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Abstract: This work investigates the emergence of Non-classical Features in a pump-free hybrid atom-optomechanical
system, addressing key limitations of conventional platforms that rely on strong coherent driving and are highly vulnerable to
thermal decoherence. We propose a novel architecture in which a squeezed vacuum reservoir acts as a pre-correlated quantum
environment, enabling the deterministic generation and stabilization of nonclassical correlations without the need for an
external laser pump. By exploiting reservoir-engineered interactions, the system supports robust quadrature squeezing and
multipartite entanglement across a wide range of operational parameters. Our analysis demonstrates that the hybrid system
achieves significant squeezing levels approaching 90%, while simultaneously satisfying the DGCZ inseparability criterion,
confirming the presence of strong continuous-variable entanglement. Importantly, these nonclassical signatures remain resilient
under extreme thermal conditions, withstanding thermal occupancies as high as (nth = 1500), which substantially exceeds the
tolerance of traditional laser-driven optomechanical systems. The underlying mechanism is attributed to passive correlation
injection from the engineered reservoir, which effectively suppresses thermal noise and enhances quantum coherence even in
weak-coupling and low-power regimes. This eliminates the need for active pumping, thereby reducing energy consumption and
experimental complexity. Furthermore, the hybrid atom-optomechanical configuration introduces additional tunability through
atomic gain and population inversion, thereby allowing flexible control over system dynamics and correlation properties.
Overall, the proposed scheme establishes a scalable and energy-efficient pathway toward realizing robust quantum correlations
in realistic noisy environments. It opens new prospects for cryogen-free quantum technologies, including quantum-enhanced
sensing, precision metrology, and long-distance entanglement distribution.

Keywords: Population Inversion, Continuous-variable Entanglement (DGCZ Criterion), Nonclassical Light Generation,
Reservoir Squeezing, Optomechanical Cooperativity

1. Introduction

Quantum fluctuations, arising from operator non-
commutativity and the intrinsic structure of vacuum fields,
constitute a foundational pillar of quantum mechanics.
Within cavity optomechanics, such fluctuations manifest as
radiation-pressure noise and quantum backaction, phenomena
that can be harnessed to realize cooling and entanglement.
Hybrid quantum platforms further refine control over these
fluctuations[1, 2], particularly in multimode architectures
where enhanced mode coupling enables richer dynamical
behavior [2–4]. Notably, pump-free protocols employing

squeezed vacuum reservoirs have emerged as powerful
mechanisms for stabilizing stationary entanglement while
circumventing classical noise sources [5, 9]. The generation
of robust light-matter entanglement remains indispensable for
scalable quantum technologies. In this context, engineered
dissipation-through squeezed reservoirs and non-Hermitian
dynamics-provides an effective strategy for mitigating
decoherence and preserving quantum correlations. [7, 10, 24]

Here, a cascade-type (Ξ-type) atom embedded in a
bimodal cavity and coupled to a correlated squeezed bath
establishes a versatile platform for multipartite entanglement
generation. By tailoring vacuum fluctuations, cavity losses
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can be compensated, thereby sustaining squeezing even
within strongly dissipative regimes [11]–[27]. Whereas
the good-cavity limit (2g ≫ κ, γ) promotes coherent
energy exchange, the bad-cavity regime (κ ≫ γ) facilitates
efficient noise suppression. Correlated reservoirs provide
a conceptual and operational bridge between these regimes,
reinforcing coherence even under substantial damping. When
integrated with hybrid CQED and giant-atom architectures,
this framework offers a viable pathway toward resilient
quantum networks operating in inherently lossy environments
[28]–[25]. The hybrid optomechanical system consists of a
cascade (Ξ-type) three-level atom interacting simultaneously
with bimodal cavity fields, mechanical oscillators, and both
squeezed vacuum and thermal reservoirs, treated under the
rotating-wave and Born-Markov approximations. These
interactions collectively describe atom-reservoir, atom-cavity,
cavity-reservoir, cavity-mechanical, and mechanical-thermal

bath couplings, thereby forming a unified framework for
analyzing dissipative quantum dynamics and multipartite
correlations. In the interaction picture, the total Hamiltonian
can be decomposed into free and interaction parts as

Ĥtotal = Ĥ0 + Ĥint. (1)

The free Hamiltonian describing the uncoupled cavity
modes, mechanical oscillators, and atomic energy levels is
given by

Ĥ0 = ℏ
2∑

i=1

ωci â
†
i âi + ℏ

2∑
i=1

ωmi b̂
†
i b̂i +

3∑
i=1

Ei σ̂ii. (2)

The total interaction Hamiltonian incorporating atom-
cavity, optomechanical, mechanical-thermal bath, atom-
reservoir, and cavity-reservoir couplings is expressed as

Ĥint = iℏ
2∑

i=1
j=i+1

gai

(
âiσ̂ji − â†i σ̂ij

)
− ℏ

2∑
i=1

g0i â
†
i âi

(
b̂i + b̂†i

)
+

2∑
j=1

∑
k

ℏgk,j
(
b̂j ĉ

†
k,j + b̂†j ĉk,j

)

+ iℏ
2∑

i=1
j=i+1

λij

(
σ̂jiĉi,in − σ̂ij ĉ

†
i,in

)
+ iℏ

2∑
i=1

λcr

(
â†i ĉi,in − âiĉ

†
i,in

)
. (3)

Figure 1. Schematic representation of Cascade Ξ-type three-level atom interaction with optomechanical cavity coupled to two-mode squeezed vacuum reservoir in bad cavity.

2. Master Equation
To simplify the dynamics of the hybrid system, we perform

an adiabatic elimination of the atomic degrees of freedom.
This approach is rigorously justified under the bad-cavity limit
κ ≫ γ, which establishes the necessary time-scale separation
to slave the fast atomic variables to the slower cavity and
mechanical modes. Our derivation maintains perturbative

consistency by retaining terms to the second order in the
coupling strength. Furthermore, the final effective Master
Equation is presented in the Lindblad form, thereby preserving
the complete positivity of the dynamics and ensuring that
all particle populations remain positive-definite. The master
equation of the system taking into account for quantum
optomechanical system where three level atom interact with
vacuum reservoir as:



Optics 2026; 14(1): 1-21 3

dρ̂

dt
= g

(
σ̂12â1ρ̂− â†1σ̂21ρ̂+ σ̂23â2ρ̂− â†2σ̂32ρ̂− ρ̂σ̂12â1 + ρ̂â†1σ̂21 − ρ̂σ̂23â2 + ρ̂â†2σ̂32

)
+ iX1

(
â†1â1ρ̂− ρ̂â†1â1

)
+ iX2

(
â†2â2ρ̂− ρ̂â†2â2

)
+

1

2
κ(N + 1)

(
2â1ρâ

†
1 − â†1â1ρ− ρâ†1â1

)
+

1

2
κN

(
2â†1ρâ1 − â1â

†
1ρ− ρâ1â

†
1

)
+

1

2
κ(N + 1)

(
2â2ρâ

†
2 − â†2â2ρ− ρâ†2â2

)
+

1

2
κN

(
2â†2ρâ2 − â2â

†
2ρ− ρâ2â

†
2

)
− κMa

(
â†1ρ̂â

†
2 + â†2ρ̂â

†
1 − â†1â

†
2ρ̂− ρ̂â†1â

†
2 + â1ρ̂â2 + â2ρ̂â1 − â1â2ρ̂− ρ̂â1â2

)
+

1

2
γ (2σ̂21ρ̂σ̂12 − σ̂11ρ̂− ρ̂σ̂11 + 2σ̂32ρ̂σ̂23 − σ̂22ρ̂− ρ̂σ̂22)

+
1

2
γm1(nth,1 + 1)

(
2b̂1ρ̂b̂

†
1 − b̂†1b̂1ρ̂− ρ̂b̂†1b̂1

)
+

1

2
γm1nth,1

(
2b̂†1ρ̂b̂1 − b̂1b̂

†
1ρ̂− ρ̂b̂1b̂

†
1

)
+

1

2
γm2(nth,2 + 1)

(
2b̂2ρ̂b̂

†
2 − b̂†2b̂2ρ̂− ρ̂b̂†2b̂2

)
+

1

2
γm2nth,2

(
2b̂†2ρ̂b̂2 − b̂2b̂

†
2ρ̂− ρ̂b̂2b̂

†
2

)
. (4)

2.1. The Heisenberg Equation of Motion

In quantum mechanics, operators carry the time dependence
in the Heisenberg picture for the cavity and mechanical modes
of opto-mechanical system coupled to a three-level atom in
cascade configuration, for any operator Ô, the Heisenberg
Equation of Motion is:

dÔk

dt
=

i

ℏ
[Ĥint, Ôk]−

γk
2
Ôk (5)

The Heisenberg Equation of three level atomic mode
interaction with two mode cavity light is:

dâ1
dt

= −g

ℏ
σ21 −

κ

2
â1,

dâ2
dt

= −g

ℏ
σ32 −

κ

2
â2. (6)

In the bad-cavity limit (κ ≫ g), we can adiabatically
eliminate the cavity modes, leading to the steady-state
relationship between the field and atomic operators.

