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Abstract

Researchers have developed various models to analyze and assess lifetime data sets across different fields. The need for more
applicable and flexible models is highlighted, and statistical distributions emerge as the key to understanding and interpreting
these real-world events. However, in many practical situations, these standard distributions do not adequately fit real-life data.
As a result, there is a need to develop and modify distributions to increase their flexibility. Statisticians have responded to this
need by proposing new families of distributions that extend well-known standard distributions by adding one or more parameters.
In this study, a new continuous probability distribution Exponential-Gamma Exponential (EGE) distribution was introduced and
investigated. The model was constructed by compounding the exponential baseline distribution with a gamma-generated
transformation in order to improve flexibility in modelling complex lifetime and survival data. Many real-world datasets in
reliability engineering, biomedical sciences, finance, and hydrology exhibit skewness, heavy tails, and non-monotonic hazard
rate behaviours, which are not adequately captured by classical exponential models. The proposed distribution incorporates
additional shape parameters that allow greater control over distributional form and hazard behaviour. The statistical properties
of the EGE distribution were derived, including the probability density function, cumulative distribution function, survival
function, hazard rate function, quantile function, raw moments, mean, variance, coefficient of variation, skewness, kurtosis,
moment generating function, characteristic function, Rényi entropy, and maximum likelihood estimation was used to estimate
the parameter of the new distribution. The results show that the proposed model is flexible and extends the classical exponential
distribution while maintaining analytical tractability. The model can be useful for analyzing lifetime and reliability data,
especially in situations involving varying hazard rates and complex data structures.
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1. Introduction

In modern statistical modelling, there has been increasing at-
tention on the development of flexible probability distributions
capable of accurately describing complex real-world data.
Many practical datasets arising from engineering, biomedical
studies, finance, hydrology, and reliability analysis often ex-
hibit skewness, heavy tails, and non-monotonic hazard rate be-
haviour. Classical distributions such as the exponential and
gamma distributions, while mathematically tractable, are often
inadequate for capturing these complex data structures [9].

Researchers have used transformation and generator-based
methods to create a number of generalized distribution families
in order to get around these restrictions. By adding more shape
characteristics, these methods greatly increase the versatility of
modeling survival and longevity data. Due to its capacity to
mimic various hazard rate behaviors and enhance statistical fit-
ting performance, gamma-generated and exponentiated families
of distributions in particular have gained a lot of attention [14].

Researcher develop new family of continuous distribu-
tions called the Rayleigh-Exponential- Gamma distribution by
transforming the newly generated continuous T-X family of
distribution called the Exponential-Gamma-X distribution us-
ing the traditionally existing Rayleigh distribution as a trans-
former “X” [3]. Several expressions for the new distribution’s
theory and properties were explored and obtained; the maxi-
mum likelihood estimation approach was used to estimate the
distributions' parameters, and finally, simulations studies were
conducted to assess the asymptotic behaviour of the estimates.
It is essential to understand that most generalised distributions
described in the literature were developed using the general-
ised transformed transformer (T-X) method. This method was
proposed by [2]. Also, [1] showed that this generalization ap-
proach is beneficial by transforming the Exponential-Gamma
distribution developed by [12] to a family of distribution
known as theExponential-Gamma-X.

The exponential distribution remains one of the most fun-
damental models in reliability theory and survival analysis due
to its simplicity and memoryless property. However, in real-
world systems where failure rates fluctuate over time, its con-
stant hazard rate function restricts its applicability. In order to
give more realistic modeling of lifetime phenomena and fail-
ure processes, a number of modified and generalized exponen-
tial-type distributions have been proposed [16].

Furthermore, gamma-based extensions of classical distribu-
tions have garnered a lot of attention lately. These models are
very helpful in reliability and degradation research and offer
more flexibility in managing skewed and heavy-tailed data
patterns. For instance, gamma-based stochastic deterioration
models have been effectively used in time-dependent systems
and structural reliability issues [15].

Compound and exponentiated gamma distributions are useful
for modeling complex survival data with different hazard rate
structures, according to [10]. These advancements show how cru-
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cial it is to combine generating methods with baseline distribu-
tions in order to improve model performance in real-world appli-
cations [5-10]. Exponential -Gamma-Rayleigh Distribution was
developed and applied to survival data and it outperformed other
traditional existing distributions that compared with Exponential
-Gamma-Rayleigh Distribution. [6] Also a new Generator for
0dd-Generalized Exponential-Gamma Rayleigh using odd tech-
niques method was developed with the statistical properties of the
distribution and was applied to a real life data [11].

