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Abstract

Over the years, numerous researchers have developed numerical or classical methods or the other to obtain solutions for
Boundary Value Problems; many of these methods have not been adopted to solve Mildly Non-Linear Boundary Value Problems
(MNBVP) basically because of their peculiarities. The MNBVP are problems that are neither entirely linear nor exclusively
nonlinear rather for multi-variable functions, not all the constants and the function derivative is greater or equal to zero. This
paper discusses the process of intertwining the Approximation Difference Equation with the Newton-Lieberstein method in
solving mildly non-linear boundary value problems. The technique requires dual independent processes that involve different
Methods. The first technique is aimed at reducing the BVP to a tridiagonal system, while the other is employed to solve the
system of equations by applying the Newton-Lieberstein algorithm. The resulting equations that is formed from the nonlinear
boundary problems will be nonlinear systems but it will be structurally related to tridiagonal systems. In practical settings,
mathematical modelling problems can be expressed in the form of BVPs that arise frequently and majorly in the fields of science
and engineering, such as electric circuits, fluid dynamics, the motion of rockets or satellites, and other areas of engineering
applications. The intertwined methods will be used to evaluate the approximate solutions without much ado on the number of
equations the problem has. The technique was employed to solve some problems with numerical results obtained showed the
flexibility, the robustness, and how efficient the coined technique is. The results compare favourably with exact or analytical
results.
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1. Introduction

From the physical point of view, Boundary Value Problems
(BVP) for second-order differential equations are problems
where the position at a particular time x = x, is known. One
intends to determine the position at a later time x = x;, such
that the motion is described by the given differential equation
within the time frame x, < x < x;.

With BVP, one has a differential equation with specified
functions and/or derivatives at various points, which will be
referred to as boundary values. So, our discussion will be nar-
rowed down to a linear differential equation as observed by
[1]. An ODE that is a BVP is defined as:

Y' =y y) xg <x<x, @
and for the 2nd-order ODE, the boundary conditions can be
any of the following:

Dirichlet or First Kind Boundary Conditions:

y(xo) = yor y(x1) =y, )
Regular Boundary Conditions:
y(xo) = yor ¥'(x1) = y1, ®)
Neumann or Second Kind Boundary Conditions:
y' (x0) = yo, ¥'(x1) = y1, (4)
Periodic Boundary Conditions:
y'(%0) = yo ¥(x1) = y1, ()

where x,is not the same with x; and the values of x,, x4, v,
and y; are predetermined constants. As opined by [2], it’s
sacrosanct to determine the continuous value of y(x) of (1)
on the interval [xy,x;] and that will satisfy the boundary
conditions (2), to which an alternative approach is proposed
by [3]. Research has shown that while Initial Value Problems
(IVP) have unique solutions, the result is not always the case
for BVP as opined by [4]. Some BVPs may have unique, mul-
tiple, or no solutions depending on the origin of the problem
and nature. BVPs are basic in modeling and have cutting edge
practical usage in Engineering, Physics, and other sciences.
These involve solving differential equations with specified
conditions at the boundaries of the domain, making them nec-
essary for accurately describing real-world phenomena such
as heat conduction, fluid dynamics, and structural analysis.

The technique herein introduced three different approxima-
tions to the derivatives, y;, atagrid point x;, called (i) two-
point forward, (ii) two-point backward, and (iii) two-point
central, respectively, as:

1 Yit1— Vi

Vi n (6)
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()

(®)

To determine the second derivatives following the same ap-
proximate differential, it will be necessary that an additional
relation, y"'(x;) = y;, be added to the first derivatives (6)
through (8). To obtain this, (6) and (7) have the second-order
approximation, which is the difference between (6) and (7) as:

/ Yi+1~ Vi _ Vi = YVi-1

!
m_Yi Vi _ h h
Vi h h h

_ Yi-1— 2Yi t Vit
= =

©)

usually referred to as three-point central.

Though (6) through (9) have been derived intuitively, each
can be derived via Taylor expansion with rigorous and exten-
sive efforts. To approximate the second derivative requires
one to use the central difference formula. This is achieved by
subdividing [x, x;] into n equal intervals with step lenght
h= 2% and defining the grid points x; = x, +
ih, where i =0,1,2,...,n. The 2nd derivative of y(x) can
then be approximated at each point in the grid.