â1 = −2g

κ
σ̂21, â2 = −2g

κ
σ̂32, â†1â1 =

4g2

κ2
σ̂11

â1â
†
1 =

4g2

κ2
σ̂22, â†2â2 =

4g2

κ2
σ̂22, â2â

†
2 =

4g2

κ2
σ̂33. (7)

Rising, lowering and population of atomic operators
determined from Eq. (7) and their complex conjugate as:

σ̂21 = − κ

2g
â1, σ̂32 = − κ

2g
â2, σ̂11 =

κ2

4g2
â†1â1

σ̂13 =
κ2

4g2
â†1â

†
2, σ̂33 =

κ2

4g2
â2â

†
2, σ̂22 =

κ2

4g2
â†2â2. (8)

The Heisenberg Equation for the two modes mechanical
operator interaction with cavity mode is:

db̂i
dt

= ig0i â
†
i âi −

γm
2

b̂i, (9)

where as the mechanical mode evolves under the radiation
pressure force proportional to the cavity photon number, and

decays at rate γm, the steady-state solution of the mechanical
annihilation operator:

b̂j =
2ig0j
γm

â†j âj . (10)

The above solution is an operator relation, not an observable
thus mechanical annihilation operator b̂j is fundamentally non-
Hermitian.Then the phonon number of mechanical mode with
aid of Eq. (10) given as:

b̂†j b̂j = b̂j b̂
†
j =

4g20j
γ2
m

(
â†2j â2j + 2â†j âj

)
. (11)

For Xi = g0i(b̂i + b̂†i ) but b̂i =
2ig0i
γm

â†i âi =
2ig0i
γm

n̂i and

b̂†i = − 2ig0i
γm

(n̂i + 1) therefore:

Xi = −2ig20i
γm

. (12)

The single-photon optomechanical cooperativity is defined
as

C0i =
4g20i
κγm

, (13)

where g0i denotes the single-photon optomechanical coupling
strength, κ is the cavity decay rate, and γm is the mechanical
damping rate. This dimensionless parameter quantifies the
competition between coherent optomechanical interaction and
dissipative processes and determines access to the single-
photon strong-coupling regime [27]. In most current cavity
optomechanical experiments, however, the single-photon
coupling remains weak C0 ≪ 1, and strong interaction effects
are typically achieved via intracavity field enhancement in the
linearized regime [27, 29, 30].
With the aid of Eq. (113), Eq. (12) re-written as:

Xi = − iκ

2
C0i . (14)
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Master equation of the system given by Eq. (4) in the terms
cavity mode using the Eq. (10), Eq. (11), Eq. (113), Eq. (14)

given as

dρ̂

dt
=

1

2

(
κ(N + 1) +

γκ

2γc

)(
[â1, ρâ

†
1] + [â1ρ, â

†
1]
)
+

1

2

(
κN +Gρ

(0)
11

)(
[â†1, ρâ1] + [â†1ρ, â1]

)
+

1

2

(
κ(N + 1) +

γκ

2γc
+Gρ

(0)
33

)(
[â2, ρâ

†
2] + [â2ρ, â

†
2]
)
+

κN

2

(
[â†2, ρâ2] + [â†2ρ, â2]

)
−
(Gρ

(0)
13

2
+ κMa

)(
[â†1, ρâ

†
2] + [â†1ρ, â

†
2]
)
−
(Gρ

(0)
31

2
+ κMa

)(
[â2, ρâ1] + [â2ρ, â1]

)
− κMa

(
[â†2, ρâ

†
1] + [â1, ρâ2]

)
+ iX1[â

†
1â1, ρ̂] + iX2[â

†
2â2, ρ̂]

+ C01κ(nth,1 + 1)
([

â†1â1, ρ̂â1â
†
1

]
+
[
â†1â1ρ̂, â1â

†
1

])
+ C01κnth,1

([
â1â

†
1, ρ̂â

†
1â1
]
+
[
â1â

†
1ρ̂, â

†
1â1
])

+ C02κ(nth,2 + 1)
([

â†2â2̂, ρâ2â
†
2

]
+
[
â†2â2ρ̂, â2â

†
2

])
+ C02κnth,2

([
â2â

†
2, ρ̂â

†
2â2
]
+
[
â2â

†
2ρ̂, â

†
2â2
])

. (15)

Let define terms as:

µ1 = 1
2

(
κ(N + 1) +

γκ

2γc

)
, µ3 = 1

2

(
κN +Gρ

(0)
11

)
, µ2 = 1

2

(
κ(N + 1) +

γκ

2γc
+Gρ

(0)
33

)
, µ4 = κN

2

ν1 = κMa, ν2 =
Gρ

(0)
13

2
+ κMa =

Gρ
(0)
13

2
+ ν1, ν3 =

Gρ
(0)
31

2
+ κMa =

Gρ
(0)
31

2
+ ν1

N1 =
C01

κ

2 − µ1, N2 =
C01

κ

2 + µ1, ν4 = κC01 , ν5 = κC02

T1 = C01κ(nth,1 + 1), T2 = C01κnth,1, T3 = C02κ(nth,2 + 1), T4 = C02κnth,2. (16)

Master equation of the system given by Eq (15) using the definition of Eq ():

dρ̂

dt
= µ1

(
[â1, ρâ

†
1] + [â1ρ, â

†
1]
)
+ µ3

(
[â†1, ρâ1] + [â†1ρ, â1]

)
+ µ2

(
[â2, ρâ

†
2] + [â2ρ, â

†
2]
)

+ µ4

(
[â†2, ρâ2] + [â†2ρ, â2]

)
− ν2

(
[â†1, ρâ

†
2] + [â†1ρ, â

†
2]
)
− ν3

(
[â2, ρâ1] + [â2ρ, â1]

)
+ T1

(
[â†1â1, ρâ1â

†
1] + [â†1â1ρ, â1â

†
1]
)
+ T2

(
[â1â

†
1, ρâ

†
1â1] + [â1â

†
1ρ, â

†
1â1]

)
+ T3

(
[â†2â2, ρâ2â

†
2] + [â†2â2ρ, â2â

†
2]
)
+ T4

(
[â2â

†
2, ρâ

†
2â2] + [â2â

†
2ρ, â

†
2â2]

)
− ν1

(
[â†2, ρâ

†
1] + [â1, ρâ2]

)
+

ν4
2

(
[â†1â1, ρ]

)
+

ν5
2

(
[â†2â2, ρ]

)
(17)