Inspired by these developments, this work presents a novel
distribution called the Exponential-Gamma Exponential (EGE)
distribution, which is created by compounding the exponential
baseline distribution with a transformation produced by gamma.
When modeling lifetime and reliability data, the suggested
model offers more flexibility, particularly in situations where
hazard rates are irregular or show intricate patterns. Researchers
have developed distribution and expressed the statistical prop-
erties of the distributions such [4, 5, 7, 8, 11, 13].

The statistical properties of the proposed model are system-
atically derived, including the probability density function, cu-
mulative distribution function, survival function, hazard rate
function, quantile function, moments, and maximum likelihood
estimation procedures. These properties show that the proposed
model extends the classical exponential distribution while
maintaining mathematical tractability.

2. Baseline Exponential Distribution

The exponential distribution, one of the most basic and pop-
ular continuous probability distributions in statistical theory
and applied probability, serves as the baseline distribution for
the suggested model. Because of its memoryless nature and
mathematical simplicity, it is frequently used in lifespan mod-
eling, queuing systems, survival studies, and reliability analy-
sis. The rate parameter, a single positive parameter A>0 that
controls the distribution's behavior and establishes the average
waiting time between events, is what distinguishes the expo-
nential distribution. Because of its simplicity, it is an ideal
place to start for building more adaptable generalized distri-
butions.

For arandom variable Xfollowing the exponential distribu-
tion, the cumulative distribution function (CDF) is given by

G =1—e*™* x>0 )
which represents the probability that the random variable
takes a value less than or equal to x. This function increases
monotonically from 0 to 1 as xincreases, reflecting the in-
creasing accumulation of probability mass over time.

The corresponding probability density function (PDF),
which describes the instantaneous rate of occurrence of events,
is defined as
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g(x) =2e™,x >0 )

Because the density function is strictly decreasing, smaller
values of X are more likely than bigger ones. Although this
drawback encourages its extension in more sophisticated dis-
tributional frameworks like the suggested Exponential-
Gamma Exponential model, the exponential distribution also
has a constant hazard rate, which makes it especially helpful
in modeling systems having a constant failure rate.

2.1. Exponential-Gamma Exponential
Distribution

In this section, we introduce a new flexible class of proba-
bility distributions termed the Exponential-Gamma Exponen-
tial (EGE) distribution. This family was created primarily to
increase the flexibility of traditional lifespan models by add-
ing a shape parameter via a transformation method based on
generators. The model's increased adaptability enables it to ac-
curately represent a variety of distributional shapes, including
skewness, heavy tails, and non-monotonic hazard rate behav-
iors, which are frequently seen in real-world data from envi-
ronmental studies, survival analysis, reliability engineering,
and finance. The cumulative distribution function (CDF) of a
baseline exponential distribution, represented by G(x), was
transformed to create the EGE family. Through the use of a
positive shape parameter ¢ > 0 and a scale parameter 8 >
0, this transformation creates a gamma-generated structure
that controls the distribution's shape and tail behavior.

Let the baseline cumulative distribution function (CDF) be
G (x). We define the transformation

T(x) = 2o 3)
For the exponential distribution,
Gx)=1—e* x>0 4)
Then,
1-G(x) =e™ (5)

Substituting equations (4) and (5) into equation (3) gives:

1-e™
e—Ax

T(x) = (6)

Now simplifying equation (4) gives the transformed varia-
ble in equation (5):

T(x) = (1—e*)e? = e — 1.

T(x)=e*™*—-1,x>0 @)
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Assume that the transformed variable follows a gamma dis-
tribution:

T ~ Gamma(“' 6),a>0,06>0.

