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Abstract: BCL/BCL+-algebras [1, 2] are more extensive class than BCK/BCI/BCH-algebras [5-8], introduced by 
Yonghong Liu. In this paper, we aim to embed topological structure in BCL+-algebras, thus we should be introduced to the 
notion of “good taste”, which is both topological space and metric space. Thereupon, some fundamental properties of 
topological BCL+-algebras are obtained. 

Keywords: BCL-Algebra, BCL+-Algebra, Topological BCL+-Algebra 

 

1. Introduction 
In [1], Yonghong Liu introduced a new class of 

abstract algebra: BCL-algebra. Recently, Yonghong Liu 
introduced a wide class of abstract algebras: 
BCL+-algebra (see [2, 4]). In [3], Deena Al-Kadi and 
Rodyna Hosny introduced the deformation of 
BCL-algebra. They continue to investigate the relation 
between BCL-algebra and d/BCH/BCI and 
BCK-algebra.  

In this paper we are going to introduce topological 
spaces for the BCL+-algebras, which is derived the 
fundamental properties, which we will need the 
following definitions and theorems: 

Definition 1.1 [2]  

An algebra ( )1 , ;∗X  is called a BCL+-algebra if it 

satisfies the following laws hold: for any Xzyx ∈,, , 

BCL+-1) 1=∗ xx . 
BCL+-2) 1=∗ yx  and 1=∗ xy  imply yx = . 
BCL+-3) ( )( ) ( )( ) ( )( )xyzyzxzyx ∗∗=∗∗∗∗∗ . 

Theorem 1.1 [2]  

Assume that ( )1 , ;∗X  is any a BCL+-algebra. Then the 

following hold: for any Xzyx ∈,,  
i) ( )( ) 1=∗∗∗ yyxx . 

ii) xx =∗1  imply 1=x . 
iii) ( ) ( )( ) ( ) 1=∗∗∗∗∗ yzzxyx . 
iv) BCL+-2) 1=∗ yx  and 1=∗ xy  imply yx = . 

Theorem 1.2 [2]  

An algebra ( )1 , ;∗X  is a BCL+-algebra if and only if it 

satisfies the following conditions: for all Xzyx ∈ , ,  
i) BCL+-1) 1=∗ xx . 

ii) BCL+-2) 1=∗ yx  and 1=∗ xy  imply yx = .  
iii) ( )( ) ( )( )( ) ( )( ) 1=∗∗∗∗∗∗∗∗ xyzyzxzyx . 
iv) ( ) xyx =∗∗ 1 . 

Definition 1.2 [2]  

Suppose that ( )1 , ;∗X  is a BCL+-algebra, the ordered 

relation if yx ≤  if and only if 1=∗ yx , for all Xyx ∈ , , 

then ( )≤;X  is partially ordered set and ( )1 , ;∗X  is an 

algebra of partially ordered relation. 

Corollary 1.1 [2]  

Let every Xx ∈ . Then 1(one) is maximal element in a 
BCL+-Algebra ( )1 , ;∗X  such that integral x≤1  imply 

1=x . 

2. Main Results 

For a ( ) ( ) zyxzyxg ∗∗=,, -algebra, the topological 
space is just a basic concept in nature. We have the following 
definitions.  

Definition 2.1 

Let ( )1 , , ; ∗�X  be a +
DBCL -algebra with two binary 
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operations �  and ∗  that satisfies the following properties: 
for any Xzyx ∈ , , . 

+
DBCL -1) An algebra ( ) ( )� ;XXD =  is a distributive 

algebra. 
+
DBCL -2)  An algebra ( ) ( )1 , ;∗= XXP  is a 

( ) ( ) zyxzyxg ∗∗=,, -algebra. 
+
DBCL -3) (right weakly distribution) 

( ) ( ) ( )zxyxzyx ∗∗=∗ �� . 
+
DBCL -4) (left weakly distribution) 

( ) ( ) ( )xzxyxzy ∗∗=∗ �� . 

Definition 2.2 

Let ( )1 , ;∗X  be a BCL+-algebra and let ( )ℑ  ,X  be a 

topological space. If 

and          (2.1) 

be a continuous mapping from the product space 
( )ℜ×  ,XX  to the topological space ( )ℑ ,X , where ℜ  is 

product topology of X , then we say that ( )1 , , ; ∗ℑX  is a 

topological BCL+-algebra. 

Theorem 2.1 

The product of any tow topological BCL+-algebra is again 
a topological BCL+-algebra. 