2.2. Expectation Values of Cavity Mode Variables

Applying the relation d⟨Â⟩
dt = Tr

(
dρ̂
dt Â

)
along with Eq. (17) and the cyclic property of the trace operation, we can write

d

dt
⟨Â⟩ = µ1 Tr

(
[â1, ρâ

†
1]Â+ [â1ρ, â

†
1]Â
)
+ µ3 Tr

(
[â†1, ρâ1]Â+ [â†1ρ, â1]Â

)
+ µ2 Tr

(
[â2, ρâ

†
2]Â+ [â2ρ, â

†
2]Â
)
+ µ4 Tr

(
[â†2, ρâ2]Â+ [â†2ρ, â2]Â

)
− ν2 Tr

(
[â†1, ρâ

†
2]Â+ [â†1ρ, â

†
2]Â
)
− ν3 Tr

(
[â2, ρâ1]Â+ [â2ρ, â1]Â

)
− ν1 Tr

(
[â†2, ρâ

†
1]Â+ [â1, ρâ2]Â

)
+ iX1 Tr

(
[â†1â1, ρ]Â

)
+ iX2 Tr

(
[â†2â2, ρ]Â

)
+ T1 Tr

(
[â†1â1, ρâ1â

†
1]Â+ [â†1â1ρ, â1â

†
1]Â
)
+ T2 Tr

(
[â1â

†
1, ρâ

†
1â1]Â+ [â1â

†
1ρ, â

†
1â1]Â

)
+ T3 Tr

(
[â†2â2, ρâ2â

†
2]Â+ [â†2â2ρ, â2â

†
2]Â
)
+ T4 Tr

(
[â2â

†
2, ρâ

†
2â2]Â+ [â2â

†
2ρ, â

†
2â2]Â

)
(18)
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With aid of Eq. (18), second moments of bosonic field
operators, let find equations of motion at steady state, all time
derivatives vanish:

0 = (µa + iX1 − νa)⟨â1⟩ − ν2⟨â†2⟩

0 = (µb + iX2 − νb)⟨â2⟩+ (ν2 − ν1)⟨â†1⟩ (19)

Eq. (19) shows that:

⟨â1⟩ = â†2⟩ = ⟨â2⟩ = ⟨â†1⟩ = 0 (20)

⟨â21⟩ =
ν2
D1

⟨a†2a1⟩

⟨â†22 ⟩ = − ν3
D∗

2

⟨â†2â1⟩ (21)

⟨â22⟩ =
−ν2⟨a2a†1⟩+ ν1⟨a†1a2⟩

D2

⟨â†21 ⟩ = ν3⟨â†1â2⟩ − ν1⟨â2â†1⟩
D∗

1

(22)

Eq. (21), Eq. (22) shows that:

⟨â†21 ⟩ = ⟨â22⟩ = ⟨â†22 ⟩ = ⟨â21⟩ = 0 (23)

With possible substitution Eq. (21), Eq. (22)becomes

⟨â†2â1⟩ =
µ34D1D

∗
2

D∗
3D1D∗

2 − ν2ν3(D1 −D∗
2)
⟨â1â†2⟩

⟨â2â†1⟩ =
D∗

1D2D3 + ν12−ν3D2 − ν13−ν1D
∗
1

µ34D∗
1D2 + ν12−ν1D2 − ν13−ν2D

∗
1

⟨â†1â2⟩ (24)

⟨â†1â1⟩ =
−2µ3 + ν2⟨â†2â

†
1⟩ − ν13−⟨â1â2⟩

2µa
(25)

⟨â†2â2⟩ =
−2µ4 + ν12−⟨â

†
2â

†
1⟩ − ν3⟨â1â2⟩

2µb
(26)

⟨â†1â
†
2⟩ = ⟨â†2â

†
1⟩ = −

ν3⟨â†1â1⟩+ ν13−⟨â
†
2â2⟩+ ν13+

D∗
+

(27)

⟨a1a2⟩ = ⟨a2a1⟩ =
ν12−⟨a

†
1a1⟩+ ν2(⟨a†2a2⟩ − 1)

D+
. (28)

Substituting Eq. (25), in to Eq. (27) and Eq. (26), in to
Eq. (28)

⟨â†1â1⟩ =
−ν2ν13−(D+ +D∗

+)⟨â
†
2â2⟩ − ν2ν13+D+ + ν2ν13−D

∗
+ − 2µ3D+D

∗
+

2µaD+D∗
+ + ν2ν3D+ + ν13−ν12−D

∗
+

(29)

⟨â†2â2⟩ =
−2µ4D

∗
+D+ − ν12−ν13+D+ − ν3ν2D

∗
+ − (ν12−ν3D+ + ν3ν12−D

∗
+)⟨â

†
1â1⟩

2µbD∗
+D+ + ν12−ν13−D+ + ν3ν2D∗

+

. (30)

Substituting Eq. (29), in to Eq. (30)

⟨â†2â2⟩ =
−4µ4µa|D+|4 +

(
2µaA3 − 2µ4A1

)
|D+|2 + 4ν3ν13−µ3|D+|2 ReD+ +A3A1 − 2ν3ν13−A2 ReD+

4µaµb|D+|4 + 2
(
µbA1 + µaA∗

1

)
|D+|2 +A∗

1A1 − 4ν23ν
2
13−

(ReD+)2
. (31)

Substituting Eq. (30), in to Eq. (29)

⟨â†1â1⟩ =
−4µ3µb|D+|4 +

(
2µbA2 − 2µ3A

∗
1

)
|D+|2 + 4ν3ν13−µ4|D+|2 ReD+ +A2A

∗
1 − 2ν3ν13−A4 ReD+

4µaµb|D+|4 + 2
(
µaA∗

1 + µbA1

)
|D+|2 +A1A∗

1 − 4ν23ν
2
13−

(ReD+)2
. (32)

Substituting Eq. (31) and Eq. (32) in to Eq. (28)

⟨a1a2⟩ =
−4(ν13−µ3µb + ν3µ4µa + ν3µaµb)|D+|4 + ν13−A2A

∗
1 + ν3A3A1 − ν3|A1|2

D+

(
4µaµb|D+|4 + (2µaA∗

1 + 2µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2
)

+
|D+|2

[
2ν13−µbA2 − 2ν13−µ3A

∗
1 + 2ν3µaA3 − 2ν3µ4A1 − 2ν3µaA

∗
1 − 2ν3µbA1

]
D+

(
4µaµb|D+|4 + (2µaA∗

1 + 2µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2
)

+
4ν13−ν3(ν13−µ4 + ν3µ3)|D+|2 ReD+ − 2ν13−ν3(ν13−A4 + ν3A2)ReD+ + 4ν33ν

2
13−(ReD+)

2

D+

(
4µaµb|D+|4 + (2µaA∗

1 + 2µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2
) . (33)
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Substituting Eq. (31) and Eq. (32) in to Eq. (27)

⟨â†1â
†
2⟩ =

4|D+|4
(
ν3µ3µb + ν13−µaµ4 − ν13+µaµb

)
+ 4ν23ν

2
13−ν13+(ReD+)

2

D∗
+

(
4µaµb|D+|4 + 2|D+|2(µaA∗

1 + µbA1) + |A1|2 − 4ν23ν
2
13−

(ReD+)2
)

−
2|D+|2

(
ν3µbA2 − ν3µ3A

∗
1 + ν13−µaA3 − ν13−µ4A1 + ν13+µaA

∗
1 + ν13+µbA1

)
D∗

+

(
4µaµb|D+|4 + 2|D+|2(µaA∗

1 + µbA1) + |A1|2 − 4ν23ν
2
13−

(ReD+)2
)

−
ν3A2A

∗
1 + ν13−A3A1 + ν13+ |A1|2 + 2ν23ν13−(A4 +A2)ReD+

D∗
+

(
4µaµb|D+|4 + 2|D+|2(µaA∗

1 + µbA1) + |A1|2 − 4ν23ν
2
13−

(ReD+)2
)

−
4|D+|2ν3ν13−(µ4 + µ3)ReD+

D∗
+

(
4µaµb|D+|4 + 2|D+|2(µaA∗

1 + µbA1) + |A1|2 − 4ν23ν
2
13−

(ReD+)2
) (34)

The anomalous correlations ⟨âiâj⟩ and ⟨â†i â
†
j⟩ are

nonclassical, as they do not occur in classical light fields,
coherent states, or thermal states. In this system, they arise
from a nondegenerate three-level cascade laser, where an
atom prepared in a coherent superposition C1|1⟩ + C3|3⟩
undergoes cascade transitions |1⟩ → |2⟩ → |3⟩, emitting
correlated photons into two distinct modes and generating
atomic coherence ρ

(0)
13 , which imprints two-photon coherence

onto the field, yielding nonzero ⟨â1â2⟩. From Eq. (24)
although the corresponding coefficients are nonzero, the
normal correlations vanish, such that

⟨â†i âj⟩ = ⟨âj â†i ⟩ = 0. (35)

Where the vanishing of all ⟨â†i âj⟩, i ̸= j indicates
zero first-order coherence between modes, caused by either
lack of direct coupling, independent reservoirs, or system
symmetry. Practically, this allows independent operation
of cavity modes, which is useful in multi-channel quantum
information processing, parallel quantum communication, and
noise-resilient optomechanical setups [27, 28, 32, 33].
Each individual mode has no intrinsic single-mode squeezing
or phase-sensitive coherence, there is no hidden squeezing
noise.