The probability density function (PDF) of T is

1
r'(a)6%«

fr() = tetet%,t > 0 ®)

2.2. Derivation of the Cumulative Distribution
Function of the
Exponential-Gamma-Exponential

Distribution

Cumulative distribution function of X is define as
F(x)=P(X <x)=P(T £T(x)) 9

Substituting T(x) = e** — 1 from equation, we obtain

F(x)=P(T <e?-1) (10)

Since T follows a gamma distribution, its CDF is given in
terms of the lower incomplete gamma function:

1 t
Fr(®) = ¥ (@5) (an
Now substituting t = e?* — 1, we have:
1 e
F(x)—%y(a' 5 ),x>0 (12)
The lower incomplete gamma function is defined as
y(a,z) = [/ t* et dt (13)

Hence, the cumulative distribution function of the proposed
Exponential-Gamma Exponential (EGE) distribution is

1 eMr_q
F(x) = @Y (a' 5

),x>0,9>0,a>0,,1>0 (14)

Interpretation: Figure 1 demonstrated that the function,
which represents the complete probability space, is monoton-
ically non-decreasing, beginning at 0 and progressively ap-
proaching 1. The degree of probability concentration is re-
flected in the curves' steepness; steeper curves show a quicker
build-up of probability mass. For example, the distribution is
concentrated at lower values of x as the curve corresponding
to a=3,0=1,A=2 rises more quickly. The more pro-
gressive curves, on the other hand, show a more scattered dis-
tribution in which probability builds up gradually over a larger
range of x.
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Lo F@ﬁﬁ%ﬂmwﬂ) (17)

Differentiating the CDF, the PDF is obtained as

0.75 1

f(x) == F(x) (18)

Using the known derivative of the lower incomplete gamma

025} function:

d -1 .-
0.00 EY(Q,Z) = z“ 16 z (19)

0 1 2 3 4 5
X

Figure 1. Cumulative Distribution Function (CDF) of the EGE Dis- we apply the chain rule:

tribution. L L o)
=-— .2 =—. a-1p-u(x) , 2MX)
fO) =g wY@u@) = u@) e o (20
2.3. Probability Density Function (PDF) of the Recall:
EGE Distribution R
. . . . u(x) = —— 1)
We now derive the probability density function of the Ex-
ponential-Gamma Exponential (EGE) from the previous result.
The cumulative distribution function is Then
. Ax_y du(x) _ de (22)
F(x)—%y(a' 5 ),x>0. (15) dx 0
Let Substitute into the PDF expression
elx_l _ 1 eb‘—l a-1 e’l"—l Aeb‘ (23)
u) == (16) 0 =r5(5)  ew(-57)5
So the CDF becomes By Simplification
— Aetx Ax _ 1\a-1 _ e?*-1
f(x)_r(a)ea(e 1) expexp( — ),x>0,a>0,9>0,/1>0 (24)
The probability density function of the Exponential-Gamma Exponential (EGE) distribution is
. _ M ax _ qya-1 _eM
fla,0,) = 25z (@™ = 1) exp(- =), x> 0,>0,0>0,1>0 (25)
Interpretation: The Exponential-Gamma Exponential (EGE)
distribution's Probability Density Function was displayed in
- — a=1,0=1,A=1 Figure 2, illustrating how changes in the parameters a, 8, and
—— :: :1 A impact the distribution's shape, spread, and peak. The distri-
1501 e g B 02 bution gradually moves to the right and gets more skewed as
125 | 7 o grows, suggesting changes in the failure probabilities' cen-
Loo | tral tendency and dispersion. The density curve's rate of in-
g crease and decline is controlled by the scaling factor 6, which
922 affects how quickly the distribution rises to its peak and how
050 1 slowly it decays toward the tail region.
0.25 4
000 3. Statistical Properties
0 1 2 3 4 5

The statistical characteristics of the Exponential Gam-
Figure 2. Probability Density Function (PDF) of the EGE Distribu-

tion with Varying Parameters.
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maExponential Distribution are produced in this section, in-
cluding the first four moments, variance, coefficient of varia-
tion, moment generating function, characteristic function,
skewness, and kurtosis. A distribution's moments are crucial
for characterizing its skewness, kurtosis, central tendency, and
dispersion. Specifically, the raw moments offer valuable in-
sights into the general behavior of the random variable.

