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Abstract

For N > 3, let £L(N) denote the primes in [3,2N — 3]. The binary Goldbach condition at 2N is equivalent to positive prime
incidence under reflection about the midpoint N. This paper studies prime incidence under two bounded integer-line isometries:
(1) displaced reflection (reflected branch) and (2) translation (translated branch). In both cases, the prime and its image must
remain in £(N). For either branch, the Maximal Displacement Envelope (MDE) is the largest even displacement through which
incidence remains positive at every even displacement, including zero; if incidence fails at zero, that branch has no MDE. When
both branch envelopes exist, their minimum defines the combined MDE(N). The Prime Incidence Conjecture (PIC) asserts that
MDE(N) exists for every N > 3 and that MDE(N)/N — 2 as N — oo. At zero displacement, reflected incidence is precisely
the binary Goldbach condition. Both branches admit single-parameter arithmetic formulations through the least prime realizing
a prescribed even prime difference and the least symmetric prime-pair displacement about a midpoint. Exhaustive computation
through N = 3 x 107 determines the branch-specific and combined envelopes over the full admissible displacement range and
shows that the normalized first-failure displacements trend toward the normalized endpoint 2 — 6/N over the computed range.
Established analytic estimates further imply that, for every fixed 0 < & < 2 and A > 0, the number of even displacements
s < (2 — &)N at which at least one branch fails is O 4 (N(log N)~*) for all sufficiently large N.
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1. Introduction

The binary Goldbach conjecture (bGC) states that every even
integer n > 6 is the sum of two odd primes [1]. Montgomery
and Vaughan proved that bGC holds for all but a set of even
integers of asymptotic density zero [2], and bGC has been
computationally verified through 4 x 10'® [3]. No proof is
currently known that covers every even integer. Bhowmik and
Grimmelt reviewed advances in Goldbach exceptional-set esti-
mates and derived an explicit major-arc formula, while Tsuda
established small-gap estimates between primes in Goldbach

representations for almost all even integers [4, 5].

Earlier work introduced the Left—Right Partition Table
(LRPT), a symmetric representation of the odd decomposi-
tions of 2N, and used it to study Goldbach-pair structure and
hypothetical failure states [6, 7].

For a given integer N, the LRPT lists the odd pairs (x, y)
satisfying x +y = 2N and 3 < x < y < 2N - 3, with the
left-hand entries increasing and the corresponding right-hand
entries decreasing. A row is called prime—prime (PP) when
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both entries are prime. Figure 1 shows the transition from
LRPT(19) to LRPT(20), providing an example of the LRPT

LRPT(19)
LHS | RHS
3 35
5 33
7 31
9 29
11 27
13 | 25
15 | 23
17 | 21
19 | 19

representation and its evolution as N increases.

LRPT(20)
LHS | RHS
3 37
5 35
7 33
9 31
11 | 29
13 | 27
15 | 25
17 | 23
19 | 21

Figure 1. Evolution from LRPT(19) fo LRPT(20). Bold entries mark PP rows.

At state N = 19, (7,31) is the only distinct PP row, while
(19, 19) is a diagonal PP row. After the transition to N = 20,
the primes already represented at state 19 form the new PP rows
(11,29) and (17,23), while the new top-right entry (TRE) 37
forms the PP row (3,37). Thus LRPT evolution can change
prime-pair incidence both by changing pairings among values
already represented and by introducing a new value at the upper
boundary. Appendix III describes additional properties of this
evolution.

The connection with bGC follows directly from the LRPT
pairing rule. A PP row p + g = 2N satisfies

q=2N—-p,

so Goldbach pairing is a reflection about the midpoint N. The
binary Goldbach condition at state N is therefore positive prime
incidence under this zero-displacement reflection.

For an even displacement s, displacing the reflection gives

pH—2N+s—p.

If both primes remain in the finite LRPT domain, the corre-
sponding pair satisfies

p+q=2N+s.

This defines the reflected branch of the Prime Incidence
Conjecture, denoted PIC(-).

The other isometry type of the integer line is translation. For
the same even displacement,

p—=pt+s,

and positive incidence requires two primes in the finite do-
main whose difference is s. This defines the translated branch,
denoted PIC(+).
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The common displacement range of the two maps is

0<s<2N-6, s even.

For each branch, the Maximal Displacement Envelope (MDE)
is the largest even displacement s such that incidence is positive
at every even t € [0, s]. The combined envelope is the smaller
of the reflected and translated branch envelopes. PIC states that
this combined envelope exists for every N > 3 and satisfies

MDE(N)
_—
N

2 (N — o).

For s = 0, i.e. at zero displacement, PIC(-) is equivalent to
the binary Goldbach condition at 2N.

The two incidence branches admit single-parameter formula-
tions. For positive even s, translated incidence is determined by
the least prime g*(s) for which g*(s) + s is prime. Reflected
incidence is determined by the least symmetric displacement
Ruin(m) of a prime pair about the midpoint m = N + s/2.
These quantities also determine the branch-specific MDEs and
permit computational verification without testing every pair
(N, s) independently. Section 3 develops these relations and
computes the envelopes through N = 3 x 107 over the entire
finite-domain displacement range.

Section 4 formulates the translated branch as a prime-
difference problem and the reflected branch as a bounded
Goldbach representation problem, and derives exceptional-set
bounds for both. For every fixed 0 < & < 2, established analytic
estimates imply that, for sufficiently large N, the number of
even displacements

0<s<(2-¢)N
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for which at least one PIC branch fails is
One (N(log N)—A)

for every A > 0. Thus, for every fixed 0 < & < 2, the proportion
of even displacements s < (2—&)N at which at least one branch
fails tends to zero faster than any fixed negative power of log N.

The remaining sections of the paper are organized as fol-
lows. Section 2 defines prime incidence under bounded re-
flections and translations, introduces the branch-specific and
combined MDEs, and states PIC. Section 5 gives the conclu-
sions. Appendix I compares two empirical models for the
logarithmically smoothed normalized reflected-branch gap from
its conjectured asymptotic limit. Appendix II gives autocorrela-
tion, self-convolution, and Fourier representations of the two
PIC incidence counts. Appendix III contains additional results
on LRPT evolution and prime-pair formation.

2. Prime Incidence Under Bounded
Isometries

The Goldbach reflection introduced in Section 1 provides the
starting point for the two incidence conditions studied in this
paper. This section first illustrates the reflected and translated
maps at a single LRPT state, then defines the incidence counts
and the branch-specific Maximal Displacement Envelopes, and
states the Prime Incidence Conjecture.