But there is still:

⟨âiâj⟩ ̸= 0 (36)

Thus there is two-mode squeezing or entanglement which is
crucial in optomechanics.

3. Quantum Fluctuation Analysis

Quadrature fluctuations of single-mode light refer to the
quantum uncertainties in the quadrature operators of a
single mode of the electromagnetic field,and they are also
critical in multi-mode systems for entanglement studies. For
single-mode light, understanding fluctuations sets the stage
for analyzing correlations in multi-mode systems, since it
provide the baseline against which multi-mode correlations are

compared to detect entanglement. Let define the operators as:

âj± =
√
±1(â†j ± âj) (37)

For the + case
√
+1 = 1 and − case

√
−1 = i then:

âj+ = â†j + âj , âj− = i(â†j − âj) (38)

Compute ⟨âj±âj±⟩ to determine quadrature variance:

∆a2j± = ⟨âj±âj±⟩ = ⟨â2j±⟩ (39)

which requires the expectation value of the squared operators.

â2j+ = (â†j + âj)(â
†
j + âj) = â†j â

†
j + â†j âj + âj â

†
j + âj âj

(40)

Use the commutation relation âj â
†
j = â†j âj + 1:

â2j+ = â†j â
†
j + 2â†j âj + âj âj + 1 (41)

The expectation value is:

⟨â2j+⟩ = ⟨â†j â
†
j⟩+ 2⟨â†j âj⟩+ ⟨âj âj⟩+ 1 (42)

Similarly the expectation value â2j− in normal order is:

⟨â2j−⟩ = −⟨â†j â
†
j⟩+ 2⟨â†j âj⟩ − ⟨âj âj⟩+ 1 (43)

Therefore the quadrature variance of Eq. (39) becomes:

∆a2j± = ⟨a2j±⟩ = 1± ⟨â†j â
†
j⟩+ 2⟨â†j âj⟩ ± ⟨âj âj⟩ (44)

∆a2j± = 1 + 2⟨â†j âj⟩ (45)

Since ⟨â†j â
†
j⟩ = ⟨âj âj⟩ = 0, then for j = 1, 2

∆a21± = 1 + 2⟨â†1â1⟩

∆a22± = 1 + 2⟨â†2â2⟩ (46)
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Single-mode correlations vanish:

⟨âj âj⟩ = 0 (47)

Cross-mode correlations survive:

⟨â1â2⟩ ̸= 0 (48)

Hence, no single-mode squeezing, but two-mode squeezing
can exist.

3.1. Quantum Squeezing of Two-Mode Light

Quadrature squeezing constitutes a distinctly quantum
optical phenomenon in which the uncertainty of one Hermitian
field quadrature constructed from the photon annihilation
and creation operators is reduced below the standard
quantum limit at the expense of enhanced fluctuations in its
conjugate variable, consistent with the Heisenberg uncertainty
principle and unattainable within classical electromagnetism.
This nonclassical redistribution of noise, fundamental
to precision enhanced quantum metrology and emerging
photonic technologies, is characterized in a two-mode field
through the quadrature operators defined as

ĉ± =
√
±1(ĉ† ± ĉ) (49)

where

ĉ = â1 + â2 (50)

with â1 and â2 as annihilation operators for the two modes,
are characterized by the variances of two Hermitian quadrature
operators.

ĉ+ = â1 + â†1 + â2 + â†2, ĉ− = i(â†1 − â1 + â†2 − â2)
(51)

Then compute ĉ2+ by expanding the square:

ĉ2+ =

2∑
i=1

2∑
j=1

(
âiâj + â†i â

†
j

)
+
∑
i̸=j

(
âiâ

†
j + â†i âj

)

+ 2

2∑
i=1

â†i âi + 2 (52)

Use the commutators only where necessary:

âiâ
†
i = â†i âi + [âi, â

†
i ] = â†i âi + 1 (i = 1, 2), (53)

Let take expectation values in the normal-ordered form
becomes:

⟨ĉ2+⟩ =
2∑

i=1

2∑
j=1

(
⟨âiâj⟩+ ⟨â†i â

†
j⟩
)
+
∑
i̸=j

(
⟨âiâ†j⟩+ ⟨â†i âj⟩

)

+ 2

2∑
i=1

⟨â†i âi⟩+ 2 (54)

Compute the variance

∆c2+ = ⟨ĉ2+⟩ − ⟨ĉ+⟩2 (55)

where ⟨ĉ+⟩2 = 0, and with the aid of Eq. (54) variance of plus
quadrature becomes:

∆c2+ = 2

2∑
i=1

2∑
j=1

⟨âiâj⟩+ 2

2∑
i=1

2∑
j=1

⟨â†i â
†
j⟩

+ 2
∑
i̸=j

(
⟨âiâ†j⟩+ ⟨â†i âj⟩

)
+ 2

2∑
i=1

⟨â†i âi⟩+ 2 (56)

That of minus quadrature expressed as

ĉ− = i
(
â†1 − â1 + â†2 − â2

)
(57)

ĉ2− = −
2∑

i=1

2∑
j=1

(
âiâj + â†i â

†
j

)
+

2∑
i=1

(
â†i âi + âiâ

†
i

)
− 2

∑
i̸=j

(
â†i âj + âiâ

†
j

)
(58)

Taking the expectation value we have:

⟨ĉ2−⟩ = −2

2∑
i=1

2∑
j=1

⟨âiâj⟩ − 2

2∑
i=1

2∑
j=1

⟨â†i â
†
j⟩

+ 2
∑
i̸=j

(
⟨â†i âj⟩+ ⟨âiâ†j⟩

)
+ 2

2∑
i=1

⟨â†i âi⟩+ 2 (59)

Compute the variance of minus quadrature

∆c2− = ⟨ĉ2−⟩ − ⟨ĉ−⟩2 (60)

Mean of ĉ− = 0 and substituting Eq. (59) in to Eq. (60)
variance takes the form of:

∆c2− = 2 + 2

[
⟨â†1â1⟩+ ⟨â†2â2⟩+ ⟨â†1â2⟩+ ⟨â1â†2⟩

]

− 2

[(
⟨â21⟩+ ⟨â22⟩+ ⟨â†1â

†
2⟩+ ⟨â1â2⟩

)]
(61)

There fore using Eq. (56)and Eq. (61) we have:

∆c2± = 2± 2⟨â21⟩ ± 2⟨â22⟩+ 2⟨â†1â1⟩

+2⟨â†2â2⟩ ± 2⟨â†1â
†
2⟩+ 2⟨â†1â2⟩+ 2⟨â1â†2⟩ ± 2⟨â1â2⟩ (62)

From Eq. (23) and Eq. (35), Eq. (3.1), reduced to:

∆c2± = 2 + 2
([

⟨â†1â1⟩+ ⟨â†2â2⟩
]
±
[
⟨â†1â

†
2⟩+ ⟨â1â2⟩

])
(63)
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∆c2± = 2− 8(µ4µa + µ3µb)|D+|4

