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Abstract

A double Roman dominating function (DRDF) f on a given graph G is a mapping from V(G) to {0, 1, 2, 3} in such a way that a
vertex u for which f(u) = 0 has at least a neighbor labeled 3 or two neighbors both labeled 2 and a vertex u for which f(u) = 1 has
at least a neighbor labeled 2 or 3. The weight of a DRDF f is the value w(f) = Y vev(s) f(u). The minimum weight of a DRDF on a
graph G is called the double Roman domination number y4r(G) of G. A Sunlet graph S, is constructed from an n-cycle by
attaching one pendant vertex to each vertex of the cycle. This paper investigates the double Roman domination of Sunlet graphs
Sn for integer n>3. Using three lemmas, we derive the exact formula yq4r(Sn)=[7n/3]. We further analyze whether Sunlet graphs
belong to the family of double Roman graphs. By comparing the domination number y(Sh)=n with the known inequality
2y(G)<yar(G)<3y(G) for double Roman graphs, we prove that S, fails to satisfy the required inequality, which implies no Sunlet
graph is a double Roman graph. The obtained result gives an explicit expression for the double Roman domination number of
this class of unicyclic graphs and enriches the research achievements of double Roman domination theory for unicyclic graphs.
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1. Introduction

Let G=(V,E) be a graph without loops and multiple  the function values of all vertices in N[V] s
edges, where V(G)and E(G) are the vertex set and edge set f(N[v]) ZZUENM f(u) , which is shortly denoted by f[v].
of G, respectively. Ifuv € E(G) , we say that vertices U and
V are adjacent, and U is a neighbor of V. The open neigh-
borhood of V , denoted by N(v) , is a set
{ujuveE}. And the close neighborhood of V, denoted by
N[v], isaset N(v)u{v}. A function f:V —{0,1,23}is
a double Roman dominating function, shorted by DRDF, if a

The weight of f , denoted by @(f), is the sum of the func-
tion values of all verticesin G . The double Roman domina-
tion number, denoted by 74 (G), equals the minimum weight
ofaDRDFon G, and a DRDF of G with weight 74 (G)is
called a 74 -function of G.

The double Roman domination was introduced in [1] and
vertexV for which f(v) =0 has at least a neighbor labeled  pas peen studied in [2-9]. Double Roman domination for car-
3 or two neighbors both labeled 2 and a vertex V for which  dinal products of graphs was studied in [2], and double Roman
f(v) =1 has at least a neighbor labeled 2 or 3. The sum of  trees were characterized in [3]. It is known that the decision
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problem associated with 74 (G) is NP-complete for bipartite
and chordal graphs, undirected path graphs, chordal bipartite
graphs, and circle graphs [4-6]. Closely related problems to
double Roman domination were studied in [7-13]. As ob-
served in [10], the double Roman domination problem can be
solved in linear time for unicyclic graphs, but explicit formu-
las for the double Roman domination number of general uni-
cyclic graphs have not been established. Many results concern
variants of double Roman domination on unicyclic graphs [11,
12]. However, most existing studies mainly focus on algorith-
mic complexity and bound analysis, while few studies provide
closed-form exact values for specific unicyclic graph sub-
classes. In particular, the precise double Roman domination
number of Sunlet graphs has not been formally characterized
in previous literature. To fill this research gap, in this paper,
we focus on a special family of unicyclic graphs—the Sunlet
graphs, and determine the exact value of the double Roman
domination number of Sunlet graphs.

The Sunlet graph S, is obtained by taking a simple n -
gon, that is, a cycle with vertices V,,...,V,, and attaching to

each vertex V; a new pendant vertex U;, where 1<i<n,
Figure 1 shows a Sunlet graph with 2n vertices.

Figure 1. Sunlet graph S, with2n vertices.

In [1], Beeler et al. established the following result.
Proposition A [1] In a double Roman dominating function
of weight 74 (G), no vertex needs to be assigned the value 1.

In view of Proposition A, we only consider double Roman
dominating functions of G with no vertex labeled 1 in the sub-
sequent discussion. The following observation will be fre-
quently utilized throughout the paper.

Proposition B [13] Let f beaDRDFon G and Vis a leaf

of G.Then f[v]=>2.

2. Double Roman Domination Number
of Sh

Let Q =Q(V,,E;) be a continuous local subgraph of S,.

74

Vi ={Vi, Vi Vi Uiy Uiy, U} and B ={Viv g, ViV, Vil

ViyUig, ViU for 1<i<n, where subscripts are reduced
modulo N as shown in Figure 2.

u l, uli+1 Ui
V| Vi.+1 Vi+2

Figure 2. Q,, a continuous local component of S, .

