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Abstract: The flow of fourth grade fluid flow over a porous plate with heat transfer is considered. By using the
perturbation techniques, approximate analytical solutions for velocity and temperature profiles have been obtained.
Comparing with the Newtonian effect, it turns out that if the second grade, third grade and fourth grade effects are small, an
ordinary perturbation problem occurs. To find fourth grade fluids, velocity and temperature profiles, which are attained, are
compared with numerical solutions. The approximate solutions run in well with the numerical solutions. This is to
demonstrate us that the perturbation technique is a robust tool to find great approximations to nonlinear equations of fourth
grade fluids. Velocity and temperature profiles are calculated for diverse second grade, third grade and fourth grade non-

Newtonian fluid parameters.
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1. Introduction

There is a significant industrial application for the heat
transfer from the surface such as molten plastics, polymers
or slurries. Theoretical and experimental studies are used to
have a better understanding of these applications.
Mathematical models of these applications classified by
considerably high non-linear ordinary or partial differential
equations. There are so many studies as to the Newtonian
fluids. However, even though non-Newtonian fluids have
heavily used in the industry and technology, they are not
sufficiently placed important. Having been developed to
solve the non-linear equations, Non-Newtonian fluid
mechanics pose a great opportunity to work on the
mathematical techniques. There are a great deal of models
to explain the non-Newtonian behavior of the fluids. The
power-law, differential-type and rate-type models are the
ones which are gained much recognition. Boundary layer
assumptions were successfully applied to these models and
a lot of work has been done on them. Rivlin—Ericksen type
of fluids which is a non- Newtonian class has gained
recognition and is used to solve a number of flow problems.
So-called ‘Third-Grade Fluids’ or “Fourth-Grade Fluids” is
a particular type of this class. To explain the non-

Newtonian behavior in fluids, fourth grade fluids are not
commonly used.

Rajagopal and Fosdick has developed the theory of third-
grade fluids [1]. Rajagopal [2] studied on the stability
characteristics of such fluids. Szeri and Rajagopal [3]
observed their flow between heated parallel plates.
Rajagopal and Szeri [4] worked on a third grade fluid past a
porous plate. From ordinary perturbation solutions to
arbitrary orders of approximation alongside with the
numerical solutions were submitted for the problem.
Furthermore, by considering heat transfer, Maneschy et al.
[5] improved the numerical solutions [4]. A similar study
work has been done [5]. Using homotopy analysis method,
they were able to solve the porous plate problem and
brought forward analytical solutions for the generalized
second grade fluids. It is not until now, Lie Group analysis
for the boundary layer equations of the modified second
grade fluid has been submitted [6]. Using perturbation
method, Pakdemirli et al. [7] figured out the porous plate
problem and submitted an analytical and numerical
solutions of modified second grade fluid model. To solve
the differential equation, perturbation method is mainly
used. Massoudi and Christie [8] observed the pipe flow of
third-grade fluids and figured out the momentum and
energy equations on a numerical basis. Yiriisoy and
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Pakdemirli [9] examined the third-grade fluid flow in pipes
again. They presented a perturbation method and solved the
flow equations in an analytic manner. To study third-grade
fluid flow over a porous wall, Hayat et al. [10] incorporated
Lie Group theory with perturbations.

By wusing the perturbation method, approximate
analytical solutions of fourth grade fluids flow a past
porous plate with heat transfer are submitted and they are
compared with the numerical solutions in this study. It is
presumed that the surface temperature is higher than fluid
temperature. By keeping the constant viscosity, Fourth-
grade fluid has been applied to explain the non-Newtonian
effect. Motion equations in dimensionless form are
originated. Comparing with the Newtonian effect, it turns
out that if the second grade, third grade and fourth grade
effects are small, an ordinary perturbation problem occurs.
For the solution, the validity criterion is determined. For
various non-Newtonian parameters, velocity and
temperature profiles are calculated.