2. Mildly Nonlinear Boundary Value
Problems (MNBVP)

The Mildly Nonlinear Boundary Value Problems (MNBVP)
appear in different forms depending on the model statement.
According to [5], this equation arises mostly in problems in
science, engineering, and particularly in the discretization of
certain nonlinear differential equations, as it is being men-
tioned by [6]. However, the most widely studied variant of
MNBVP is:

y'=fyy") (10)

y(x) = yo, ¥(x1) = y1. (11)
To ensure the uniqueness of the solution of (10) and (11),
one assumes that

f (xy)

3y =0,xp<x<x;,and —co <y < 0.

(12)
According to [7] and [8], if (12) holds, then (10) and (11)
are referred to as an MNBVP.
Note that for the linear differential equation
y'+ Py +Q(x)y =R(x),x €l (13)
Let I € [x,x,]. Let y, and y; be specified constants
and P(x),Q(x), and R(x) be continuous functions in the
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interval, x, < x < x;. Considering the linear BVP in (13)
subject to the conditions (11), it is pertinent to note that, for
numerical reasons, a priori, the solution of the problem (8)
and (9) thus exists, and the solution is uniquely characterized.
With this, in addition to the conditions afore listed herein also
in [9] and [10], it is presumed that, if x, < x < x;,
Qx) <0 (14)
This is a sufficient condition to ascertain that the solution
exists and that it is unique.
If y' is assumed to be an independent variable, then (13)
gives rise to

Z[-P()Y = Q@Y +R@I = —Q()  (15)
Hence, it implies that either the RHS of (13) is
—Q(x)=00r Q(x) <0 (16)

The solution of (10) and (11) go in the same way as pre-
scribed with the three-point central approximation

Yi-1 = 2Yi + Yiy1

> (17)

= f(x,y)
Substituting (17) and (8) in (13) for i =1,2,3,...,n—1
gives rise to

Yi-1 — 2Yi + YVit1

2 + P(x;) ymz——hyH + Q(x)y; = R(x;)

(18)

The relation so formed in (17) is called the MNBVP. If
fi(x;) forall i =1,2,...,n, are not all constants, but rather

[2 — hP(x)]yi—q + [—4 + 2R2Q(x)]y; + [2 + hP(x)]yi41 = 2h*R(x;)

Step 1d: Write down (21) in order, for i =1,2,3,...,n —
1, and input the determined values for y, and y,. This will
definitely yield a tridiagonal linear algebraic system satisfying
the conditions afore listed.

Solve the linear algebraic system in Step 1d by the Newton-
Lieberstein technique to yield the numerical solution so re-
quired.

The Newton-Lieberstein technique for solving mildly non-
linear systems is obtained via the following steps of the algo-
rithm.

function and the derivative, f;(x;) = 0, then the algebraic
system so formed is referred to as mildly nonlinear. According
to [6], unlike linear systems, all mildly nonlinear systems have
unique solutions. Solving this class of problems in this paper
will require that two different numerical techniques be inter-
twined.

3. The Intertwined Difference Equations
and Newton-Lieberstein Algorithm

While several methods can be employed to find a solution
to tri-diagonal systems, not many can be employed to deter-
mine solution for mildly non-linear tri-diagonal systems;
hence, the intertwined approach is investigated thus:

Step la: Determine the nonnegative constant M which sat-
isfies |[P(x)| <M on a <x <b. The interval is divided

into n equal parts using the grid points a=
Xo, X1, X2, -, Xn, = b, but let the grid step-size, h satisfy the
condition

Mh < 2. (19)
Step 1b: Let y; = y(x;),i =0,1,2,3,...,n and recall that
Yo = a and y, = S.
Step 1c: At each of the interior grid point, x;i=
1,2,3,...,n—1, approximate (13) by (9) and (8) as

Yi-1— 2:[/21 + Vi1 + P(xi) Yit1 Z—th—1 + Q(xi)yi — R(xi)
(20)

Or, equivalently, by rearranging (20) as
(21)

x@,x0 %9 % andavalue for w inthe range [0,2].