The r™ raw moment for the Exponential-Gamma Expo-

nential (EGE) distribution is obtained as follows. The rth
raw moment about the origin is defined as:

up=EQX") =[x f(x) dx (26)

Substituting the PDF of the EGE distribution:

I i Ax _ 1ya-1 _elx_l
f) = g™ =D lexp (- 57) @D
we obtain:

;A
Hr = I'(a)0%

Ax
© Ax (A -1 e -1
[ %7 e? (e = )% exp (‘T) dx (28)
Using the following transformation
Let y=eM -1 (29)

Then,

x =5In(1 +y),dx = dy (30)

A(1+y)

Also note that: e?* =1+y
Substituting all transformations into the expression for p;.

;A “n T 1 y 1
“T_r(a)ea_[) (Zln(1+y)) @ +y)ye exp(—g)-l(uy)dy (31

Simplifying and collecting like terms gives:

’ 1

M = srsalde I+ Y e™Pdy  (32)

Therefore,

' 1

Hr = reagado I+ )y e dy  (33)

This integral does not admit a closed-form solution in ele-
mentary functions and is typically evaluated numerically.

First Four Raw Moments

We now express the first four moments explicitly.

First Moment (Mean)
Forr=1
, 1 o 1 -
w=EX) = sroge e (1 +y) y* e Pdy  (34)

Second Moment
For r=2

’ 1

K2 = A2T(a)0® f0°° [ln(l + y)]zya_le_y/gdy (3%

Third Moment
For r=3

' 1

Wy = mragals I +NPy“e™fdy (36

Fourth Moment
For r =14

1

My = Trogado I+ W'y le>%dy  (37)

3.1. Mean (First Raw Moment)

The mean of a random variable is the first raw moment
about the origin. For the Exponential-Gamma Exponential
(EGE) distribution, we start from the general moment expres-
sion.

E(X) = u = [§ xf (x) dx. (38)
Substituting the EGE density:

f) = 2@ - D ep (- (39)

we obtain:

© Ax_
E(X) = 1"(0:1)911 fo xezlx(e)uc — 1) 1exp (_e . 1) dx  (40)

Using the following transformations
Let:

— pAx _ _1 —
y=e 1,x Aln(l +y),dx T dy
Also: e =1+y
Then we substitute into the expectation integral:

__ 2 (T a-1,-y/6 .
B0 = [ (e +)atyyee

1
A(1+y) dy (41)

By simplification

_ 1 @ a-1,-y/0
EX) = O fo In(1+y) y“ ‘e dy (42)
Standardize the gamma kernel
Let: y =60t = dy = 6dt
Substitute:
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1p-t
E(X) = T )eaf In(1 + 6t)(6t)* e t0dt  (43)
By Simplification
EX) = f In(1 + 6t) t* e tdt (44)

AF( )

Expanding the logarithm (series form for final evaluation).

_ +1
L(Qt)k

In(1 + 6¢) = Z ¢
k=1

(45)

Substitute:

__1 G VA I T
E(X)_ma)zk=1 — [P eletd (46)

Using Gamma identity
Jy tmte tdt =T(m) (47)
So:
_1\"° ke ra+k)
E(X) = szzl—k Hard (48)

3.2. Variance

Variance measures the spread of a distribution around its
mean. It is defined as:

Var(X) = uy — (11)? (49)

The Second raw moment is given as

k+j gkt
r__ 1 E E ) e 1)) ok a+k+j-1 ,—t
2 = e fo t e tdt

Apply Gamma function

Also

© —_
-ty
A k=1 k

I Y -
i I+ )Py teidy = (b [0 +9) ey

— (N2 — 1
Var(X) = pp — (W) = 12T(@)0%

wy = E(X?) = [" x f(x) dx (50)
Substituting the PDF:
x
wy = r(a)eaf x% e?* (e — 1) lexp (— —) dx (51)
. 1 1
Using: y =e™ —1,x =In(1 +y),dx = Ty @ we

substitute into the integral.