2. Equations of Motions

Mass conservation, linear momentum equation and energy
equations are

divV =0 (1)
%:%divT )
pcp%f—kD29+TEL 3)

where p is the fluid density, k is thermal conductivity, c, is
the specific heat, V is the velocity vector, 8 is the temperature
and T is the Cauchy stress tensor. We have for the fourth
grade fluid

T=-pl+uA +0A, +0,A] +BA;+ 5, (AA +A A, )+ By (trAlz)Al thAL Y, (A3A1 +A1A3)

+15AT Y, (AzAl2 + A12A2) Vs (”Az)Az Vs (f”Az)Al2 +(V7”’A3 + ygtr(AzA1 ))A1

where p is pressure, I is the identity matrix, [ is the viscosity,

qla aZa Bla BZ) B35 y17 y25 y37 y45 y57 y65 y7 and y8 are the material
constant. A, A,, A; and A, are Rivlin-Ericksen tensors. The

tensors are defined as

A, =L+L'

A, = dAd:-l +A L+L'A_ | (n>1) )

L=0V

For the model, when 0a=0, 3;=0 and y=0, the fluid is
Newtonian. =0 and y=0 equivalent to the second grade
fluid, y=0 equivalent to the third grade fluid.

“4)

For the particular case of flow over a porous plate, it is
presumed that the velocity components are dependent only
on the y coordinate i.e. u = u(y) and v = v(y). Considering
this assumption, from the continuity equation (1)

V="V (6)

where vy is a constant which represents the suction (vy > 0) or
injection velocity (vy < 0). Inserting the assumed profiles to
the momentum and the energy equations yields after
simplifications

d’u  du 5 d u_ s d5 ( J d’u du( d*u [a’u]
E vy S may o+ NV +pB Wl 2— — =0 7
P 0 & 1 0 By s dy dy2 0 a| & &y ) @ (7)
4’6 a6 du dudu, godudu | f du ’ ) d’u_ s dtudu
o] o S 2
dy dy dy a2 dv gt dy 3y dy ) dy dy dy
where the emerging dimensionless variables and parameters are defined by
_ u _ Uy = 6-0, v - aU? vt _  pU®
u:_’y:_y,gz , :—0,0’1: 12’ﬁ1:'313’y1:y14
U v G -6, U pv pv pv ©)
—_ 6B+ BT _ U°
5=~ '/53) LV E200 s s 3 ) —
pV oY

in which U is a reference velocity, 8, is the wall temperature,
0., is the temperature of the free stream and v=/p is the fluid
kinematic ~ viscosity.  Pr=pcy/k, Ec:Uz/cP(GO—Gm) are
respectively the Prandtl and Eckert numbers and bars have

been suppressed throughout. We will solve equations (7) and
(8) in the domain y[J[0,0) with the following boundary
conditions
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u(y)=0, 8(y)=1

du —=0(m=123),600)=0 at y=w (10)

at y=0
u(y) =1,

In following section, by using the perturbation theory
velocity and temperature profiles are figured out.

3. Perturbation Solutions

For the system (7) and (8) with boundary condition (10),
perturbation solutions will be studied. Under the weakly non-
linear assumption, the non-linear terms as well as the non-

where € is the perturbation parameter (¢ <<I). The
approximate velocity and temperature profiles can be written
as

u=uy+&u

12
6=, +¢6, (12)

Substituting equations (11) and (12) into equations (7), (8)
and (10) and separating at each order of €, one has
Order 1:
uy +vouy =0

G; +Prv,8, = —EcPr(u})*

homogenous terms of equation (7) are chosen to be small 3 ~ : (13)
when compared to other terms, that is up(0) =0, 6 (0) =1, uy () =1
. R . X X Gy () =0, uy () =0(n=1,2,3)
a =€y, B=€f, B=eB, i=¢y, y=¢y (1)
Order &:
l+vgud = dyvgug = Bvdud + fviud = B (ua ) s + vy (205 () + (1) w8 00)=0, 6,000 =0,y (09) = 0
2uguy — Qyvougug
6!+ Prvy8; = ~EcPr| +fviuguy + 1 B () 6(0)=0, uf' () =0(n =123 14
=y (i) uf = vougu;
For the first order, the solutions are
Uy :1—exp(—v0y) (15)
e~ " Lexp(~Pryy) ~exp(~21,0) [+ exp(-Pr ;) (16)
Substituting these solutions into order € equations, one finally obtains
3 + B s A
=== [exp (3w ) - exp(-voy) =@ + Bvi + i1vg ) vexp(-vo) (17)
+1 A6 + n. 4 +é 2
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8-2P 2(2-Pr)
(18)
A ﬂvo
—~Vive =~ By g +
+(2v,¥(Pr—2) + (Pr—4)) exp(-2v, y)} TS ! 3 (exp(=2vpy) —exp(=Prv,)) |

Substituting (15)-(18) into the expansions given in (12), returning back to the original parameters since € is artificially

introduced, one has

4 2
w=1=exp (o) + LB Lo () -exp ()] (@i + Bof + vt vesp ()