Step 2b: For k = 0,1, 2,3, ..., iterate with the relations

(k+1) _ (k) auxik)+ alzxg‘)—fl(xik)) 22
X1 = x5 —w PR (22)
ajr - f1(x;7)
(k+1) _ (R 021X§k)+ azzxgk)"' a23x§k)— fz(xék)) 23
X3 =X o PR (23)
azz — f2(x; )

(k)

(k) (k
k+1 k aszX.
x:g ) _ x:g ) ( 3242

+ azzXxs + azaX,

- f3(x§k)) ) (24)

Step 2a: Guess an initial variable value for 33 - A0
(k+1) _ (k) an_1_n_2x£lk_)2+ an—l,n—lx-ﬁlk_)1+ an—l,nxﬁlk)_ fn—l(x;k_)l)
Xp-1” T X T @ PG (25)
an-1n-1 — fn—1(xn_1)
® 4 o 0 ¢ 0
x1(1k+1) — xr(lk) —w (an,n—lxn_l nnjfn - fn(xy ") ) (26)
ann — fa(p )
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Step 2c: In determining the convergence of the method, ei-
ther of the following conditions could be used as a terminating
criterion:

continue the iteration until |x"*V — x| <¢i=
1,2,3,...,n for the prescribed convergence tolerance e.

The method enjoys a quadratic convergence principle that

makes the technique said to have converged after n iterations.

where (i) and (ii) are not satisfied, the results could be ex-
plicitly compared with results from other methods.

Step 2d: Substitute the values

U e 8D L x 8D into the original equations to
cross check that they are an approximate solution.

Attention will be on theorems to support the linear BVPs of

a special type, as in (6) and (7).

4. Transforming BVPs to Tri-diagonal
Systems

The general form for the linear algebraic system for i =

2,3,4,.. n equations in the n unknowns x;,x,,..., X, IS
given as
A11X1 + QipXp + Ay3X3 + -+ Ay = f1(%1) )
A1X1 + AgpX; + Ag3X3 + o+ AxpXy = fH(x2)
A31X1 + A32X; + A33X3 + -+ AzpXs = f3(x3) (27)
A |
Ap1X1 T ApaXy + ApgXz + o+ AppXy = fn(xn))

In augmented matrix form, (27) is expressed as,

/au iz Qg3 aln\ /x1\ /f1 (x1)
Az1 Az Q23 QAzn X2 f2(x2)
ka;l G52 ds3 a;n) kxs) = kfs(xs)) (28)
An1  Qn2 Qs Ann Xn fn (xn)
/au Az Qi3 aln\ /x1\
az1 Az Az QAzn X2
A= ka:n a'32 a;s %n), X = k’fs),
An1  QAnp2 Aps Ann Xn
and
fi(x1)
f2(x2)
b= fs(xs) (29)
fn(Xn)

where A is the coefficient matrix, x is the variable vector,
and the solution vector b is as given. Then, (27) can be writ-
ten in a compact form as

93

Ax=b (30)

The system (28) or its equivalent (30) is called a tridiagonal
system as opined by [11] and [12], if all the entries are zero
except a;, a4, and ajq; for i=1,23,..,n, j=
1,2,3,..,.n—1.

A simultaneous algebraic system with nonzero coefficients
only on the lead diagonal, on the lower diagonal, and on the
upper diagonal is called a tridiagonal system of equations. The
term tridiagonal is associated with the coefficient matrix, A4,
in (28) or (30), provided it’s of the form that its lead diagonal
a;;, the super-diagonal a; ;,4, i.e., the diagonal above the di-
agonal, and the sub-diagonal a;,,;, i.e., the diagonal below
the non-zero entries.

To ensure that the tridiagonal system has a unique solution,
in practice, it is important that the following conditions in (31),
(32), and (33) must be met.

Theorem 2: If (30) is a tri-diagonal system. Let the main
diagonal entries be negative while the sub-diagonal and super-
diagonal entries are positive, such that

a; < 0,i = 1,2,3, Wy n (31)
Qg >0,i=1,2,3..,n—1 32)
Qiar > 0,i=1,2,3,..,n—1 (33)

In addition to the conditions stated above, according to [13]
and [15] to ensure (31) through (32) hold, entries on the main
diagonal are made to dominate the matrix such that the abso-
lute value of the main diagonal entries is greater than or it is
equal to the sum of all other row entries, with strict inequality
for at least one row of the coefficient matrix. Precisely, let

—Q11 = Agy (34)
_an,n 2 an'n_l (35)
—q; = 01,0 =2,3,...,n—1, (36)

With the strict and absolute inequality condition sustained
for at least one of (34) through (36), the resulting linear alge-
braic system is said to have a unique solution.