Proof: Let ( )111 1 , , ; ∗ℑX  and ( )222 1 , , ; ∗ℑX  be 

topological BCL+-algebra, let ( )11, yx and ( )22, yx is any 

tow element in X X, and defines: 

.      (2.2) 

Now suppose that U  is a open neighborhood of ℜ . By 
Definition 2.2, ℜ  be product topology, so we conclude that  

1B  is an open neighborhood of 21      1  xx ∗ , and 2B  is an 

open neighborhood of 21      2  yy ∗  in X , we have 

UVV ⊆× 21 . Since 1B  is an open neighborhood of 1x , 

and 2B  is an open neighborhood of 2x . Also, 3B  is a 

open neighborhood of 1y , and 4B  is a open neighborhood 

of 2y , we have 

121 VBB ⊆∗  and 243 VBB ⊆∗ .        (2.3) 

Then  

( ) ( ) UVVBBBB ⊆×⊆∗∗ 214321 � ,        (2.4) 

and we claim that in fact 

,  (2.5) 

where 31 BB ×  is a open neighborhood of ( )11  , yx  in X , 

and 42 BB ×  is a open neighborhood of ( )22  , yx  in X . 

Thus �  is a continuous and ( )1 , ,  ; �ℑX  is a topological 
BCL+-algebra. ■ 

Corollary 2.1  

The product of any finite topological BCL+-algebra is 
again a topological BCL+-algebra. 

Corollary 2.2 

Any finite product of a topological BCL+-algebra is again 
a topological BCL+-algebra. 

Example 2.1  

Let X  be a topological BCL+-algebra and let  

( )zyxf ,,  and ( )zyxg ,,  be ternary polynomial. Assume 

that for all Xzyx ∈,, . Suppose the following conditions 

hold: 
i) ( )( ) ( )( )yzxzyxzyxf ∗∗∗∗∗=),,( , and 

ii) ( ) xyzzyxg ∗∗=),,( . 

If ( ) ( )( ) 1,, ,,, =zyxgzyxf , then we say that ( )zyxf ,,  

and ( )zyxg ,,  are coprime topological BCL+-algebras. 

Example 2.2  

Let X  be a topological BCL+-algebra and let ( )zyxf ,, , 

( )zyxg ,,  and ( )zyxh ,,  be ternary polynomial. Assume 

that for all Xzyx ∈,, . Suppose the following conditions 

hold: 

i) ( ) ( ) xyzzyxf ∗∗=,, . 

ii) ( ) ( ) zyxzyxg ∗∗=,, . 

iii) ( ) ( ) yzxzyxh ∗∗=,, . 

If ( ) ( )( ) 1 =zyxgzyxf ,,,,,  and ( ) ( )( ) 1=zyxhzyxf ,,,,, . 

Then 

 ( ) ( ) ( )( ) 1,,,,,,, =∗ zyxhzyxgzyxf .       (2.6) 

Definition 2.3  

If +
DBCL -algebra ( )1,,; ∗�X  has the property of 

distribution, let ℑ  be topology of X  and let  

( )1,,,; ∗ℑ �X be a topological +
DBCL -algebra. Then 

topological +
DBCL -algebra ( )1,,,; ∗ℑ �X  has also the 

property of distribution. 

Theorem 2.2  

Let ( )1,,; ∗�X  be a +
DBCL -algebra and let ℑ  be 

topology of X , then ( )1,,,; ∗ℑ �X  be a topological +
DBCL

- algebra. 
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Proof: Let the operations �  

( ) ( ) ( )21212211 ,,,: yyxxyxyx ∗∗=�� .      (2.7) 

identically, element ( )1 ,11 = . By Definition 2.1 and 

Definition 1.3, we have continuous mapping 

 ( ) ( )ℑ→ℜ×∗ ,,:, XXX� .           (2.8) 

where ℜ  is product topology of X . We deduce that 

( )1,,,; ∗ℑ �X  be a topological +
DBCL -algebra. ■ 

Definition 2.4 

Let ( )1,,,; ∗ℑ �X  be a topological +
DBCL -algebra. 

Suppose the following conditions hold: for any Xzyx ∈ , , . 

i) ( ) 1, ≥ℑ yx  and ( ) 1, =ℑ yx  if and only if yx = . 

ii) ( ) ( )xyyx , , ℑ=ℑ . 

iii) ( ) ( ) ( )zyyxzx , , , ℑ+ℑ≤ℑ . 

Then ( )ℑ,X  be a metric space of identically element 1. 

Example 2.3 

Let X  be a set and let →×ℑ XX: ℝ, Xyx ∈ , , by 

Definition 2.3, we now have  

              (2.9) 

Then ℑ  be a discrete metric and ( )ℑ,X  be a discrete 

metric space. 

Theorem 2.3  

Let ( )1,,; ∗�X  be a +
DBCL -algebra and let ℑ  a discrete 

topology of X , then ( )ℑ,X  be a topological space. 

Proof: By Theorem 2.1, ( )ℑ,X  be a discrete metric 

space by Example 2.1, where discrete metric of X  is 
induced by ℑ . Thus ( )ℑ,X  be a topological space. ■ 
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