Proposition C Let 9 be a 74 -function of S, with no ver-
tex assigned value 1. Then

g(vi) =9(vi)+9(vi,)) +9(vi,,) +9(u) +9(U;,,) +9(U;,,) 27

where 1<i<n,
Proof. By Proposition B, we have

g(v;) = 9glu;1+9lu;.,]1+9[u;,,1>6.

We now prove that the case 9(V;) =6 is impossible via proof
by contradiction. Suppose for contradiction that g(V;)=6.
Since no vertex in V; is labeled with value 1, the non-zero

labels assigned to vertices in V; can only take the form {2,2,2}
or {3,3}.

Case 1: The non-zero labels are {2,2,2}.

By the definition of the labeling function, if a leaf vertex
carries label 0, its supporting vertex must be assigned label 3.
It immediately follows that no leaf vertex can take the label 0.

Thus, the three leaf vertices U;, U;,, and U;,, musteach re-
ceive label 2 exclusively. Under this configuration, vertex
Vi,; bears label 0, and its open neighborhood contains exactly

one vertex with a non-zero label (value 2), which directly vi-
olates the labeling axiom.

Case 2: The non-zero labels are {3,3}.

Among the three pairs consisting of supporting vertices and

their corresponding leaf vertices {v;,u;} , {v,.;,U;.,} and
{v.,,.U,.,}, at least one pair is entirely assigned label 0. This

configuration contradicts Proposition B.
Combining the above two contradictory cases, our initial

hypothesis g(V;) =6 is invalid. Consequently, we derive

9(v}) =6, ie., 9(V;)=9lul+glu,,J+9lu,]=7.
Lemma 1 Let n=3k, where k>1.Then 7x(S,)=7K.

Proof. Consider the mapping f :V(S,) -{0,2,3} speci-

fied in Table 1, where 1<i<n for indices and all sub-
scripts are taken modulo n. Then, for every vertex labeled 0,
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there exists a vertex labeled 3 adjacent to it. Therefore,

fis

aDRDFonS, ando(f)=7k, which implies 74(S,)<7k.

Table 1. The mapping f :V(Sn)—{0,2,3}with n=3k.

Vertex Label
vi, i=1(mod 3) 0
Vi, i=2(mod 3) 3
vj, i=0(mod 3) 0
ui, i=1 (mod 3) 2
Ui, i=2(mod 3) 0
ui, i=0(mod 3) 2

The mapping is illustrated in Figure 3 with n=6.

Us

Uz Us

Figure 3. The mapping f :V(S,) >{0,2,3}with n=6

On the other hand, let 9 be a ¥4 -function of S, with no

Neighbors Neighbors with Label 3
Ui, Vi-1, Vi+1 Vi+1

Ui, Vi-1, Vi+1 Vi-1

Vi Vi

vertex assigned value 1. By Proposition C, we have
(9)=9(Q)+9(Q)+-+9(Q, ) =7k .

From the above arguments, we obtain 74(S,) =7k for
n=3k.

Lemma 2 Let n=3k+1 , where k=>1 .Then
7a(S,)=7k+3.

Proof. Consider the mapping f :V(S,) -{0,2,3} speci-
fied in Table 2, where 1<i<n for indices and all sub-
scripts are taken modulo n. Then, for every vertex labeled 0,

there exists a vertex labeled 3 adjacent to it. Therefore, f is
a DRDF on S, and o(f)=7k+3 |, which implies
Y (S,) <7k +3.

Table 2. The mapping f :V(Sn)—{0,2,3}with n=3k +1.

Vertex Label
Vi, i=1(mod 3) and i#n 0
Vi, i=2(mod 3) 3
vj, i=0(mod 3) 0
Vn 3
Ui, i=1(mod 3) and i#n 2
Ui, i=2(mod 3) 0
Ui, i=0(mod 3) 2
Un 0

The mapping is illustrated in Figure 4 with n=7.

Neighbors Neighbors with Label 3
Ui, Vi-1, Vi+1 Vi+1

Ui, Vi-1, Vi+1 Vi-1

Vi Vi

Vn Vn

75
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U Us

Figure 4. The mapping T :V(S,) = {0,2,3} with n=7.

On the other hand, let 9 be a 74 -function of S, with no

vertex assigned value 1. By Proposition B and Proposition C
we have

o(9) =9(Q)+9(Q) +--+9(Q,5) +9[u,1>7k+2.

We next demonstrate that the case @(g) = 7k +2 is unattain-
able via proof by contradiction. Assume for contradiction that
o(g) =7k + 2, which implies

>9(Q) =30(g) = 21K +6.