The prior knowledge of Theorem 2 as opined by [16] be-
comes necessary before commencing the computation process
because, for systems that do not have unique solutions, com-
putations in such systems will lead to no right or meaningful
direction. If a system has more than one solution, i.e., no
unique solution, applying specific computational methods
could cause a drift from one result to another, thereby confus-
ing.

If fi(x;) forall i =1,2,...,n,arenotall constants and the
derivative, f;(x;) =0, then the system is referred to as a
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mildly nonlinear problem satisfying the conditions in Theo-
rem 2 as in [17]. According to [14], all such mildly nonlinear
system has solutions and their solutions are said to be unique.

To illustrate the MNBVP transformation procedure to an
argument matrix form that will later be solved using an appro-
priate numerical method, the following test problems will be
considered.

Problem 1: Consider the BVP

Y +s(x=3)y' —y=0 (37)

y(0) =11, and y(6) = 11 (38)

Comparing (37) and (38) with (10), (11), and (13), 0 <
x <6 holds for x < x <x;, P(x) is -(x—3),Q() is
equal to —1, and R(x) corresponds to O.

It is expedient that one determines if the solution will be
unique before rigorous solution exercises are carried out. The

solution to the problem is unique. On 0 < x < 6,§(x —-3)<

3 3
> S0 that one may choose M = >

If the interval 0 < x < 6 is divided into six equal parts,
the grid points are xg, X1, X3, X3,%4, X5, and x, as
0,1,2,3,4,5, and 6 respectively, and the grid sizeis h = 1.
Hence, Mh =; and (19) is holds. Then, (37) is approximated
by (20) for i =1,2,3,4, and 5 as:

i1~ 2Yi i 1 i+1 ~ Yi-
Yam BT Ve 2 (- 3) WXy =0, (39)
(7 =x)Yi-1 = 12y; + (1 + X)Yi41 = 0 (40)

Expressing each of (40) carefully in order for i = 1,2, 3,4,
and 5 will degenerate into

—12y, + 2y, =66
5y, —12y, +3y; =0
4‘y2 - 12y3 + 4’x4_ = 0
3y; —12y,+5y5 =0
This actually satisfies the aforementioned conditions, and
thereafter the Newton-Lieberstein technique is applied to
solve the tridiagonal system, and the result according to [18]

and [19] is given as:

y1=6y,=y,= 3,y;=2,and y; =6 (41)

94

The result in (41) is then compared with the analytical result
to check for the effectiveness, robustness, and flexibility of the
technique.

Problem 2: Solve the Mildly Nonlinear Boundary Value
Problem

124

y'=e¥

(42)
under the boundary conditions

y(0)=0,y(1)=0 (43)
Imperatively, the Newton-Lieberstein Method will perform
better if the solution of the reduced tridiagonal system exists
and it is unique.
To investigate if the solution of Problem 2 will exist and
determine the unigqueness of the result, the derivative of the
function

flx,y) =e” (44)

is sought. Such that

aif(x, y)=e¥>0. (45)
y

Thus, the existence and the uniqueness of the solution to the
problem is substantiated.

Then, to solve the problem numerically, the interval [0, 1]
has to be divided into 10 equal parts,and h = 0.1 givesrise
to

Xo) X1, X2, o
0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1.0 respectively an
in [9].

From the condition in (35), let y(x;) = y; such that y, =
0 and y; = 0. To approximate y; where i =1,2,...,n —
1, i.e., y4,¥,, -, Vo, ateach interior grid point, the differen-
tial equation is approximated by the nonlinear difference
equation; introducing (9) into (34) yields

X110 =

% =eY for i=1,2,..,9 (46)
Simplifying (46) at h = 0.1 further gives
Yi—lz(ii’)i'Z"Yi+1 — Vi
Vi1 — 2Y; + Yizq = 0.01e” 47)

For i=1,2,..,n—1 and the zero boundary conditions,
yields the mildly nonlinear tridiagonal system as
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Yo —2y1 +y, = 0.01e’1
v, — 2y, +y; = 0.01e?2
y, —2y3 +y, = 0.01e”s
V3 — 2y, +ys = 0.01e”4
Vi — 2Ys + y, = 0.01e75
Vs — 2Ye +y;, = 0.01e76
Ve — 2Y7 +yg = 0.01e?7
y; — 2yg + Y9 = 0.01e78
Vg — 2Y9 + Y10 = 0.01e”°

