proposed method produces an error of only (1.79 

× 10−13), whereas the method in Ref. [21] gives an error of 

(4.87 × 10−13). This substantial reduction in error highlights 

the improved accuracy of the newly developed method. In all, 

the results confirm that the suggested formula is consistent, 

stable, and highly accurate option to existing numerical tech-

niques for third-order ODEs. 

Table 3. Numerical result for problem 2. 

XVC ERC NRC ERR ERR in [21] 

0.1 0.914829 0.914829 0.000000E+000 3.473600E-14 

0.2 0.858597 0.858597 6.66133814775093910E-16 3.326900E-13 

0.3 0.830141 0.830141 2.886579864025407E-15 3.709100E-14 

0.4 0.828175 0.828175 7.549516567451064E-15 5.791840E-13 
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XVC ERC NRC ERR ERR in [21] 

0.5 0.851279 0.851279 1.7319479184152442E-14 3.581010E-13 

0.6 0.897881 0.897881 3.241851231905457E-14 1.209298E-12 

0.7 0.966247 0.966247 5.3734794391857577E-14 1.179995E-12 

0.8 1.054460 1.054460 8.393286066166183E-14 2.514500E-12 

0.9 1.160400 1.160400 1.2523315717771766E-13 2.409110E-12 

1.0 1.281720 1.281720 1.794120407794253E-13 4.870670E-12 

 

 
Figure 3. Numerical and exact solution of problem 2. 

4.3. Problem 3: We Consider the Non-linear 

Third Order IVP 

y′′′(x) + 2e−3y(x) = 4(1 + x) −3 y(0) = 0, 𝑦′(0) = 1, 𝑦′′(0) =

−1 

Exact solution: y(x) = 𝐼𝑛(1 + 𝑥) 

Source: Orakwelu et al. (2023) 

Table 4. Numerical result for problem 3. 

N MAE MAE in [22] 

10 9.97466E-18 2.91E-09 

20 4.77049E-18 4.65E-11 

40 4.98733E-18 7.39E-13 

80 3.46945E-18 1.84E-14 

160 3.46945E-18 1.65E-13 

320 9.54945E-18 2.52E-12 

 

 
Figure 4. Numerical and exact solution of problem 3. 

Table 4 and Figure 4 present a comparison of the Maximum 

Absolute Errors (MAE) obtained using the newly developed 

method for solving ordinary differential equation initial value 

problems. The numerical results show excellent agreement 

with the exact solutions, with the MAE values remaining ex-

tremely small throughout the computation, specifically within 

the range of (10^{-18}). This reflects the high level of accu-

racy and precision achieved by the proposed method. In com-

parison with the results reported by Orakwelu et al. [22], the 

proposed method consistently produces smaller MAE values, 

indicating a clear improvement in performance. As observed 

from Table 4 and Figure 4, the analysis demonstrates that the 

new method provides superior numerical accuracy and offers 

a more efficient and reliable approach for solving higher-order 

differential equation initial value problems. 

4.4. Problem 4: Consider the Third-order IVP 

y′′′ = 3 sin 𝑥.  𝑦(0) = 1, 𝑦′(0) = 0, 𝑦′′(0) = −2, h = 0.1 

Exact solution: y(x) = 3cos 𝑥 +
𝑥2

2
− 2 = 2 

Source: Kuboye et al., (2020) 

Figure 5 compares the exact results (ERC) with the numer-

ical results (NRC) obtained from our newly developed method 
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for solving an initial value problem in ordinary differential 

equations. The numerical values match the exact ones very 

closely across all tested points, with errors (ERR) falling be-

tween 10−16  and 10−14 which is impressively tiny and 

speaks to the remarkable accuracy of the proposed method. 

That said, the error does tend to increase slightly as XVC gets 

larger, but the growth is so slow and well-behaved that it 

hardly raises any concern, confirming that the method stays 

efficient even over longer intervals. All in all, the analysis 

shows that our new numerical approach is not only highly ac-

curate but also robust and reliable for solving initial value 

problems. 

Table 5. Numerical result for problem 4. 

XVC ERC NRC ERR ERR in [20] 

0.10 0.990012 0.990012 0 6.8911543E-13 

0.20 0.960200 0.960200 0 4.4015902E-12 

0.30 0.911009 0.911009 0 1.0999868E-11 

0.40 0.843183 0.843183 8.88178E-16 2.0601632E-11 

0.50 0.757748 0.757748 2.22045E-15 3.6853520E-11 

0.60 0.656007 0.656007 4.88498E-15 6.726841E-11 

0.70 0.539527 0.539527 8.88178E-15 1.1150603E-10 

0.80 0.410120 0.410120 1.50990E-14 1.6985002E-10 

0.90 0.269830 0.269830 2.37588E-14 2.4948449E -10 

1.00 0.120907 0.120907 3.59712E-14 3.6226498E-10 

 

 
Figure 5. Numerical and exact solution of problem 4. 

While the absolute error appears to be increasing slightly 

due to the increasing size of the XVC values, the errors are 

still significantly low and are within accepted computational 

limits, demonstrating that the method is table over the entire 

interval ([0, 1]). Therefore, we can conclude that our newly 

developed method is highly accurate, reliable, and numeri-

cally robust and is therefore a viable option for use in scien-

tific computing for handling direct solution of third-order 

ODEs. 

5. Discussion of Results 

The current paper discusses an approach based on colloca-

tion and interpolation procedure which resulted in a hybrid 

multistep technique for solving IVPs arising from third-order 

ODEs. The new method appears to have both high accuracy 

and computational efficiency, so it could easily handle large 

and complex initial value problems. Results presented in Ta-

bles 2, 3, 4 and 5 indicate that the new technique outperformed 

previous techniques as proposed by Kuboye et al. [20], Ogun-

ware et al. [21], and Orakwelu et al. [22]. The relationship be-

tween numerical solutions derived through use of the pro-

posed technique and the corresponding exact solutions is 

shown in Figures 2-5, indicating close correlation between 

these two forms of solution. This new sixth order method has 

increased accuracy and stability than previously proposed 

methods in terms of their ability to minimize errors and/or 

converge. 

6. Conclusion 

As depicted in our finding, a sixth-order hybrid block ap-

proach for the direct computation of Third-Order IVPs of 

ODEs. The formulas of the suggested method are gotten from 

a continuous approach that utilizes concepts of interpolation 
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and collocation to derive the main and additional formulae for 

the proposed block method. It was established that the hybrid 

block method is of order six, exhibits zero stability, con-

sistency, convergence and has a significantly large region 

where numerical results will exhibit absolute stability. The 

overall approach is presented as a single block (combined) 

method used for numerical resolution of Third-Order ODE's. 

The approximate solutions as obtained using the developed 

scheme, reflect the relevance and satisfaction in solving gen-

eral types of Third-Order ODEs. The difference between the 

proposed method and published articles indicates that the pro-

posed method produces results that are comparable to and will 

perform similarly to, those results from published references 

both in terms of accuracy and effectiveness. 
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