4µaµb|D+|4 + 2(µaA∗
1 + µbA1)|D+|2 + |A1|2 − 4ν23ν

2
13−

(ReD+)2

+
2
(
2(µaA3 + µbA2)− 2(µ4A1 + µ3A

∗
1) + 4ν3ν13−(µ3 + µ4)ReD+

)
|D+|2

4µaµb|D+|4 + 2(µaA∗
1 + µbA1)|D+|2 + |A1|2 − 4ν23ν

2
13−

(ReD+)2

±
8
[
D+

(
ν3µ3µb + ν13−µaµ4 − ν13+µaµb

)
−D∗

+

(
ν13−µ3µb + ν3µ4µa + ν3µaµb

)]
|D+|2

4µaµb|D+|4 + 2(µaA∗
1 + µbA1)|D+|2 + |A1|2 − 4ν23ν

2
13−

(ReD+)2

+
2(A3A1 +A2A

∗
1)− 4ν3ν13−(A2 +A4)ReD+

4µaµb|D+|4 + 2(µaA∗
1 + µbA1)|D+|2 + |A1|2 − 4ν23ν

2
13−

(ReD+)2

∓
4D∗

+

[
ν13−µ3A

∗
1 + ν3µ4A1 + ν3µaA

∗
1 + ν3µbA1

]
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2

±
4D∗

+

[
ν13−µbA2 + ν3µaA3 + 2ν13−ν3(ν13−µ4 + ν3µ3)ReD+

]
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2

∓
4D+

[
ν3µbA2 + ν13−µaA3 + 2ν3ν13−(µ4 + µ3)ReD+

]
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2

±
4D+

[
ν3µ3A

∗
1 + ν13−µ4A1 − ν13+µaA

∗
1 − ν13+µbA1

]
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2

±
2
(
ν13−A2A

∗
1 + ν3A3A1 − ν3|A1|2 − 2ν13−ν3(ν13−A4 + ν3A2)ReD+ + 4ν33ν

2
13−(ReD+)

2
)

D+

(
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2
)

∓
2
(
ν3A2A

∗
1 + ν13−A3A1 + ν13+ |A1|2 + 2ν23ν13−(A4 +A2)ReD+ − 4ν23ν

2
13−ν13+(ReD+)

2
)

D∗
+

(
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2
) (64)

Figure 2. Plots of ∆c± [Eq (64)] versus η for κ = 0.8 r = 0.5, γc = 0.01,C01 = C03 = 10−3, nth1
= nth2

= 103, γ = 0.1; and G = 1.
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Figure 3. Plots of ∆c± [Eq (64)] versus η for κ = 0.8 r = 0.5, γc = 0.01,C01 = C03 = 10−3, nth1
= nth2

= 103, γ = 0.1; and G = 4.5.

Figure 4. Plots of ∆c± [Eq (64)] versus η for κ = 0.8 r = 1.0, γc = 0.01,C01
= C03

= 10−3, nth1
= nth2

= 103, γ = 0.1; and G = 1.

Figure 5. Plots of ∆c± [Eq. (64)] versus η for κ = 0.8, r = 0.25, γc = 0.01, C01 = C03 = 10−3, nth1
= nth2

= 103, γ = 0.1, and G = 1.
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From the Figs. 2–5, the minus quadrature ∆c2− (blue solid
line) represents the squeezed component in all plots and
remains near or below the vacuum threshold of 2, indicating
suppression of quantum noise. The plus quadrature ∆c2+
(red solid line) represents the anti-squeezed component and
remains above 2, absorbing the noise transferred from the
minus quadrature to satisfy quantum mechanical constraints.
The variance product (black dashed line) corresponds to the
uncertainty product ∆c2+ × ∆c2− and remains at or above
the vacuum limit (typically 4 in this scaling), confirming
compliance with the Heisenberg Uncertainty Principle while
redistributing noise.

A comparison of Figure 4(r = 1.0) and Figure 5 (r = 0.25)
shows that higher r significantly enhances squeezing and that
the system maintains squeezing even at nth = 103, which
typically destroys quantum effects in other systems. Unlike
traditional models, squeezing is achieved at low gain (G = 1),
and although increasing the gain to G = 4.5 enhances anti-
squeezing, it does not eliminate squeezing, which persists
even at very weak coupling (C0 = 10−3), thereby facilitating
experimental realization. According to [31], squeezing is
fragile and strongly dependent on population inversion (η),
whereas the present system exhibits only weak dependence
on η, relies on reservoir-induced correlations rather than
heat-sensitive atomic coherence, and does not require large
atomic gain or high power to overcome thermal noise, thereby
enhancing its practical robustness.

The pump-free operation arises because the squeezed
vacuum reservoir functions as a pre-correlated environment,
enabling the atoms and mechanical resonator to inherit
quantum correlations directly from the reservoir without
requiring an external laser pump. Owing to its robustness

at high thermal occupancy (nth = 103) and stability against
variations in η and G, the system offers promising applications
in quantum-enhanced metrology under elevated thermal
conditions, simplified quantum communication networks with
reduced size, weight, and power requirements, and robust
entanglement distribution across noisy fiber-optic or satellite-
to-ground links.

The vacuum state has the lowest possible energy in quantum
optics; its quadrature fluctuations define the quantum ”noise
floor.” To prove a light field is squeezed, one must show that
in some quadrature the variance is below that of this vacuum
benchmark only then is the field nonclassical. Especially
for two modes, joint quadrature combinations (sums or
differences) that beat vacuum variance are tied to entanglement
via criteria like Duan or Simon. Normalizing this reduction
yields a dimensionless squeezing measure for fair comparison
across systems. Suppose ĉ± are Hermitian joint quadrature
operators for a two-mode light field, with vacuum variances
∆c2±,vac. Let the actual (steady-state or at time of interest)
variance be ∆c2±. From Two-mode light in optomechanical
cavity with squeezed vacuum reservoirs [31] the degree of
quadrature squeezing relative to vacuum as

S =
∆c2±,vac −∆c2−

∆c2±,vac

(65)

where ∆c2±,vac = 2 is quadrature variance of a two-mode
vacuum state. If S > 0, there is squeezing; S = 0 means
just vacuum level; S < 0 means noise above vacuum. Then
according to Eq (63), Eq (65) written as:

S = −
[ (

⟨â†1â1⟩+ ⟨â†2â2⟩
)
−
(
⟨â†1â

†
2⟩+ ⟨â1â2⟩

) ]
(66)

S =
4(µ4µa + µ3µb)|D+|4

4µaµb|D+|4 + 2(µaA∗
1 + µbA1)|D+|2 + |A1|2 − 4ν2

3ν
2
13−

(ReD+)2

−
(
2(µaA3 + µbA2)− 2(µ4A1 + µ3A

∗
1) + 4ν3ν13−(µ3 + µ4)ReD+

)
|D+|2

4µaµb|D+|4 + 2(µaA∗
1 + µbA1)|D+|2 + |A1|2 − 4ν2

3ν
2
13−

(ReD+)2

+
4
[
D+

(
ν3µ3µb + ν13−µaµ4 − ν13+µaµb

)
−D∗

+

(
ν13−µ3µb + ν3µ4µa + ν3µaµb

)]
|D+|2

4µaµb|D+|4 + 2(µaA∗
1 + µbA1)|D+|2 + |A1|2 − 4ν2

3ν
2
13−

(ReD+)2

−
(A3A1 +A2A

∗
1)− 2ν3ν13−(A2 +A4)ReD+

4µaµb|D+|4 + 2(µaA∗
1 + µbA1)|D+|2 + |A1|2 − 4ν2

3ν
2
13−

(ReD+)2

−
2D∗

+

[
ν13−µ3A

∗
1 + ν3µ4A1 + ν3µaA

∗
1 + ν3µbA1

]
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν2
3ν

2
13−

(ReD+)2

+
2D∗

+

[
ν13−µbA2 + ν3µaA3 + 2ν13−ν3(ν13−µ4 + ν3µ3)ReD+

]
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν2
3ν

2
13−

(ReD+)2

+
2D+

[
ν3µ3A

∗
1 + ν13−µ4A1 − ν13+µaA

∗
1 − ν13+µbA1

]
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν2
3ν

2
13−

(ReD+)2

−
2D+

[
ν3µbA2 + ν13−µaA3 + 2ν3ν13−(µ4 + µ3)ReD+

]
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν2
3ν

2
13−

(ReD+)2
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+
ν13−A2A

∗
1 + ν3A3A1 − ν3|A1|2 − 2ν13−ν3(ν13−A4 + ν3A2)ReD+ + 4ν3

3ν
2
13−(ReD+)

2

D+

(
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν2
3ν

2
13−

(ReD+)2
)

−
ν3A2A

∗
1 + ν13−A3A1 + ν13+ |A1|2 + 2ν2

3ν13−(A4 +A2)ReD+ − 4ν2
3ν

2
13−ν13+(ReD+)

2

D∗
+

(
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν2
3ν

2
13−

(ReD+)2
) (67)

Figure 6. Plots of S [Eq (67)] versus η for κ = 0.8, r = 1.0, γc = 0.1, C01
= C02

= 10−2, nth1
= nth2

= 102, γ = 0.1; for different values of G.