Yo — 2¥10 + Y11

= 0.01eY10

|
S
|
N

N= OO O

(48)

Putting the conditions (43) in (48) and simplifying, one ob-
tains (48) as

NR=_ROOO O

NP, OO OO O

NPRPO OO OO O

—2y; +y, =0.01e”

Y1 =2V, + Y3
Yo —2y3+ s
Y3 = 2y, + s
Ya—2Ys + Ve
Vs = 2Y6 T Y7
Yo —2y7 + Vs
Y7 —2ys + Yo
Vs

= 0.01e”2
= 0.01e”3
= 0.01e”*
= 0.01e”s
= 0.01e”s
= 0.01e””
= 0.01e”s

- 2_’y9 + VYio = 0.01€y9

Y9 — 2y10 = 0.0163710 -1

> (49)

Reducing (49) into an augmented matrix gives:

1

V3
Va
Vs
Ve
V7
Vs
Yo

N, OO OO OO O

Y10

Soocoococoococor
coocoococoocor
cCooc oo oR |
cCoo oo R |
coocor

coor

cor

o R

—_

I
NROOOOOC OO O

This point ends the first part of the technique, while the sec-
ond phase of the intertwining begins by employing the New-
ton-Lieberstein’s Method to solve the argument matrix (50) in
which the coefficient matrix of (50), is tridiagonal.

The transformed MNBVP can be solved using [1] however,

yP

ye =0,y7 =0,y9=

0.01e1
0.01e”2
0.01e7s
0.01e”+
0.01e”s
0.01eYe
0.01e””
0.01e”s
0.01e”0
0.01eY10 —1

= 0,}/3 = 0:3’? = O'yjl:—):

(50)

0, y? =0,

0, yg =0,and yp, = 0.

® _

Vs

now being solved following [5] thus:
Step 1: Let w = 1.5, initial guess values at k = 0, and

V2

)

Vs

Step 2: Update the variable values using the Newton-
Lieberstein algorithm thus:

95

2y YO _ (4,0 ~ ~
¥ =y® w2 (’,1)( ) g 1572@ 0001 00746268656716
ari— fl(yl ) -2 - 0.01
W _ O _ y(l) 294 39 - — 0.00746268656716 — 0 + 0 — 0.01
=Y, ® =0-15 = — 0.01303185564713
azy — f30x5 ) -2 - 0.01
(0) ( — 2y(°)+ v —fs (y(o)) - 0.01303185564713-0 + 0-0.01
=Y ® =0 1.5 = — 0.01718795197547
ass — f3(x3 ) -2 - 0.01
(1) _ (0) _ (0) _ _ _
— YiO) Y3 = 2y4 ¥ ¥ (k{ 4(Vs ) _ 0 15 D 001718795197547-0 + 0 - 0.01 _ 0.02028951639960
- fatxg ) -2 - 0.01
(W_ 5,0 () _ ~ ~
@ _ yéo) V4 Y5 't ve (kJ; (ys ) —0-15 0.02028951639960 — 0 + 0 — 001 _ 0.02260411671612
ass — fs(xs ) -2 - 0.01
(1)_ (0) (0) _ B B
y6(1) — y6(0) Ys (k)f( ) —0-15 0.02260411671612-0+0-0.01 _ —0.02433143038516
Qg X —z — 0.
f6( g ) 2 - 001
(1) (0) _ _ _
y7(1) _ y7(0) -2y, k])’7(y7 ) —0 —15 0.02433143038516-0+0 — 0.01 _ 0.02560242094974
- f7( 7 ) —2-0.01
Y2y 450 © _ _ _
@ _ yéo) 2yg ' +Yg (k}; 8(vs ) _ 0 —15 0.02560242094974 — 0 + 0 — 0.01 _ 02654997852770
azy — f3(x3 ") -2-0.01
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(W _5 0 _ ¢ ( (0 B ~ ~
yg(l) — yg(o) Vg Yy +y1? (kf;)(yg ) - 0 — 15 02654997852770 — 0 + 0 — 0.01 _ —0.02727610337888
azz — fz(xz ) -2-0.01
(W_,,0)_ (©) ~ ~ ~
3’1(3) — J’1(g) Yo "=2Y10 fm(ym) -0 —15 0.02727610337888 — 0 + 0 — 001 _ 0.02781798759618

azz ~ f3 (xgk))