Then
, 1 e 2 _
b= g | () @ yyete
1
T @ (52)
By Simplification
’ 1 -
Hy = Wf [In(1+ PPy te™dy  (53)
After substitution y = 6t:
, 1 _
Uy = AZF(a)f [In(1 + 6t)]%t* te~tdt (54)
Expand square of log
[In(1 + 66)]? = E z EO geyksi(55)
j=1
k=
By Substitution
(56)
(—1))’”."9“1' F(a+k+)) 57)
kj I'(a)
k+1gk
(-1) 0% T(a+k) (58)

I'(a)
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(1" gkt r(atict))

! ! 1
Var(X) = p; — (#1)2 =z E
: : j=1
k=1

3.3. Moment Generating Function (MGF) of the
EGE Distribution

Theorem 3: If X is a continuous random variable distrib-
uted as an EGED (X; 8,, 1) ,

function is given as
The moment generating function (MGF) is defined as:

then the moment generating

Mx(t) = E(e™)

Substitution of the PDF

[ee]

My (t) = f e™ f(x) dx

0

Substituting the EGE density:

Aex _ -1
My(0) = ;" e Fom (e = 1) texp (—T5) dx (60)
My(6) = oz [ €07 (e = ) lexp (52 dx (61)
Using the following transformation
. — ,Ax _ l _ 1
Let: y=e 1=>x—lln(1+y),dx—l(1+y)dy
Also: eHD* = (1 4 y)l+t/2
Substitute into the integral
__ 4 o 1+t/,1 1o-7/6 .
My (6) = I(a)6% fO 1+y) e A(1+y) dy (62)
By Simplification
1 [eo] _ _
My(t) = rogefy LMy le™Pdy (63
Using the generalized binomial expansion:
A+ =" () (64)
k=0
Substitute into the integral:
— ey (e -1 -
Mx( ) F(a)G“ Zk:o( ]C )f() ya+k 1g Y/Gdy (65)

Using gamma identity:

f0°° ya+k—1 e—y/de — 9a+kl—~(a + k)

(39

_ (lzm (-1)k+1gk F(a+k)>2
AL, Kk (@)

B N YA Gao)
MX(t) - Zk=0( k ) I'(a)

kj I'(a)

(66)

3.4. Characteristic Function (CF)

If X is a random variable distributed as an EGED
(x; B.a, A) , then the characteristics function ¢, (it) is de-
fined as

The characteristic function is defined as:
¢x(t) = E(e™¥)
Substituting the density function
bx(t) = [ €™ f(x) dx

(A+lt)x (eAx M;‘l) dx (67)

x(0) = r55 Jo @ 1D texp (-

Let: y = e’ — 1, Then: e@ti)x = 1+ y)1+1t//1 and
dx = —~—d
A(1+y) y
¢x(t) = r(a)eaf (1 + y)it/iya-1¢-v/0 gy, 68)
kT (a+k
$x(t) = Z = (69)

3.5. SKEWNESS

Skewness measures the asymmetry of the distribution and
is defined as:

u3—3uipup+2(uh)’

70
Y1 = (b= )2)3/2 (70)
Where:
’ 1 -
Hs = Trmaedo I +)Py<e™Pdy  (71)
, 1 E ) T gkt r k)
Hs=7% kj T(@) (72)
k,jlz1

3.6. Kurtosis

Kurtosis measures the tail heaviness and peakedness of the
distribution. It is defined as:

Ha— 4u1u3+6(u1)2uz—3(u1)
(l‘z (#1)2)

Y2 = (73)
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Where:
He = Siragado I+ *y*le™dy  (74)
3.7. Rényi Entropy
The Rényi entropy of order (6§ > 0), (6 #1),1s
Ix(8) = = In(J;” f(x)°dx) (75)

Substituting the density,
) s _ S Ax_
f(x)6 — [r(,x)ga] eSAx(e/lx _ 1):5(0( 1)eXp [_ (99 1)] (76)

Hence,
1 A 1% (o sax o
Iz(8) = Eln{[r(a)ea] N Cal

Ax_
1)%@Dexp [— el Gl )) : 1)] dx}

3.8. Quantile Function

The quantile function is used to determine the value of
xcorresponding to a given probability level u, where U ~
U(0,1). It is useful for simulation and statistical inference.

Let

F(x) =u.
Then,
L (a, e“‘l) =u (77)
r@ ! 6
Multiplying both sides by I'(a), we obtain:
etx_1
y (a' ) = ul'(a) (78)

Applying the inverse of the lower incomplete gamma func-
tion gives:

eAxX_q -1 79
= (@ ur(@) 9

Solving for x, we obtain the quantile function:
X, = %ln[l + 0y (a,ul'(a))] (80)

The median of the distribution is obtained by setting u =
0.5, i.e., Xo.5-

3.9. Survival Function

The likelihood that a random variable will surpass a specific

43

value is known as the survival function of a distribution. Be-
cause it indicates the likelihood that a system will survive past
time x, it is a crucial tool in reliability and survival studies.
For the Exponential-Gamma Exponential (EGE) distribu-
tion, the survival function is defined as:
S(x)=1-F(x) (81)
Substituting the cumulative distribution function (CDF), we
obtain:

(«57)
6

Using the relationship between the lower and upper incom-

Sx)=1 ——

@ (82)

plete gamma functions, the survival function can be equiva-
lently written as:

e

"o

N G|

I'(a)

(83)

Where I'(a,z) = fzoo t% et dt is the upper incomplete

gamma function.