2.1. Translated and Reflected Prime Incidence:
A Numerical Example

Consider the state N = 20 with the corresponding LRPT
integer domain given by

Who = [3,37]
and
£(20) = {3,5,7,11,13,17,19,23,29,31, 37}.
For s = 4, the displaced reflection is
p—44-p

with prime incidences including (7,37) and (13,31).
Translation by the same displacement is

p—p+4,

with prime incidences including (3, 7) and (13, 17).
The common finite-domain displacement range at N = 20 is
0<s <34, s even.

Table 1 shows selected values across this range.

Table 1. Selected reflected and translated prime incidences at N = 20.

s reflected prime pair 250(s)
0 3,37 6
4 (7,37) 4
22 (31,31) 1
24 none 0
34 (37,37) 1

The reflected incidence first vanishes at s = 24, although it is
positive again at s = 34. The largest even displacement through
which reflected incidence remains positive is 22. Translated
incidence is positive at every even displacement through 34.
The corresponding branch-specific envelopes are therefore

MDE_(20) =22,  MDE,(20) = 34,

and the combined envelope is

MDE(20) = 22.

120

translated prime pair X3, (s)

(3,3) 11

(3,7) 4

(7,29) 1

(5,29) 3

(3,37) 1

Normalizing by N gives
MDE_ (20) _1 MDE, (20) _ 17
20 ’ 20 o
MDE(20) _11

20 o

This example shows that the MDE can differ from the largest
displacement at which an individual positive incidence occurs.
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2.2. Bounded LRPT Domain and Incidence
Maps

For an integer N > 3, the represented LRPT domain is
Wx = [3,2N - 3],
and its finite prime set is
L(N)=PNWy.
The top-right entry (TRE) is
TRE(N) = 2N - 3.

For an even displacement s > 0, define the displaced reflec-
tion by
o_s(p)=2N+s-p

and the translation by

ors(p) =p+s.

Both maps are isometries of the integer line under the usual
distance d(a,b) = |a — b|. The term bounded refers to the
restriction

P>+ s(p) € Wi.
For the reflected map, this restriction gives
s+3<p<2N-3.
Define
Ey(s)=#{pe L(N):2N+s—-p e L(N)}.

Thus X, (s) counts the primes p € L(N) for which2N +s—p
also belongs to L(N).
For the translated map, the finite-domain restriction gives

3<p<2N-3-5s.
Define
X5(s)=#{pe L(IN):p+se L(N)}.

Thus X3, (s) counts the primes p € L(N) for which p + s
also belongs to L(N).
A nonempty finite-domain range is possible for either map
only when
s <2N —-6.

The common displacement range studied here is therefore

0<s<2N-6, s even.
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At zero displacement,
o—0(p) =2N - p.
Hence
Xy(0)>0

if and only if there are primes p, g € Wy satisfying
p+q=2N.

The zero-displacement reflected condition is therefore the
binary Goldbach condition at 2N.

For s > 0, reflected incidence is equivalent to the existence
of primes p, g satisfying

p+q=2N+s, p,q€[s+3,2N-3]NnP.

The reflected branch therefore retains the prime-sum structure
of the Goldbach condition while shifting the even target from
2N to 2N +s.

2.3. Maximal Displacement Envelopes and the
Prime Incidence Conjecture

For each N, define the translated-branch Maximal
Displacement Envelope, when the set below is nonempty, by

MDE, (N) = max{s € 275015 <2N -6,

(1) > 0 forall £ € 2Z9 N [0, s]}.

Define the reflected-branch Maximal Displacement Envelope
analogously:

MDE_(N) = max{s €2Z50:5 <2N -6,

S~ (f) > Oforall r € 2Zg N [0, s]}.

When both branch-specific envelopes exist, define the com-
bined Maximal Displacement Envelope by

MDE(N) = min {MDE, (N), MDE_(N)}.

Conjecture 2.1. For every integer N > 3, MDE(N) exists

and
MDE(N)

N

This is the Prime Incidence Conjecture (PIC). The reflected
and translated incidence conditions are denoted by PIC(—) and
PIC(+), respectively. Since existence of MDE_ (N) requires

lim

N>

2.

£5(0) >0,
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the binary Goldbach conjecture is the zero-displacement re-
flected case of PIC.

The limit in Conjecture 2.1 states that the normalized gap be-
tween the combined MDE and the finite-domain endpoint tends
to zero as N — oo. Section 3 expresses the two branch-specific
envelopes through single-parameter arithmetic quantities and
uses those formulations for computational verification.

3. Single-Parameter Formulations and
Computational Analysis of PIC

The incidence counts in Section 2 depend on both N and
s. Bach branch, however, is determined by a single arithmetic
quantity. These formulations determine the first failing dis-
placement at each state and therefore the branch-specific and
combined Maximal Displacement Envelopes.

3.1. Single-Parameter Formulation of PIC(+)
At s = 0, translated incidence is automatic:
25(0) =#L(N) > 1.
For positive even s, define
g (s)=min{p eP:p+seP},

with g*(s) = 400 if no such prime exists. The prime 2 cannot
attain this minimum, because 2 + s > 2 is even. Hence every
finite value of g*(s) is at least 3.

At state N,

() >0 = g'(s)+s<2N-3.
Since g*(s) + s and 2N — 3 are odd when g*(s) is finite,
I(s) =0 = g'(s)+s=2N-1.

Thus one value of g*(s) determines translated incidence at
every state for which 0 < s < 2N — 6.

If g*(s) = 3, translated incidence is positive at every state
for which s < 2N — 6. If g*(s) > 5, the last state at which
translation by s fails is

s+g"(s)+1

Ni(s) = 3

and at that state
2N+(s) —s=g"(s) + 1.

For positive even s, the finite values of g*(s) coincide with
OEIS A020483 at index s/2 [8].
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3.2. Single-Parameter Formulation of PIC(-)

For reflected incidence, set

S
=N+~
n 2

A reflected prime pair satisfies
p+q=2m.

Write

p=m-r, q=m-+r,

and define
Ruin(m) =min{r € Z>g :m—-r €eP, m+r P,
m-—r >3},
with Rpin(m) = 400 when no such pair exists.

Since

p=m-r, qg=m-+r,

the reflected pair lies in Wy = [3,2N — 3] when

m—-r>3 and m+r <2N-3.

When Ry, (m) is finite, the first condition is already included
in its definition. The remaining finite-domain requirement is
therefore

m + Ryin(m) <2N -3,

or equivalently,
Rmin(m) <2N —m - 3.