Figure 6 illustrates the S of a two-mode light system as a
function of the parameter η, which represents an entanglement
or correlation parameter related to the input states, for three
different values of the G. The highest squeezing occurs
at low values of η. At η = 0, the squeezing strength
reaches approximately 65% to 90%, depending on the gain.
Increasing the G significantly enhances the squeezing. This

suggests that the amplification process helps overcome the
high thermal noise (nth = 100) specified in the parameters.
The squeezing is caused by quantum correlations, represented
by the ⟨â1â2⟩ terms in Eq. 66, between the two modes of
light. These correlations are generated through interactions
between photons and mechanical phonons, governed by the
optomechanical cooperativity (C0).

Figure 7. Plots of S [Eq (67)] versus η for κ = 0.8, r = 0.50, γc = γm = 0.1, G = 1, nth1
= nth2

= 103, γ = 0.1; for different values of g01 = g02 = g0.
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Figure 8. Plots of S [Eq (67)] versus η for κ = 0.8, r = 0.50,g01 = g02 = 2e−3, γc = 0.1, G = 1, nth1
= nth2

= 103, γ = 0.1; for different values of γm.

Figure 9. Plots of S [Eq (67)] versus η for κ = 0.8, G = 1, γc = 0.1, C01
= C02

= 10−3, nth1
= nth2

= 103, γ = 0.1; for different values of r.

Figure 9, shows the quadrature squeezing for different
reservoir squeezing parameters. For the blue solid curve
(r = 0.25), corresponding to weak reservoir squeezing, the
squeezing increases with η, reaches a shallow maximum, and
slightly decreases as η → 1, remaining relatively weak overall.
For the red solid curve (r = 0.50), the squeezing is significantly
enhanced across the entire range of η, exhibiting a broad
maximum due to the cooperative effect of atomic coherence
and reservoir squeezing. The green solid curve (r = 0.75)
shows the strongest squeezing, with a substantial reduction of
the quadrature variance for all η. Although a slight degradation
occurs as η → 1, pronounced squeezing persists throughout.
In Figure 6 as G increases from 1.5 to 2.5, the squeezing
S increases significantly, reaching approximately 90% at low
η. While the reservoir provides the seed for correlations,
the gain G acts as an amplifier, enabling the quantum signal
to overcome the substantial thermal noise floor (nth = 102

to 103). Figure 4 (r = 1.0) exhibits deeper squeezing in
the variance ∆c2− than Figure 5 (r = 0.25), and Figure 9

similarly shows S increasing sharply with r, confirming that
the reservoir serves as the primary driving mechanism of the
system. In the absence of a coherent pump, the system relies
entirely on the squeeze parameter r to establish entanglement
between the modes. Figure 7 shows that increasing the
single-photon coupling g0 from 2.0 × 10−3 to 3.0 × 10−3

enhances squeezing, while Figure 8 demonstrates that lower
mechanical decay (γm = 0.1) yields stronger squeezing.
Higher cooperativity (C0) and reduced damping allow the
quantum correlations injected by the reservoir to persist longer
before dissipating into the environment. The most significant
aspect of this research is its broad operational range, as
externally injected reservoir correlations produce squeezing
largely independent of η, thereby enhancing experimental
feasibility without requiring precise operating conditions.
Sustaining squeezing at nth = 1000 without a high-power
pump, it enables robust, low-energy, cryogen-free quantum
technologies.
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3.2. Entanglement Properties of the Two-Mode Cavity

In this section, we would like to investigate the
entanglement properties of the two-mode light. In general a
quantum state of system ρ of two-modes a1 and a2 is said to
be disentangled iff

ρ̂ =
∑
j

Pj ρ̂
(a1)
j ⊗ ρ̂

(a2)
j , (68)

where ρ(a1)
j and ρ

(a2)
j are assumed to be the normalized density

operator of mode a1 and a2, respectively Pj ≥ 0 and
∑

j Pj =
1. Otherwise it is said to be entangled. Entanglement criteria
for continuous variables which are based on the inseparability
of the system density matrix. In this paper we apply one of
these criteria in order to verify the entanglement between the
two modes in the cavity. A quantum state of a system is said
to be entangled if the sum of the variances of the EPR-like
quadrature operators, û and v̂, satisfy the inequality

∆u2 +∆v2 < 2, (69)

where u and v are pair of EPR-type continues variables defined
by

û = x̂1 − x̂2, v̂ = p̂1 + p̂2, (70)

with

x̂1 =
1√
2

(
â†1 + â1

)
, x̂2 =

1√
2

(
â†2 + â2

)
, (71)

p̂1 =
i√
2

(
â†1 − â1

)
, p̂2 =

i√
2

(
â†2 − â2

)
. (72)

The total variance of these two variables reduces to zero
for maximally entangled continuous variable states. We next

proceed to calculate the variance of EPR-type operators. To
this end, using Eqs. (70) - (72), the variance of EPR-type
variables defined by

∆u2 = ⟨û2⟩ − ⟨û⟩2 = ⟨û, û⟩,
∆v2 = ⟨v̂2⟩ − ⟨v̂⟩2 = ⟨v̂, v̂⟩, (73)

Because of ⟨v̂⟩2 = ⟨û⟩2 = 0, by taking Eq. (70)in account
Eqs. (69) yields

∆u2 +∆v2 = ⟨û, û⟩+ ⟨v̂, v̂⟩ (74)

From Eqs. (71) and Eqs. (72)

û = x̂1 − x̂2 =
1√
2

(
â†1 + â1 − â†2 − â2

)
v̂ = p̂1 + p̂2 =

i√
2

(
â†1 − â1 + â†2 − â2

)
(75)

Therefore

û2 + v̂2 = 2(â1 − â†2)(â
†
1 − â2) (76)

With the bosonic commutation relations of Eqs. (76),
expanding in to convenient normally-ordered form is

û2 + v̂2 = 2
(
â†1â1 + â†2â2 − â1â2 − â†1â

†
2

)
+ 2 (77)

Since âiâ
†
i = â†i âi + 1 . Therefore for the variances for

⟨û⟩2 = ⟨v̂⟩2 = 0 becomes

∆u2 +∆v2 =

2 + 2
[
⟨â†1â1⟩+ ⟨â†2â2⟩ − (⟨â1â2⟩+ ⟨â†1â

†
2⟩)
]

(78)

∆u2 +∆v2 = 2− 8(µ4µa + µ3µb)|D+|4

4µaµb|D+|4 + 2(µaA∗
1 + µbA1)|D+|2 + |A1|2 − 4ν23ν

2
13−

(ReD+)2

+
2
(
2(µaA3 + µbA2)− 2(µ4A1 + µ3A

∗
1) + 4ν3ν13−(µ3 + µ4)ReD+

)
|D+|2

4µaµb|D+|4 + 2(µaA∗
1 + µbA1)|D+|2 + |A1|2 − 4ν23ν

2
13−

(ReD+)2

−
8
[
D+

(
ν3µ3µb + ν13−µaµ4 − ν13+µaµb

)
−D∗

+

(
ν13−µ3µb + ν3µ4µa + ν3µaµb

)]
|D+|2

4µaµb|D+|4 + 2(µaA∗
1 + µbA1)|D+|2 + |A1|2 − 4ν23ν

2
13−

(ReD+)2

+
2
(
(A3A1 +A2A

∗
1)− 2ν3ν13−(A2 +A4)ReD+

)
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2

+
4D∗

+

[
ν13−µ3A

∗
1 + ν3µ4A1 + ν3µaA

∗
1 + ν3µbA1

]
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2

−
4D∗

+

[
ν13−µbA2 + ν3µaA3 + 2ν13−ν3(ν13−µ4 + ν3µ3)ReD+

]
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2

−
4D+

[
ν3µ3A

∗
1 + ν13−µ4A1 − ν13+µaA

∗
1 − ν13+µbA1

]
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2
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+
4D+

[
ν3µbA2 + ν13−µaA3 + 2ν3ν13−(µ4 + µ3)ReD+

]
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2

−
2
(
ν13−A2A

∗
1 + ν3A3A1 − ν3|A1|2 − 2ν13−ν3(ν13−A4 + ν3A2)ReD+ + 4ν33ν

2
13−(ReD+)

2
)

D+

(
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2
)

+
2
(
ν3A2A

∗
1 + ν13−A3A1 + ν13+ |A1|2 + 2ν23ν13−(A4 +A2)ReD+ − 4ν23ν

2
13−ν13+(ReD+)

2
)

D∗
+

(
4µaµb|D+|4 + 2(µaA∗

1 + µbA1)|D+|2 + |A1|2 − 4ν23ν
2
13−

(ReD+)2
) (79)

Figure 10. Plots of ∆u2 + ∆v2 [Eq (79)] versus η for κ = 0.8, r = 1.0, γ = 0.1, γc = 0.1,nth1
= nth2

= 1e3, C01 = C02 = 1e−3; and for different values of G.