This process has to be looped 10 times. The expected result
is the values of the variables at the 10" iteration. However,
this is done using a program, and the summary of the results
of the 10 iterations by [17] is as presented below.

iz} —0.041822363
Y2 —0.075229088
Y3 —0.100685522
Va —0.118159167
Vs —0.127522654
At k=10, Ye | | —0.128583546 (51)
¥z —0.121104998
Vs —0.104818354
Yo —0.079427894
Y10 —0.044609196

The solution of the reduced tridiagonal system as, in (51),
is the solution of the MNBVP. This technique becomes very
relevant, especially when the system of equation has many
variables as noted in [12].

5. Observations and Motivations
Surrounding the Intertwined
Algorithm

At this point, various aspects of the algorithm need to be
looked into with a view to substantiate its usage. To carefully
x-ray this, Problem 1 will be used as a test case.

1) For the assumption in (19), a clear insight into this is that
there is a need to examine (40). Observe that the tridiag-
onal system as in

—4 + 2h2Q(x;) (52)

which is the primary diagonal entries are the coefficients in

(40) for the variable y;, that is, —12, which is the upper di-

agonal entries which result are the coefficients in (40) of y;.4,

that is (1 + x;), and the lower diagonal entries which result
are the coefficients in (40) of y;_;, thatis (7 — x;).

2) It is observed that, in general, with regards to (21), the
lead diagonal entries will be

2+ hP(x;) (53)
and the sub-diagonal elements will be
2 — hP(x)). (54)

3) Ensure that the existence and the uniqueness conditions

96

-2-0.01

of the solution are satisfied as:

—4 4 2h2Q(x;) < 0 (55)
2+ 2hP(x;) > 0 (56)
2 — 2hP(x;) > 0. (57)

However, since (16) holds, then (55) remains sustained.
Hence, by (19),
|[hP(x)| < hM < 2 (58)

Such that (56) and (57) are all valid.
4) The assurance of the diagonal dominance has to be es-

tablished, i.e.,
|—4 + 2R%Q(x;)| = |2 + 2hP(x;)| (59)
|—4 + 2h%2Q(x;)| = |2 — 2hP(x;)| (60)

And that the inequality is valid for at least one row. Though
this is also valid. It can be noted that

|—4 + 2R2Q(x))| = 4 + 2h2Q(x,) = 4 (61)
Moreover, (56) and (57)
12 4 2hP(x)| + 12 — 2hP(x))]
=2+ hP(x;) + 2 — hP(x,) = 4 (62)

Sothat for i =1,2,3,4, and 5, but imagine
|—4 + 2R%2Q(x;)| = |2 + 2hP(x;)| + |2 — 2hP(x;)| (63)

But the strict and absolute inequality is holds for the first
and last equation and, all the assumptions are satisfied.

6. Conclusion

This research stressed solving MNBVPs that result in tridi-
agonal systems using the intertwined Difference approxima-
tion technique and the Newton-Lieberstein technique. The re-
sults demonstrated that the technique provides efficient and
accurate solutions with faster convergence.

The key findings include:

1) The Newton-Lieberstein method was able to handle

mildly nonlinear systems efficiently.
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2) The iterative approach showed improved accuracy with

each step.

3) The method proved computationally efficient compared

to the classical techniques.

The results from the test problems establish the stability and
reliability of the method, evident in the solutions, making it an
effective choice for solving MNBVPs in engineering, physics,
applied mathematics, and. other sciences.

The findings confirm that the Newton-Lieberstein method
is an effective approach for solving tridiagonal linear systems.
It enhances accuracy, stability, and efficiency, making it val-
uable for complex numerical problems. The study contributes
to the field of numerical analysis by providing a method that
balances computational efficiency with precision, ensuring
that BVPs can be solved more effectively.

Abbreviations

VP Initial VValue Problem

BVP Boundary Value Problem

MNBVP  Mildly Nonlinear Boundary Value Problem
ODE Ordinary Differential Equation
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