Since Rmin(m) = +o00 when no symmetric prime pair exists,
this condition is also equivalent to positive reflected incidence:
Iy(s)>0 & Rpin(m) <2N-m-3.
When Ryin (m) is finite, the primes
m — Ryin(m) and m + Ruin(m)
are odd, so Ry, (m) has parity opposite to m. Since
2N-m—-3=m+1 (mod 2),

2N — m — 3 also has parity opposite to m. Hence Ry, (m) and
2N — m — 3 have the same parity. Therefore, since

Yy()=0 & Rpn(m)>2N-m-3,

and Rpin(m) and 2N — m — 3 have the same parity, this is
equivalent to
Ruin(m) = 2N —m — 1.
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Since Ry (m) is a nonnegative integer, Ryin(m) < 2 means
either Ryin(m) = 0, giving the diagonal prime pair (m, m), or
Ruin(m) = 1, giving the twin-prime pair (m — 1,m + 1). In ei-
ther case, reflected incidence is positive at every state associated
with m for which 0 < s < 2N —6.

If Riin(m) = 2, the last such state at which reflected incidence

fails is
m + Ryin(m) + 1

2
The corresponding displacement is

N_(m) =

s_(m) =2(m — N_(m)) = m — Rpin(m) — 1,
and at that state
2N_(m) — s_(m) = 2Rpin(m) + 2.

For m > 3, the finite values of Ry, (m) coincide with
OEIS A047160 [9]; the present definition uses +oco, rather
than —1, when no such prime pair exists.

3.3. First Failures and the MDE
At state N, a translated failure is an even displacement
s € 277, s<2N -6,

for which
5 (s) =0.

Equivalently,
g (s)+s=2N-1.

When such a displacement exists, define the first translated
failure by

FAN)zmm%GZZﬁ:s§2N—Q
g (s) +s>2N - 1}.

Then

If no translated failure occurs for 0 < s < 2N — 6, then
MDE, (N) = 2N - 6.
For the reflected branch, when a failure occurs, define
F_(N) = min{s €27Zs0:5<2N -6,
s K
Rmin(N+ E) >N - z - 1}.

For either branch, if no failure occurs over 0 < s < 2N -6,
set
F.(N) = +oo.
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Define the first combined failure by
F(N) = min{F,(N), F_(N)}.

If F_(N) = 0, then MDE_ (N) does not exist. If F_(N) > 2,
then reflected incidence is positive at every even displacement
through F_(N) — 2 and fails at F_(N). Hence

MDE_(N) = F_(N) - 2.
If no reflected failure occurs for 0 < s < 2N — 6, then
MDE_(N) = 2N - 6.
Whenever both branch-specific envelopes exist,
MDE(N) = min{MDE, (N), MDE_(N)}.

The formulas above reduce the computation of the MDEs to
the single-parameter quantities g*(is) and Ryin(m).

3.4. Computational Verification for N < 3 x 10’

The computation evaluated the full finite-domain displace-
ment range
0<s<2N-6

for every
3<N<3x10".

The corresponding single-parameter ranges are
2<5<6x107-6
for the translated branch and
3<m<6x10"-3

for the reflected branch. Primality information was generated by
an Eratosthenes sieve, and the preceding conditions were used
to locate the first failure of each branch. As a consistency check,
these conditions reproduce the incidence values and resulting
branch-specific MDEs for the example N = 20 in Table 1.

The combined MDE exists at every tested state. Only six
states have no failure in either branch over the entire range
0 < s < 2N — 6, the largest being N = 56. At every other tested
state, the reflected branch has a failing displacement. Among
the 29,859,539 states at which both branches fail, the reflected
branch fails strictly first in every case; no ties are observed.
Figure 2 shows the normalized branch-specific and combined
MDEs over the computed range.
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Figure 2. Normalized branch-specific and combined Maximal Displacement Envelopes MDE,(N)/N, MDE_(N)/N, and
MDE(N)/N over the computed range. The upper reference curve 2 — 6/ N is the normalized endpoint of the displacement range.
Throughout the computed range, MDE(N)/N = MDE_(N)/N, so the combined and reflected normalized envelopes overlap.

The persistent ordering
MDE_(N) < MDE, (N)

observed over the computed range is consistent with the different
prime-density regimes sampled by the two branches near the
maximal admissible displacement s = 2N — 6.
Let
B=(2N-6)-s,

so that B is the distance from the displacement endpoint. Then
s=2N-6-B.

For the translated branch, the bounded-domain condition
gives
3<p<B+3

while
p+s€e[2N-3-B,2N -3].

Thus translated incidence pairs a prime from the lower interval

[3, B+ 3]
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with a prime from the upper interval
[2N -3 - B, 2N -3].
For the reflected branch,
p+q=4N-6-B,
and both primes must lie in
[2N -3 - B, 2N -3].

The following comparison is heuristic. It uses the approxi-
mate local prime density 1/log x to estimate the typical number
of available prime pairings in the two branches. It is intended to
explain their different incidence behavior near the displacement
endpoint, not to predict the extreme first-failure locations that
determine the MDE.

For

1< B<N,

the prime density in the lower interval is approximately 1/log B,
while the prime density in the upper interval is approximately
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1/log N. For the translated branch, the expected incidence

count is of order B

log B log N
and for the reflected branch, the expected incidence count is of

order
B

—_— 1
(log N)? M
Since B < N,

log B < logN,
so the translated branch has the larger expected incidence count
at the same distance B from the endpoint. Itis therefore expected
to remain positive closer to s = 2N — 6, consistent with the
observed ordering

MDE_(N) < MDE, (N).

Appendix I further analyzes the reflected-branch computa-
tional data by comparing a two-parameter power-law model
aN? with the log-corrected inverse model ¢ (log N)X /N for the
logarithmically smoothed normalized reflected-branch gap from
its conjectured asymptotic limit. Both fitted gaps tend to 0
as N — oo, and therefore the corresponding fitted normalized
reflected MDEs tend to the asymptotic value 2.

4. Equivalent Formulations and Analytic
Results for PIC

Section 3 expressed the two incidence branches through g*(s)
and Ry, (m). The present section formulates the translated
branch as a prime-difference problem with fixed difference s
and the reflected branch as a bounded Goldbach representation
problem, and derives an exceptional-set bound for displace-
ments at which either branch has zero incidence. For every
fixed 0 < € < 2, the even displacement range considered is

0<s<((2-¢)N.

4.1. The Translated Branch as a
Prime-Difference Problem

For X > 5, define
DX)={g-p:p,geP,3<p<qg=<X}
For every positive even s < 2N — 6,
Iy() >0 & seD(2N-3).

Equivalently,

() >0 = g'(s)+s<2N-3.

This places the translated branch among classical problems
on fixed prime differences. Maillet’s conjecture asserts that ev-
ery positive even integer occurs as the difference of two primes
[10]. PIC implies Maillet’s conjecture. Under PIC,

MDE(N) _

2’
N

so MDE(N) — co. Hence, for any fixed positive even s, one
has s < MDE(N) for all sufficiently large N, and therefore

Zy(s) > 0.