3.10. Hazard Rate Function

The instantaneous failure rate at time x, given survival up
to that point, is described by the hazard rate function. It is fre-
quently used to comprehend failure behavior over time in sur-
vival analysis and reliability theory.

The hazard function is defined as:
fx)

h(x) = S

(84)

Substituting the probability density function (PDF) and sur-
vival function of the EGE distribution gives:

Ax_
Ae’l"(eb‘—l)“_lexp<—e 5 1>
gar aelx_l
T

The hazard function of the EGE distribution is flexible and
can take different shapes such as increasing, decreasing, or
bathtub-shaped forms depending on the parameter values «,
6,and A.

The instantaneous failure rate at time x for items that have
survived up to that point is represented by the hazard rate func-
tion, h(x). Figure 3 illustrates the EGE distribution's consider-
able flexibility, with hazard curves that, depending on the pa-
rameter values, can either be strictly declining or have uni-
modal (hump-shaped) behavior. While the other curves de-
picted an early period of rising hazard before gradually drop-
ping, the curve beginning at the highest point correlates to a
fast declining failure rate. Because of this feature, the EGE

h(x) = (85)
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distribution is very useful for simulating different reliability
scenarios, including infant mortality or early-stage failure,
where the probability of failure varies dynamically over the
course of the product's lifetime.

0.8 4

0.2

0.01

0 1 2 3 2 5
X

Figure 3. Hazard Rate Function of the EGE Distribution.

Maximum Likelihood Estimation

Suppose X3, Xy, ..., X, is a random sample from the EGE
distribution.

The likelihood function is

el’;"‘l] (86)

Aet

n x;
L@ = 1_[ 1r(a)91“ (e~ 1)* exp [_
i=

Therefore, the log-likelihood function is

£=nlnl+ 1Y%, x; —ninl'(a) —nalnb + (a —
1) Y1 In(eMi—1) =2 37 (eMi—1)

The likelihood equations are obtained by differentiating
with respect to (a), (6), and (4).
Derivative with respect to (a)

a4

— = —n(a) —nn6 + Y In(eMi—1)=0, (87)
where P (a)is the digamma function.
Derivative with respect to (6)

00 _

na 1 n .
5= "9 Ta i (eM-1)=0 (88)

Derivative with respect to (4)

a4t

oA

_ xie’™t

Ax;

1yn Ax; —
M _Lgn et =0 (89)

n
LR+ (- 1) ZH

These equations can be solved numerically using Newton-
Raphson or other optimization techniques.
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4. Conclusion

In this study, a new flexible probability distribution called
the Exponential-Gamma Exponential (EGE) distribution was
developed by compounding the exponential baseline distribu-
tion with a gamma-generated transformation. The model was
motivated by the conventional exponential distribution's ina-
bility to handle skewed data, heavy tails, and non-monotonic
hazard rate behaviors that are frequently seen in actual lifetime
and survival data. The suggested model offers more flexibility
while maintaining analytical tractability by adding more form
parameters. The Probability density function, Cumulative dis-
tribution function, survival and hazard functions, quantile
function, raw moments, mean, variance, coefficient of varia-
tion, skewness, kurtosis, moment generating function, charac-
teristic function, Rényi entropy, and maximum likelihood es-
timation were among the statistical characteristics of the dis-
tribution that were obtained. The findings demonstrate that the
EGE distribution may capture a broad range of data behaviors
and generalizes the exponential model.

Some expressions can be efficiently assessed using series
expansions and numerical techniques even when they lack
closed-form solutions. Lastly, the proposed model is a helpful
tool for simulating complicated lifetime and reliability data in
hydrology, engineering, biomedical research, and other prac-
tical domains.
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