_ EcPr
4-2Pr

{=(Pr—4)exp(=Prvyy) +(2vy»(Pr=2) + (Pr-4)) exp(-2v, y)} +

4 51,2
wo +3v B
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4 6 4 2
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6 4 2
Yive * Bve + vy
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(20)
Bv%
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Perturbation solutions (19) and (20) will be compared with numerical solution in the following section.
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4. Numerical Results and Comparisons

In this section, analytical solutions figures will be
demonstrated. The perturbation solutions will be compared
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with the numerical solutions of the equations. Matlab
package bvp4c using of finite difference techniques, is
applied in numerical solutions.
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Figure 1. Comparison of perturbation solutions with numerical solutions for the velocity and temperature variations. (vo=1, Pr=1, Ec=1; y=0.1,

@=0.1, 5=0.1, B=0.1).
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Figure 3. Effect of material parameter a; on the velocity and temperature profiles. (vo=1, Pr=3, Ec=1; y=0.1, yi=0.1, =0.1, 5=0.1).
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Figure 6. Effect of material parameter yon the velocity and temperature profiles. (vo=1, Pr=3, Ec=1; =0.1, y;=0.1, $=0.1, a;=0.1).
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Figure 7. Effect of material parameter y; on the velocity and temperature profiles. (vo=1, Pr=3, Ec=1; =0.1, y=0.1, 5=0.1, a;=0.1).

Figure 8. Effect of Prandtl number on the temperature profile. (vo=1, Ec=1;
B=0.1, y=0.1, y5=0.1, 5=0.1, a;=0.1).
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Figure 9. Effect of Eckert number on the temperature profile. (vo=1, Pr=3;
B=0.1, y=0.1, y5=0.1, 5=0.1, a;=0.1).

Figure 1 shows the comparison between the Analytical and
numerical solutions. The harmony there is very well and
points equivalent to numerical solutions are demonstrated as

circles to make a distinction between them. As you can see
there is a separation between the solutions for high values
of the material parameters, due to the fact that it is
presumed that the value of material parameters are very low
for perturbation solutions. Figure 2 shows the effects of a
suction parameter on the velocity and temperature profiles.
The more suction parameter increases, the more velocity
increases. What’s more, the boundary layer thickness for
the temperature profiles decreases once suction parameter is
increased. Furthermore, suction parameter gives way to a
decrease in thermal and velocity boundary layer thickness,
as well. Therefore, it is concluded that to control the
boundary layer thickness, the suction on the plate can be
useful. As a matter of fact, there is relative interest in flows
with suction or injection for boundary layer control. It is
clear when we observe in physical fashion that suction and
injection give way to opposite effects on the boundary layer
flows. As we have already observed that the suction causes
thickening of the boundary layer, when the suction velocity
is robust in a sufficient manner. For that reason, boundary
layer thickness decreases if we increase the suction
velocity. Figure (3-7) shows the effects of materials
parameters (Y, Vi, 01, B, B;) on the velocity and temperature
profiles. The effects of materials parameters, both the
temperature and velocity profiles, have opposite effect on
that suction velocity, for example, the more velocity and
thermal boundary layer thickness increase the more
materials parameters are increased. Figure 8 shows the
effects of Prandtl number on the temperature profiles. When
an increase occurs in Prandtl number, it decreases
temperatures. Figure 9 depicts the effects of Eckert number
on the temperature. If a decrease occurs in Eckert number,
it increases temperatures.

5. Conclusion Remarks

In this study, a comprehensive perturbation analysis for the
flow and heat transfer of a fourth grade fluid over a porous
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plate has been demonstrated. By using perturbation method,
the considerably high non-linear ordinary differential equations
are figured out in an analytical manner. When compared to
other terms, in parallel with the weak non-linear assumption,
the non-linear terms alongside with the non-homogenous terms
of equations of motion are chosen to be small. The effects of
non-Newtonian materials respective parameters on the velocity
and temperature profiles have been discussed. When we
examine expressed solutions, they are run well with the
numerical ones in the scope of the validity of the analytic
solutions. The effects of materials parameters, both the
temperature and velocity profiles, have opposite effect on that
suction velocity, for example, the more velocity and thermal
boundary layer thickness increase the more materials
parameters are increased. In conclusion, When an increase
occurs in Prandtl number, it decreases temperatures, but for
Eckert number, a reverse effect has been observed.
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