4.2. Exceptional-Set Bound for PIC(+) Failures

Let A denote the von Mangoldt function and define

T(X, k) = Z Am)A(n - k).

k<n<X

For even k, define

Gz(k)=2czn%, C2=l_[(1—(€_11)2),

llk £>2
>2

and set S, (k) = 0 for odd k. For every positive even k,
Sy (k) = 2C;.

Lavrik’s mean-square estimate [11, 12] gives, for any fixed
B >0,

DT k) - Sk (X - b = OB(X3(10g X)-B) .
1<k<X
()

Proposition 4.1. For any fixed n > 0 and A > 0, the number
of positive even integers s < X satisfying

g (s)>ns
is
Oa,y (X(log X)*A) .
Proof. Consider a dyadic interval
Y<s<2Y
and set
© = min {Z, %} ,

Partition (Y, 2Y] into at most

all5
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blocks of length at most H. For a block with left endpoint Y,
define
X/' = Yj +2H.

Since every s in the block satisfies
Y] <s< Y] + H,

we have
XJ'—SZYJ'+2H—S,

and therefore
HSX]'—S<2H. (3)

For even s, the main term S, (s)(X; — s) in (2) satisfies, by
3),
S (s)(X; —5) 2 2CH. ()

Since each block lies in (Y, 2Y], its left endpoint satisfies
Y<Y; <2Y.

Also, H <Y /4, so

Y 5y
X =Y +2H<2Y + — = —.
J J < 2 2
Hence
Y<X <5Y
J 2

Applying (2) with the cutoff X; gives
3T k) - (k) (X; - k)f = OB(X;(long)’B) .

I<k<Xj

Since Y < X; < 5Y/2, the right-hand side is
OB(Y3(10gY)_B) .
Define an even s as exceptional in the block if
IT(X;,5) - G2(s)(X; —5)| > CH.

If E; denotes the number of exceptional s in the block,
then each such s contributes at least (C;H)? to the preceding
mean-square sum. Hence

E;(CH)* = 03(Y3(1og Y)‘B) .
Since H = pY,
Ej = 0py(Y(logy)?).
Thus, for a nonexceptional even s,

IT(X;,5) — S2(s)(X; - 5)| < CoH.
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Hence, by (4),
T(X;,s) > Gy(s)(X;—s) - CH = CH.

To deduce the existence of a prime pair from this lower bound,
we must exclude terms in which either argument of A is a proper
prime power. There are O(X ;/ 2) proper prime powers up to X,
and each term contributes at most (log X j)z. Hence their total

contribution is
O(le./z(log xj)2) - O(Yl/z(log Y)2) = o(H).

Therefore, for sufficiently large Y, the lower bound 7'(X;, s5) >
C>H cannot be accounted for entirely by proper prime powers.
Hence at least one prime pair p, p + s satisfies

pSXj—S<2H.
By the choice of p,
p <2H <ns,

o)
g (s) < ns.
Summing over the at most [1/p7 blocks, choosing B > A +2,
and then summing over dyadic intervals proves the result. [

We now apply Proposition 4.1 to the PIC(+) incidence con-
dition in order to show that, for every fixed 0 < ¢ < 2, failures
in the range

0<s<(2-¢)N

form an exceptional set of order
OA,S(N(log N)‘A) .

Let 0 < € < 2 and define

3 £
=20 -¢
If
s<(2-¢)N,
then .
2N —s > .
s> 2_8s

Outside the exceptional set of Proposition 4.1,

g (s) <ms.
Since
B I
=50 %y
we have R
=2n.
2—-¢ g
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Therefore, for every s satisfying

ns >3,
we have
s < £ s—3
ns = 7 .
Equivalently,
3 612-¢)
s> == ——"
n e

Hence, outside the exceptional set of Proposition 4.1, every
positive even s satisfying

6(2-¢)

<s<(2-¢)N

&

also satisfies
g (s) < © §s—3<2N-s-3.
2—-¢
Thus

g (s) + s <2N -3,

)

5 (s) > 0.
The remaining positive even values

- 6(2-¢)
£

N

form a finite set depending only on £ and may be included in
the exceptional set. Therefore the number of PIC(+) failures in
the range
0<s<(2-¢)N
is
oA,s(N(log N)’A) .

4.3. Exceptional-Set Bound for PIC(-) Failures

Coppola and Laporta [13], in Theorem 1 and its subsequent
corollary, proved that, for arbitrary fixed positive constants 6
and A, if

YB3 <y <y, (5)

then, apart from

Oo(Y(log¥) ™) ©)

exceptions among even targets M = 2m in a dyadic interval
Y < M < 2Y, there are primes p1, p; satisfying

M = pi1 + pa, lpi—m|<U (i=1,2). @)

Taking

6= i, U =Y,

16
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gives
so the condition (5) is satisfied.

Proposition 4.2. For any fixed 6 > 0 and A > 0, the number
of even integers M = 2m < X for which there is no prime
representation

M=pi+p
satisfying
|pi —m| < m (i=12) 3
is
OA’(s(X(IOg X)_A) .
Proof. Consider a dyadic interval
Y<M<?2Y.
With
U =y,
andm=M/2>Y/2,
U Y3/4
— < —— =2y
m Y/2 ©)
For fixed 6 > 0, if
2\4
Y>|=], 10
3] (10
then (9) gives
U
— <4,
m
and therefore
U < o6m. (11

For every nonexceptional M in the Coppola—Laporta estimate,

(7) and (11) therefore give
|pi —m| < U< ém (i=1,2).

Hence every failure of (8) in a dyadic interval satisfying (10)
belongs to the Coppola—Laporta exceptional set. By (6), the

number of such failures in that interval is
oA,é(Y(log Y)—A). (12)

To sum (12) over M < X, first consider the dyadic intervals
with Y > X'/2. On these intervals,

1
logY > ElogX,

and the sum of their lengths Y is O (X). Their total exceptional
count is therefore

oA,g(X(log X)‘A) .



Mathematics and Computer Science

https://doi.org/10.11648/j.mcs.20261106.11

The remaining even integers satisfy M < X'/ and contribute
at most O (X'/?) additional exceptions. Since

X2 = OA(X(log X)—A) ,
the total number of exceptions up to X is

OA,,;(X(log X)*A) .
O

We now apply Proposition 4.2 to the PIC(—) incidence con-
dition in order to show that, for every fixed 0 < & < 2, failures
in the range

0<s<(2-¢&)N

form an exceptional set of order
OA,E(N(log N)_A) .

Let
£

T

so that
£

4-¢
For an even displacement

=26.