Assume n =3k +1. The sum of weights over the 3k+1 con-
secutive local subgraph configurations equals 21k +6. By the
pigeonhole principle, at least one of these configurations has
weight less than 7. This contradicts Property C, which states
that the weight of any consecutive local subgraph configura-
tion is at least 7. Accordingly, we obtain @(g) =7k +3.

From the above reasoning, we conclude y4(S,)=7k+3
with n=3k +1.

Lemma 3 Let n=3k+2 , where k=>1 .Then
7(S,) =7k +5.

Proof. Consider the mapping f :V(S,) -{0,2,3} speci-
fied in Table 3, where 1<i<n for indices and all sub-
scripts are taken modulo n. Then, for every vertex labeled 0,
there exists a vertex labeled 3 adjacent to it. Therefore, f is
a DRDF on S, and «@(f)=7k+5 , which implies
Y (S,) <7k +5 .

Table 3. The mapping f :V(Sn)—{0,2,3} with n=3k +2.

Vertex Label
vi, i=1 (mod 3) and i#n 0
Vi, i=2(mod 3) 3
vi, i=0(mod 3) 0
Vn-1 3
Vn 0
Ui, i=1(mod 3) and i#n 2
Ui, i=2(mod 3) 0
Ui, i=0(mod 3) 2
Un-1 0
Un 2

The mapping is illustrated in Figure 5 with n=8.

Neighbors Neighbor with Label 3
Ui, Vi-1, Vi+1 Vi+1

Ui, Vi-1, Vi+1 Vi-1

Un, Vn-1, V1 Vn-1

Vi Vi

Vn-1 Vn-1
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U:

Us

Us U.

Us Us

U.

Figure 5. The mapping f :V(S,) = {0,2,3}with n=8.

On the other hand, let 9 be a ¥4 -function of S, with no

vertex assigned value 1. By Proposition B and Proposition C,
we have

o(9)=9(Q)+9(Q,)+--+9(Q,,)+9lu, ]+ 9[u,]>7k +4

We now show that the case @(g) =7k +4 cannot hold. We
proceed by proof by contradiction. Suppose for contradiction
that @(g) =7k +4, which yields

Zn: 0(Q,) =3w(g) =21k +12

i=1

Assume n=3k+2. The sum of weights over the n=3k +2
consecutive local subgraph configurations equals 21k +12.
By the pigeonhole principle, at least one of these configura-
tions has weight less than 7. This contradicts Property C,
which states that the weight of any consecutive local subgraph
configuration is at least 7. Therefore, @(g)=7k+5.

Combining the above arguments,
7&(S,) =7k+5 with n=3k+2.

we  obtain

3. Discussion

By Lemma 1, Lemma 2 and Lemma 3, we obtain the fol-
lowing theorem.

Theorem 1 Let S, be a Sunlet graph where n =3, Then
Y (S,) = ’77_:;—‘ .

In [1], Beeler et al. proposed the concept of the double Ro-
man domination. They showed that 2y(G) < ydR(G) < 3y(G).
Moreover, they suggested to find double Roman graphs.

In [14], It was proven that

Theorem 2 For a graph G with even order n(n = 2)

7

and no isolated vertices, y(G) :g if and only if the compo-

nentsof G arethecycle C, orthecorona HoK; forany
connected graph H .

By Theorem 2, #(S,)=n. Consequently, S, is not a
double Roman graph for all integers n=>3.

4. Conclusions

This paper investigates the double Roman domination num-
ber and related properties of Sunlet graphs S, . We obtain the

exact value 74(S,)=[7n/3], and our results reveal that

every Sunlet graph S,with n>3 fails to satisfy the re-
quired inequality for double Roman graphs, implying no Sun-
let graph belongs to the family of double Roman graphs. Sev-
eral directions deserve further exploration. First, it is worth-
while to extend the discussion to generalized Sunlet graphs
with varied pendant structures. We aim to characterize the ex-
act double Roman domination numbers of generalized Sunlet
graphs and determine the parameter range under which gener-
alized Sunlet graphs can be double Roman graphs. In deriving
the double Roman domination number of Sunlet graphs, we
employ local configuration decomposition based on their top-
ological structure. For generalized Sunlet graphs, certain
properties of path graphs may be required to handle their
structural features. Second, one can establish tighter bounds
relating the domination number and double Roman domina-
tion number for these graphs. Additionally, further research
may develop universal criteria to judge whether unicyclic
graphs, including generalized Sunlet graphs, are double Ro-
man graphs.

Abbreviations

DRDF  Double Roman Dominating Function
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