Figure 10 shows the dependence of the summed variances
of the EPR-like quadrature operators, ∆u2 + ∆v2, on the
parameter η for three values of the gain (or coupling)
parameter G. For G = 1, the variance sum remains close
to unity and below the separability bound of 2, indicating
moderate entanglement. Increasing the gain to G = 1.5

and G = 2 results in progressively lower minima of the
variance sum, reflecting enhanced entanglement. In all cases,
the entanglement criterion ∆u2 + ∆v2 < 2 is satisfied over
the considered range of η. The minimum variance occurs at
an optimal value of η (approximately 0-0.2), and the degree of
entanglement increases monotonically with G.

Figure 11. Plots of ∆u2 + ∆v2 [Eq (79)] versus η for κ = 0.8, G = 0.50, γ = 0.1, γc = 0.1, nth1
= nth2

= 1.55e3, C01 = C02 = 0.5e−3; and for different values
of r.
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The Figure 11 examines the entanglement of a two-mode
quantum system using the DGCZ inseparability criterion,
which identifies entanglement when ∆u2 + ∆v2 < 2.
The Figure 11 shows the dependence of the variance sum
on the population inversion parameter η and the squeezing
parameter r, demonstrating that higher pumping rates and

stronger population inversion enhance entanglement. Notably,
entanglement persists despite significant thermal noise (nth),
facilitated by low linear gain (G) and cooperativity (C0).
These results highlight the relevance of the system for
continuous-variable quantum information applications.

Figure 12. Plots of ∆u2 + ∆v2 [Eq (79)] versus η for κ = 0.8, G = 1, γ = 0.1, r = 0.5 γc = 0.1, C01 = C02 = 0.5e−3; and for different values of nth1
= nth2

.

Figure 12 illustrates the variance sum ∆u2 + ∆v2 as a
function of the population inversion parameter η for varying
thermal phonon occupations (nth = 1000, 1250, 1500). The
findings show that, even at very high thermal occupations
(nth = 1500), the curves remain entirely below the vacuum
threshold (the dashed line at 2), indicating the presence of
robust entanglement. As nth increases, the variance sum
rises (approaching 2), which arises from the increased noise
contribution in the ⟨â†i âi⟩ terms. However, the system’s
ability to remain below 2 at such elevated values constitutes
a significant result. Unlike conventional optomechanical
systems that rely on strong coherent lasers, this setup uses
correlations injected by a squeezed vacuum reservoir to
passively entangle atoms and mechanical modes, robustly
stabilizing quantum correlations and protecting entanglement
against thermal decoherence for practical continuous-variable
quantum information applications. Because the findings
demonstrate entanglement at nth = 1500, the results suggest a

pathway toward quantum technologies capable of operating in
noisy or non-cryogenic environments.

4. Conclusion
This investigation establishes that a hybrid atom-

optomechanical system can achieve robust, steady-state
quantum correlations induced solely by a squeezed vacuum
reservoir, eliminating the requirement for external coherent
driving. By harnessing the reservoir as a pre-correlated
environment, the architecture demonstrates remarkable
resilience to thermal decoherence, preserving multipartite
entanglement and quadrature squeezing even at thermal
phonon occupations as high as nth = 1500. Unlike
traditional models that require precise population inversion
or high-power pumps to overcome noise, this pump-free
approach offers broad operational stability. It also facilitates
experimental realization through its independence from
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stringent gain and coupling constraints. The redistribution
of quantum noise within the Heisenberg uncertainty limits,
facilitated by optomechanical cooperativity, ensures that
the system maintains high-fidelity squeezing across a wide
parameter space. Ultimately, these findings suggest a
transformative pathway for quantum-enhanced metrology,
secure communication, and robust entanglement distribution
in realistic, cryogen-free environments where size, weight, and
power efficiency are paramount.
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Appendix
Thermal Phonon Occupation nth.

nth =
1

eℏωm/kBT − 1
(80)

Linear Gain Coefficient G.

G =
2g2r1
γ2

(81)

Single-Photon Optomechanical Cooperativity C0.

C0i =
4g20i
κγm

(82)

Table 1. Minimum and maximum experimentally reported parameter ranges for NASA-
affiliated hybrid atom–optomechanical systems.

Parameter Minimum Maximum
g0m
2π 0.10 Hz 1.0 MHz

κ
2π 0.1 kHz 10 MHz
ωm
2π 10 Hz 100 MHz

Qm 104 109

nth 102 106

C0 10−3 106

T 10mK 20mK

These values are inferred from lasing thresholds, gain
narrowing, and noise spectra in NASA-funded cavity-QED
experiments [34–36].
Thus mechanical damping:

γm =
ωm

Qm
(83)

Linear gain coefficient:

G =
2g2ra
γ2

(84)

Stimulated emission decay constant:

γc =
4g2

κ
(85)

Initial populations for cascade levels (1 = upper, 2 = middle,
3 = lower):

ρ
(0)
11 =

1− η

2
, ρ

(0)
33 =

1 + η

2
(86)

where η ∈ [−1, 1] is the population inversion parameter and
relating G and γc;

G =
κra
2γ2

γc (87)

This is a direct linear relation between G and γc.
For a three-level cascade system |1⟩ → |2⟩ → |3⟩, only

the population in the upper level contributes to stimulated
emission into the cavity mode and the effective atomic
injection rate:

ra = Rρ
(0)
11 = R

1− η

2
(88)
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where R is the atomic flux through the cavity, substituting into
previous equation

G =
κR

4γ2
(1− η)γc (89)

This expresses linear gain in terms of stimulated emission
decay, cavity losses, atomic inversion, and atomic flux.

Definitions:

µ1 = 1
2

(
κ(N + 1) +

γκ

2γc

)
, µ3 = 1

2

(
κN +Gρ

(0)
11

)
, µ2 = 1

2

(
κ(N + 1) +

γκ

2γc
+Gρ

(0)
33

)
, µ4 = κN

2

ν1 = κMa, ν2 =
Gρ

(0)
13

2
+ κMa =

Gρ
(0)
13

2
+ ν1, ν3 =

Gρ
(0)
31

2
+ κMa =

Gρ
(0)
31

2
+ ν1

N1 =
C01κ

2 − µ1, N2 =
C01κ

2 + µ1, M1 =
C02κ

2 − µ2, M2 =
C02κ

2 + µ2

T1 = C01κ(nth,1 + 1), T2 = C01κnth,1, T3 = C02κ(nth,2 + 1), T4 = C02κnth,2 (90)

Let define additional constants

µa = µ3 − µ1, µb = µ4 − µ2, µa + µb = µ4 + µ3 − µ1 − µ2, X+ = X1 +X2

νa = T1 + T2 = C01κ(2nth,1 + 1), νb = T3 + T4 = C02κ(2nth,2 + 1), X− = X2 −X1

4∑
j=1

Tj = νa + νb, ρ
(0)
11 =

1− η

2
, ρ

(0)
33 =

1 + η

2
, ρ

(0)
33 − ρ

(0)
11 = η, ρ

(0)
11 − ρ

(0)
33 = −η,

ρ
(0)
13 = ρ

(0)
31 =

√
1− η2

2
, ρ

(0)
11 + ρ

(0)
33 = 1, ρ

(0)
13 + ρ

(0)
31 =

√
1− η2, ρ

(0)
13

(
ρ
(0)
13 + ρ

(0)
31

)
=

1− η2

2
(91)