13)

0<s<(2-¢)N,

let

m=N+%, M =2m =2N +s.

The displacement bound gives

2_
m=N+§§N+

Therefore

and hence
&

m = 26m, (14)

IN—m >
=g

where the final equality follows from (13).
Also,
2N <M =2N+s<(4-¢)N.

Apply Proposition 4.2 with
X=(4-¢)N.
Outside an exceptional set of

0 A,E(N(log N)—A) (15)
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even values of M, there are primes p, p» satisfying

p1+p2 =2m, |pi —m| < ém.

Ordering p1 < p, and writing
pl =m-r,

p2=m+r,

gives
r <om.

For M > 6, both primes are odd, so p; > 3 and the pair is
admissible in the definition of Ry, (m). Consequently,

Ruin(m) < ém. (16)
Since m > N, for
N > § = m’
0 &
we have
om > 3.
Therefore
om < 26m — 3. (17

Combining (16), (17), and (14) gives
Runin(m) < ém <26m -3 <2N —m - 3.

Hence
Ruin(m) < 2N —m -3,

and by the reflected-incidence condition,
Xy (s)>0.
Finally, the map
s— M =2N+s
is injective. Therefore, the number of even displacements
0<s<(2-¢&)N

for which X, (s) = 0 is bounded by the exceptional count
(15). Therefore, for every fixed 0 < £ <2 and A > 0, for all
sufficiently large N, the number of PIC(—) failures in this range
is

OA,S(N(log N)’A) .

Remark 4.3. The Coppola—Laporta estimate also gives a quan-
titative almost-all bound for R, (m), the least distance from
the midpoint m to a symmetric prime pair m — r,m + r. Fix
0 <n < 3/8. Forevery A > 0, all but

Oa,y (X(log X)_A)
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even targets M = 2m < X satisfy

5/8+7]’ (18)

Rumin(m) < Cypym
where C;, > 0 depends only on 5. Hence

Rmin (m)
m

-0

outside an exceptional set of density zero.

4.4. Mathematical Equivalence of PIC Through
Arithmetic Decomposition

The single-parameter formulations developed above also
provide an arithmetic decomposition of PIC. Specifically,
Conjecture 2.1 is equivalent to the conjunction of the following
four conditions:

(i) the binary Goldbach condition holds for every N > 3;

(i1) g*(s) < oo for every positive even s;
(iii)

g (s) = o(s) (s — oo, s even);

@iv)

Rmin(m) = o(m) — (m — o).

Condition (ii) is Maillet’s conjecture in the notation used
here.

Necessity. Suppose PIC holds. Translated incidence at s = 0
is automatic, whereas existence of the reflected MDE requires

£5(0) > 0.

Thus existence of the combined MDE for every N > 3 is
equivalent to the binary Goldbach condition at every state,
giving condition (i).

Moreover,
MDE(N)
—_— _)

N
implies MDE(N) — oo. Hence every fixed positive even s
eventually lies below the combined MDE, so

2

25 (s) >0
for sufficiently large N. By the translated single-parameter
formulation, this requires g*(s) < oo, giving condition (ii).
If condition (iii) failed, there would exist ¢ > 0 and positive
even integers s — oo such that

g (sk) = sk
At the last state at which translation by sy fails,

s+ 8 (sp) + 1

Ni = Ny(sk) = )
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Since translated incidence fails at s,
MDE(Nk) < Sk,

and therefore

MDE(Ny)
Ny

2Sk 2

< <2,
sk +g*(sp)+1 7 1+¢

contradicting the PIC limit. Hence

g'(s) = o(s).

Similarly, if condition (iv) failed, there would exist a constant
0 < ¢ < 1 and integers my; — oo such that

Runin (M) = cmy.
At the last state associated with my at which reflected inci-
dence fails,

mi + Rmin(my) + 1

Ni=N_(my) = >

and the corresponding failing displacement is

s_(mg) = mg — Rpin(myg) — 1.

Hence
MDE(Nk) < s-(mg),
SO
MDE(Ny) - 2(mi = Rmin(mi) = 1) 2(1-c¢) -
N my + Ryin(my) + 1 1+c¢ ’

This again contradicts the PIC limit, and therefore
Rumin(m) = o(m).

Sufficiency. Conversely, assume conditions (i)—(iv), and fix
0 < & < 2. For the translated branch, set

&

(b Tomrs

By condition (iii), for all sufficiently large positive even s,

g (s) < nys.
If
s<(2-¢)N,
then
g +s<+n2-oN=(2-Z)N.

For sufficiently large N,

(

5 ¢

2)stN—3,
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SO
=% (s) > 0.

The finitely many smaller positive even values of s are also
covered for sufficiently large N, because condition (ii) makes
each corresponding value g*(s) finite. Thus translated incidence
is positive throughout

0<s<(2-¢)N

for all sufficiently large N.
For the reflected branch, set

&

6=m.

For
s
m=N+§, SS(Z—S)N,
the preceding reflected-window calculation gives

£ m = 20m.

IN—m >
M=y

-&
By condition (iv), for all sufficiently large m,
Ruin(m) < 6m.
Since m > N, sufficiently large N also gives
om > 3.
Consequently,
Ruin(m) < ém <26m -3 <2N —m -3,

and therefore
Xy(s)>0

throughout the same displacement range.
Condition (i) guarantees existence of the reflected MDE for
every N > 3, while the translated MDE always exists because

21,(0) > 0. Hence the combined MDE exists for every N > 3.

For every fixed € > 0, the preceding bounds imply, for all
sufficiently large N,

MDE(N) = (2—-&)N - 2.
Together with the finite-domain bound
MDE(N) < 2N -6,

this gives

2_8_gswsz_g.
N N N
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Letting N — oo and then € — 0 yields

MDE(N)
—_—
N

2.

The decomposition therefore separates PIC into two universal
existence requirements, conditions (i)—(ii), and two asymp-
totic sublinear-growth requirements, conditions (iii)—(iv). The
exceptional-set results proved in the preceding subsections
are almost-all counterparts of the latter two conditions: for
every fixed positive relative bound, violations are confined to
exceptional sets of asymptotic density zero. PIC requires the cor-
responding behavior to hold for every admissible displacement,
rather than for almost all admissible displacements.

4.5. Common Exceptional-Set Bound for PIC(-)
and PIC(+)

Corollary 4.4. For every fixed 0 < € < 2 and A > 0, and
every sufficiently large N, the number of even displacements

0<s<(2-¢)N
at which at least one PIC branch has zero incidence is
OA,S(N(log N)_A) .
Proof. The preceding results give
OA,E(N(log N)_A)

failures for each branch. The union of the two exceptional sets
has the same order. [

The corollary is an exceptional-set statement in the displace-
ment variable s: for every fixed 0 < & < 2, the proportion of
even displacements

0<s<(2-¢)N

at which at least one PIC branch has zero incidence tends to
zero as N — oo. It does not exclude a failure at any particu-
lar displacement, including s = 0, nor does it determine the
location F(N) of the first combined incidence failure, which
determines the MDE. The present asymptotic estimates do not
provide an explicit numerical threshold for “sufficiently large
N.”



Mathematics and Computer Science

https://doi.org/10.11648/j.mcs.20261106.11

5. Conclusions

PIC reframes the binary Goldbach condition as the zero-
displacement reflected case of a broader problem of prime
incidence under bounded reflections and translations over all
even displacements, and considers whether

MDE(N)
_—
N

2.

Analytically, for every fixed 0 < £ <2 and A > 0, and all
sufficiently large N, the number of even displacements

0<s<(2-¢)N
at which at least one branch has zero incidence is
oA,S(N(log N)‘A) .

Thus such displacements have asymptotic density zero in
every range

0<s<(2-¢)N, O<e<?2.

These bounds estimate the number of failing displacements
but not the location of the first one, which determines the
MDE. A stronger result would be to show that, for every fixed
0 < & < 2, both incidence branches are positive throughout

0<s<(2-¢)N

for all sufficiently large N. Since this range includes s = 0,
such a result would in particular establish the binary Goldbach
condition for all sufficiently large even integers. It would also
give

MDE(N) > (2 -&)N -2,

while the finite displacement range always gives

MDE(N) < 2N - 6.

Hence 2 MDE(N 6
2_p- 2 MDEM) _, 6
N N N
Since € > 0 is arbitrary, this would establish
MDE(N)
b SR TN,
N

Computationally, the combined MDE exists for every tested
state 3 < N < 3 x 107 over the full even displacement
range 0 < s < 2N — 6. Throughout the computed range,
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MDE(N) = MDE_(N), and whenever both branches fail, the
reflected branch fails first, with no ties.

Future research includes determining the asymptotic behav-
ior of MDE(N)/N; obtaining sharper bounds on the growth of
g% (s) and Ry (m); determining whether the reflected branch
sets the combined MDE beyond the computed range; extending
the analytic estimates to displacements increasingly close to
2N —6; and extending the normalized MDE computation beyond
N=3x10".

Abbreviations

bGC Binary Goldbach Conjecture

LHS  Left-hand Side

LRPT Left-Right Partition Table

MDE  Maximal Displacement Envelope
PIC Prime Incidence Conjecture

PP Prime—prime Row

RHS  Right-hand Side

TRE  Top-right Entry
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Appendix

Appendix I: Empirical Model Comparison for
2-MDE_(N)/N

The computational results show that the reflected branch
determines the combined MDE throughout the computed range.
To examine the finite-range decay of the normalized reflected-
branch gap from its conjectured asymptotic limit, define

MDE_(N)
B

To reduce the effect of N-to-N arithmetic fluctuations on the
data-fitting procedure, Y (/N) is smoothed on a logarithmic N
scale. The interval 3 < N < 3 x 107 is divided into 20 equal-
width bins per decade in log,, N, beginning at log;, 3. Empty
bins are omitted. The arithmetic mean of Y (N) is computed
within each remaining bin, and a centered moving average over
five successive nonempty bins is then applied to the resulting
sequence. Each smoothed value is assigned to the geometric
center, in N, of its central bin. Denote the resulting smoothed
gap by Y (N).

As a benchmark, consider the two-parameter power-law
model

Y(N) =2

Y(N) = aN?.
Linear regression of log Y (N) on log N over the full smoothed
range gives

R? _ =0.980245.

v - —0.644758
Y(N) ~ 9.794995 N , ve?

Table 2 shows that the fitted exponent is not stable across
successive subranges of the same smoothed data.

Table 2. Power-law exponent fitted over successive ranges of the
smoothed normalized reflected-branch gap from its conjectured
asymptotic limit.

Fit range Fitted exponent b
102 < N < 10* -0.534301
1< N<10° —-0.689397
10* < N < 10° —-0.764473
100 <N <107 -0.811085
10° <N <3 x 107 -0.834715

The systematic variation of b across these ranges does not
support a scale-independent power-law exponent over the com-
puted domain. We therefore compare the power law with the
two-parameter model

(log N)*

Y(N)=c¢ ~

(19)

b}
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where log denotes the natural logarithm. Equivalently,
logNY(N)) = logc + k loglog N,

so that ¢ and k are obtained by linear regression of log(NY(N ))
on loglog N.
Over the full smoothed range, this fit gives

(log N)2.7298]4

)

I ,
Y(N) ~ 0.908192 R} 5 = 0997552,

Restricting the fit to N > 103 gives

¢ = 1.022018, k =2.693833, Rlig? = 0.999884.

For the model in (19), the local log—log slope is

dlogY _
dlogN

k
logN’

Thus its effective power-law slope becomes more negative as
N increases and approaches —1, consistent with the direction of
the subrange exponent drift in Table 2.

Figure 3 compares the smoothed normalized reflected-branch
gap with the two fitted models.

—— Smoothed Y(N)
Power-law fit aN®

100 Log-corrected inverse fit c(log N)¥/N

.

=)

H
S

Normalized Reflected-Branch Gap

°
&

10? 10¢

N

10°

Figure 3. Logarithmically smoothed normalized reflected-
branch gap from its conjectured asymptotic limit, Y (N), over
the computed range, together with the two-parameter fits aN®”
and c(log N)*/N.

Over the computed range, the log-corrected inverse model
provides a closer fit to the log-transformed smoothed data than
the power law with the same number of fitted parameters. The
value k ~ 2.7 is an empirical finite-range parameter; no the-
oretical significance or extrapolation beyond N = 3 x 107 is
claimed. Both fitted models tend to zero if extrapolated, so
the comparison concerns the finite-range shape of the observed
smoothed gap and does not verify the asymptotic limit asserted
by Conjecture 2.1.
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Remark 1.1. Equation (18) gives the almost-all asymptotic
bound Ry (m)/m — 0 outside an exceptional set of density
zero. At zero displacement, m = N. For sufficiently large
nonexceptional N, the Coppola—Laporta estimate supplies a
distinct symmetric prime pair, so the normalized Minimum
Distinct Radius MDR(N)/N, introduced and studied in the
FMA framework [7], also tends to 0 outside an exceptional set
of density zero. The empirical results raise the stronger question
of the rate at which these normalized quantities tend to zero.
Near the reflected displacement endpoint, the endpoint-density
heuristic gives expected incidence of order B/(log N)?> when
the admissible reflected interval has size B, as in (1). As future
work, the normalized MDR data could be analyzed using a
polylogarithmic fitting model analogous to that in Figure 3.