Define

µ12 = µ1 + µ2, µ34 = µ3 + µ4 (92)

Define other alternative constants as:

C1 = D1D+c + ν2ν3, C2 = D2D− + (ν1 − ν2)(ν1 − ν3), D1 = µa + iX1 − 2νa, D∗
1 = µa − iX1 − 2νa

D2 = µb + iX2 − 2νb, D∗
2 = µb − iX2 − 2νb, D− = µa + µb + iX− − νa− νb, D+c = µa + µb − iX− − νa − νb

D+ = µa + µb + iX+ − νa − νb, K1 =
ν2 + ν3 − ν1

2µa
, K2 =

ν1 − ν2 − ν3
2µb

D3 = µ12 − iX− + νa + νb, ν12+ = ν1 + ν2

ν12− = ν1 − ν2, ν13+ = ν1 + ν3, ν13− = ν1 − ν3, νab+ = νa + νb

D∗
+ = µa + µb − iX+ − νa − νb, D

∗
3 = µ12 + iX− + νa + νb (93)

Let define:

A3 = −ν12−ν13+D+ − ν3ν2D
∗
+, A1 = ν2ν3D+ + ν13−ν12−D

∗
+, A∗

1 = ν2ν3D
∗
+ + ν13−ν12−D+

2ReD+ = (D+ +D∗
+), A2 = −ν2ν13+D+ + ν2ν13−D

∗
+, A4 = −ν12−ν13+D+ − ν3ν2D

∗
+ (94)

|A1|2 =

[
κ4M4

a +Gκ3M3
a

√
1− η2 +

3G2κ2M2
a

8
(1− η2) +

G3κMa

32
(1− η2)3/2 +

G4

128
(1− η2)2

]
|D+|2

+

[
G2κ2M2

a

8
(1− η2) +

G3κMa

16
(1− η2)3/2 +

G4

128
(1− η2)2

]
(ReD+)

2 (95)

D1 =
G

4
(1− η)− κ

(
1

2
+

γ

4γc
+

3

2
C01 + 4C01nth,1

)
D∗

1 =
G

4
(1− η)− κ

(
1

2
+

γ

4γc
+

5

2
C01 + 4C01nth,1

)
(96)
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D2 = −G

4
(1 + η)− κ

[
1

2
+

γ

4γc
+ C02

(
4nth,2 +

3

2

)]
D∗

2 = −G

4
(1 + η)− κ

[
1

2
+

γ

4γc
+ C02

(
4nth,2 +

5

2

)]
(97)

D3 =
G

4
(1 + η) + κ

[
(N + 1) +

γ

2γc
+ C01(2nth,1 +

3
2 ) + C02(2nth,2 +

1
2 )
]

D∗
3 =

G

4
(1 + η) + κ

[
(N + 1) +

γ

2γc
+ C01(2nth,1 +

1
2 ) + C02(2nth,2 +

3
2 )
]

(98)

D∗
+ = −Gη

2
− κ

[
1 +

γ

2γc
+ C01

(
2nth,1 +

3
2

)
+ C02

(
2nth,2 +

3
2

)]

D+ = −Gη

2
− κ

[
1 +

γ

2γc
+ C01

(
2nth,1 +

1
2

)
+ C02

(
2nth,2 +

1
2

)]
(99)

ReD+ = −Gη

2
− κ− γκ

2γc
− κ
[
C01(2nth,1 + 1) + C02(2nth,2 + 1)

]
D∗

+ = −Gη

2
− κ− γκ

2γc
− κ
[
C01

(
2nth,1 +

3
2

)
+ C02

(
2nth,2 +

3
2

)]
(100)

A3 = κ(C01 + C02)

(
GκMa

2

√
1− η2 +

G2

16
(1− η2)

)
− (κMa)

2D∗
+ (101)

A1 = −κ

[(
κMa +

G

4

√
1− η2

)2

+
G2

16
(1− η2)

](
1 +

γ

2γc
+ C01(2nth,1 +

1

2
) + C02(2nth,2 +

1

2
)
)

−Gη

2

[(
κMa +

G

4

√
1− η2

)2

+
G2

16
(1− η2)

]
(102)

A∗
1 = −κ

[(
κMa +

G

4

√
1− η2

)2

+
G2

16
(1− η2)

](
1 +

γ

2γc
+ C01(2nth,1 +

3

2
) + C02(2nth,2 +

3

2
)
)

−Gη

2

[(
κMa +

G

4

√
1− η2

)2

+
G2

16
(1− η2)

]
(103)

A2 =

[
2(κMa)

2 +
3G

4
κMa

√
1− η2 +

G2

16
(1− η2)

](
Gη

2
+ κ+

γκ

2γc

)
+2κ

[
2(κMa)

2 +
3G

4
κMa

√
1− η2 +

G2

16
(1− η2)

]
(C01nth,1 + C02nth,2)

+
κ

2

[
2(κMa)

2 +
3G

4
κMa

√
1− η2 +

G2

8
(1− η2)

]
(C01 + C02) (104)

A4 =

[
(κMa)

2 +GκMa

√
1− η2 +

G2

8
(1− η2)

](
Gη

2
+ κ+

γκ

2γc

)
+2κ

[
(κMa)

2 +GκMa

√
1− η2 +

G2

8
(1− η2)

]
(C01nth,1 + C02nth,2)

+
κ

2

[
3(κMa)

2 + 2GκMa

√
1− η2 +

G2

8
(1− η2)

]
(C01 + C02) (105)

|D+|2 =

(
Gη

2
+ κ+

γκ

2γc
+ 2κ(C01nth,1 + C02nth,2)

)2

+
3κ2

4
(C01 + C02)

2

+2κ(C01 + C02)

(
Gη

2
+ κ+

γκ

2γc
+ 2κ(C01nth,1 + C02nth,2)

)
(106)

µ1 = 1
2

(
κ(N + 1) +

γκ

2γc

)
, µ3 =

κN

2
+

G

4
(1− η), µ2 =

κ(N + 1)

2
+

γκ

4γc
+

G

4
(1 + η), µ4 = κN

2 (107)
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µa =
G

4
(1− η)− κ

2
− γκ

4γc
, µb = −κ

2
− γκ

4γc
− G

4
(1 + η), µa + µb = −κ− γκ

2γc
− G

2
η (108)

µ12 = κ(N + 1) +
γκ

2γc
+

G

4
(1 + η), µ34 = κN +

G

4
(1− η) (109)

ν1 = κMa, ν2 = κMa +
G

4

√
1− η2, ν3 = κMa +

G

4

√
1− η2 (110)

ν12+ = ν13+ = 2κMa +
G

4

√
1− η2, ν12− = ν13− = −G

4

√
1− η2 (111)

νa = C01κ(2nth,1 + 1), νb = C02κ(2nth,2 + 1) (112)

For γc = 4g2

κ being the stimulated emission decay constant
due to the atom interacts with the cavity modes. The Single-
Photon Optomechanical Cooperativity (C0)

C01 =
4g201
κγm

(113)

C02 =
4g202
κγm

(114)

g0m optomechanical coupling strength, κ, cavity decay rate,
γm mechanical damping rate. We now introduce a variable

defined by

ρ
(0)
11 =

1− η

2
(115)

with −1 ≤ η ≤ 1. It then follows, for three-level atoms are
initially prepared to be in a coherent superposition of the top
and bottom levels, that

ρ
(0)
33 =

1 + η

2
, ρ

(0)
13 =

√
1− η2

2
(116)

where we have taken that ρ(0)13 = ρ
∗(0)
31 .

[âiâ
n
j , F (âj , âi, â

†
j)] = n âiâ

n−1
j

∂F

∂â†j
,
[
â†i âj , F

]
= â†i

∂F

∂â†j
− ∂F

∂âi
âj , âiâ

†
i = â†i âi + 1 (117)

ânâ† = â†ân + nân−1, â2â† = â†â2 + 2â, â†1â1â
†
1 = â†1(â

†
1â1 + 1) (118)

[â1, â1â
†
1] = â1[â1, â

†
1] + [â1, â1]â

†
1 = â1, â1â

†
1â1 = (â†1â1 + 1)â1 = â†1â1â1 + â1 (119)
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