The empirical form
(log N)*
N

suggests a possible polylogarithmic scale for the reflected-branch
finite-domain endpoint gap. Since

Y(N) = c

(2N - 6) — MDE_(N) = NY(N) - 6,

an open question is whether such a scale can be established
analytically or related to a more precise characterization of the
first reflected-failure displacement F_ (N).

Appendix II: Autocorrelation, Convolution, and
Fourier Representations of Prime Incidence

The two PIC incidence counts admit autocorrelation, self-
convolution, and Fourier representations.

Let
fn:Z—{0,1}
be the indicator function of the finite prime set £(N):
1, ne L(N),
fn(n) =
0, n¢ L(N).

Since fn (k) 0 for every k ¢ L(N), the products
fnm)fy(n+s)and fy(n)fy (2N + s — n) are nonzero only
when both arguments belong to L(N).

I1.1. Translated Incidence as Autocorrelation

For an even displacement s > 0,

Sh(s) =) fv(m) fn(n+s).

nez

Thus the translated incidence count is the discrete autocorre-
lation of fj; at displacement s.
Define
(0 =) fu(me ™.

nez
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Fourier inversion gives

1

2r
Z+ — r 2 isf .
86 = 5 /0 T (62 do

11.2. Reflected Incidence as Self-Convolution
For reflected incidence,

En(s) = D fn(mfn (2N +5=n).
nez
With
(f+8) (1) = D" f(mg(r=n),
nez
this becomes

Xy(s) = (fn* fn)2N +5).

Fourier inversion gives

B 1 2 ) .
Si(0)= 5 [ (02 as

Thus translated incidence is represented by the autocorrela-
tion coefficients of fx, while reflected incidence is represented
by the self-convolution coefficients of fy .

The above Fourier representations provide an exact discrete
spectral formulation of PIC incidence. Exact harmonic encod-
ings of primes and Goldbach pairings were developed in [14].
Whether those specific harmonic constructions can be related to
the spectral coefficients governing the present incidence counts
is an open question. More generally, one may ask how many
Fourier components, or what spectral bandwidth, is required
to recover the first-failure displacement F () and hence the
combined boundary F(N).

Appendix III: LRPT Evolution and Additive
Prime-Pair Incidence

This appendix examines how LRPT evolution changes addi-
tive prime-pair incidence through two mechanisms: entry of
new primes at the top-right boundary and new pairings among
primes already represented. It also examines subsequent PP
formation using only primes represented at the starting state.

II.1. LRPT Evolution and Represented Arithmetic
Information

If g is an RHS entry of both LRPT(N) and LRPT(N +1), its
paired LHS value at state N + ¢ is

rg(t) =2(N +1) —q =rq(0) +2¢.

Each transition N — N + 1 therefore increases the LHS value
paired with g by 2. If g is prime, a PP row occurs at a state for
which the corresponding LHS value is also prime.

Figure 4 illustrates this LRPT transition and the resulting PP
alignment.



Mathematics and Computer Science

https://doi.org/10.11648/j.mcs.20261106.11

State N State N + 1

LHS | RHS LHS | RHS PP alignment

3 T 3 T+2

5 T-2 5 T

. == EEN

r q r

r+2 e r+2 q
. p,q P

Figure 4. Evolution of an RHS prime q under an LRPT transition. Here T = 2N — 3, and r is the LHS value paired with q at state
N. When N — N + 1, the paired LHS value increases by 2. A PP row occurs when the paired LHS value is prime.

For LRPT(Np), the prime/composite status of each odd inte-
ger in Wy, is part of the arithmetic information represented at
state Ny. Under LRPT evolution, each value

2(Ng +1t) -3, t>1,

enters as a new TRE, and its prime/composite status is not
represented in LRPT(Ny). By contrast, for ¢ > 1, the positions
in LRPT(Ny + ¢) of values already in Wy, are determined by
LRPT evolution.

This distinction concerns only the prime/composite status
pattern represented in LRPT(Np), not whether the primality
of larger integers can be determined from other arithmetic
information.

II1.2. TRE Replenishment

A second aspect of LRPT evolution is the rate at which a new
prime can enter through the top-right boundary. Let

T = TRE(N) = 2N -3

and let ¢(T') be the least prime strictly greater than 7. Define
the TRE replenishment transition count by

TrRE(N) = q(T)T_T

Since both T and ¢(T) are odd, Trre(N) is the number of
LRPT transitions required for the TRE to reach ¢(7).

For N > 14, we have T > 25, and Nagura’s theorem gives a
prime ¢ satisfying

T < <6T
q 3!

The least prime ¢(T) > T therefore satisfies
T
5
and division by the LRPT step size 2 gives

2N-3 N
< —.
10 5

TrrRe(N) <

For N = 10, 11, 12, 13, the transition counts are, respectively,
1,2,1,3.

The value N = 13 gives

13
Trre(13) =3 > 5

so the uniform bound obtained above is

N
TrrRe(N) < 3

for every N > 14.

This replenishment bound also limits the length of a hypo-
thetical consecutive run of states with no PP row. If PP(N) = 0,
then every TRE encountered before the next prime TRE must
be composite; hence, with £pp(N) denoting the number of
consecutive states beginning at N for which PP = 0,

tpp(N) < T1RE(N).

Therefore, for N > 14,

N
fpp(N) < g

The Baker—-Harman—Pintz bound on prime gaps implies that
the next prime above a sufficiently large threshold 7 lies at
distance

O(T().SZS)

[15]. Consequently,

TrRe (N) R

09
N

tre(N) = O(N*%),

S0
TrRe(NV) = o(N).

II1.3. PP Formation from Primes Represented at the Starting
State

TRE replenishment is not the only way a later LRPT state
can acquire a PP row. A PP row may also arise from a new
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pairing of primes whose prime status was already represented
at the starting state.

If PP(N) = 0, then N is composite, since a prime N would
make the diagonal row (N, N) PP. Let

P<N<Q
be the consecutive odd primes immediately below and above
such a composite N, and set

P+Q
7

The pair (P, Q) is PP at state M, while the diagonal pair
(0, Q) is PP at state Q.

M =

Define
M, N<M,
o, N>Mm.
Then B > N and PP(B) > 0. If N < M,then N > P + 1, so

-P
M—NSM—(P+1)=QT—1.

IfN>M,thenN > M + 1, so

Q—NSQ—(M+1):¥—1.

The case N = M gives B — N = 0. Thus this construction
yields the explicit bound
0O-P
2

For N > 25, Nagura’s theorem gives a prime in (N, 6N/5)
[16], so the least prime Q > N satisfies

0<B-N<X< - 1.

Q<6?N<2N—3.

The same inequality O < 2N — 3 is verified directly for
10 < N < 24. Since also P < N, both bounding primes satisfy

P,Q € L(N).

The PP row at state B is consequently formed entirely from
primes whose prime status was already represented at the start-
ing state: itis (P,Q) when N < M and (Q, Q) when N > M.

This construction gives an explicit upper bound on the dis-
placement to a later PP state formed from starting-state primes.
It does not claim that B is the earliest such state.

Remark 111.1. A stronger prime-presence property also holds:
for every integer N > 10, each of the four intervals

b [l 2|

3N

3N
— —,2N -3
2

2
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contains a prime. The first contains 3. For N > 26, Bertrand’s
postulate applied to | N/2] gives a prime in (N /2, N), while
Nagura’s theorem applied to N and 3N /2 gives primes in
(N,6N/5) and (3N /2,9N/5), respectively; the latter lies be-
low 2N — 3 for N > 15 [16]. The remaining finite cases
10 < N < 25 are verified directly.

References

[1] G. H. Hardy and E. M. Wright, An Introduction to
the Theory of Numbers, 6th ed. Oxford University
Press, Oxford, 2008. https://doi.org/10.1093/0s0/
9780199219858.001.0001

H. L. Montgomery and R. C. Vaughan, “The excep-
tional set of Goldbach’s problem,” Acta Arithmetica,
vol. 27, pp. 353-370, 1975. https://doi.org/10.
4064/aa-27-1-353-370

[3] T.Oliveira e Silva, S. Herzog, and S. Pardi, “Empirical ver-
ification of the even Goldbach conjecture and computation
of prime gaps up to 4- 10'8,” Mathematics of Computation,
vol. 83, no. 288, pp. 2033-2060, 2014. https://doi.

org/10.1090/S0025-5718-2013-02787-1

[4] G. Bhowmik and L. Grimmelt, “The excep-
tional set of the Goldbach problem,” Analysis
Mathematica, 2026. https://doi.org/10.1007/

s10476-026-00191-z

[5] Y. Tsuda, “Small gaps between primes that satisfy
the Goldbach equation,” Monatshefte fiir Mathematik,
vol. 206, pp. 217-258, 2025. https://doi.org/10.

1007/s00605-024-02032-3

I. Papadakis, “On the Binary Goldbach Conjecture:
Analysis and Alternate Formulations Using Projection,
Optimization, Hybrid Factorization, Prime Symmetry and
Analytic Approximation,” Mathematics and Computer
Science, vol. 9, no. 5, pp. 96—113, 2024. https://doi.
org/10.11648/j.mcs.20240905.12

[6]

[7] 1. Papadakis, “Structural Failure Mode Analysis of
the Binary Goldbach Conjecture,” Mathematics and
Computer Science, vol. 11, no. 2, pp. 17-32, 2026.

https://doi.org/10.11648/j.mcs.20261102.11

OEIS Foundation Inc., “A020483: Least prime p such
that p + 2n is also prime,” The On-Line Encyclopedia of
Integer Sequences. https://oeis.org/A020483


https://doi.org/10.1093/oso/9780199219858.001.0001
https://doi.org/10.1093/oso/9780199219858.001.0001
https://doi.org/10.4064/aa-27-1-353-370
https://doi.org/10.4064/aa-27-1-353-370
https://doi.org/10.1090/S0025-5718-2013-02787-1
https://doi.org/10.1090/S0025-5718-2013-02787-1
https://doi.org/10.1007/s10476-026-00191-z
https://doi.org/10.1007/s10476-026-00191-z
https://doi.org/10.1007/s00605-024-02032-3
https://doi.org/10.1007/s00605-024-02032-3
https://doi.org/10.11648/j.mcs.20240905.12
https://doi.org/10.11648/j.mcs.20240905.12
https://doi.org/10.11648/j.mcs.20261102.11
https://oeis.org/A020483

Mathematics and Computer Science

https://doi.org/10.11648/j.mcs.20261106.11

[9]

[10]

[11]

[12]

OEIS Foundation Inc., “A047160: For n > 2, smallest
m > 0 such that n — m and n + m are both primes, or —1
if no such m exists,” The On-Line Encyclopedia of Integer
Sequences https://oeis.org/A047160

J. Pintz, “On the difference of primes,” arXiv:1206.0149
[math.NT], 2012. https://doi.org/10.48550/
arXiv.1206.0149

A. F. Lavrik, “On the theory of the distribution of sets of
primes with given differences between them,” Doklady
Akademii Nauk SSSR, vol. 138, no. 6, pp. 1287-1290,
1961. https://www.mathnet.ru/eng/dan25166

H. L. Montgomery and R. C. Vaughan, Multiplicative
Number Theory II: Primes and Sieves, Cambridge Studies
in Advanced Mathematics, vol. 218, Cambridge University
Press, Cambridge, 2026. https://doi.org/10.1017/
9781009445030

136

[13]

[14]

[15]

[16]

G. Coppola and M. B. S. Laporta, “On the representa-
tion of even integers as sum of two almost equal primes,”
Rendiconti del Seminario Matematico dell’ Universita e
Politecnico di Torino, vol. 53, no. 3, pp. 245-252, 1995.
https://hdl.handle.net/11588/492654

I. Papadakis, “On the Discrete and Continuous Harmonic
Encoding of Primes,” Mathematics and Computer Science,
vol. 11, no. 3, pp. 45-56, 2026. https://doi.org/10.
11648/j.mcs.20261103.11

R. C. Baker, G. Harman, and J. Pintz, “The Difference
Between Consecutive Primes, II,” Proceedings of the
London Mathematical Society, vol. 83, no. 3, pp. 532-562,
2001. https://doi.org/10.1112/plms/83.3.532

J. Nagura, “On the Interval Containing At Least One Prime
Number,” Proceedings of the Japan Academy, vol. 28,
no. 4, pp. 177-181, 1952. https://doi.org/10.3792/
pja/1195570997


https://oeis.org/A047160
https://doi.org/10.48550/arXiv.1206.0149
https://doi.org/10.48550/arXiv.1206.0149
https://www.mathnet.ru/eng/dan25166
https://doi.org/10.1017/9781009445030
https://doi.org/10.1017/9781009445030
https://hdl.handle.net/11588/492654
https://doi.org/10.11648/j.mcs.20261103.11
https://doi.org/10.11648/j.mcs.20261103.11
https://doi.org/10.1112/plms/83.3.532
https://doi.org/10.3792/pja/1195570997
https://doi.org/10.3792/pja/1195570997

