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Abstract: Significant contributions can be found on the study of the cycle structure in graphs, particularly in Cayley graphs.
Determination of Hamilton cycles and triangles, the longest and shortest cycles attracts special attention. In this paper an enu-
meration process for the determination of number of triangles in the Cayley graph associated with a group not necessarily abelian

and a symmetric subset of the group.
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1. Introduction

The cycle structure of Cayley graphs associated with certain
arithmetic functions were studied by Berrizbeitia and Giudi-
ci[2][3] and Dejter and Giudici [5]. Maheswari and Madhavi
[7] [8] enumerated Hamilton cycles and triangles in arithmetic
Cayley graphs associated with Euler totient function and qu-
adratic residues modulo a prime. The number of triangles in
the arithmetic Cayley graph associated with the divisor func-
tion is determined in [4].

In [2] Berrizbeitia and Giudici consider sequences of Cay-

ley graphs Cay(G,,S,) satisfying the multiplicative arith-
metic property, where G, is a finite abelian group and S, is a
subset of G, . The

X, =Cay(G,,S,) as the multiplicative arithmetic property
(map) if for each pair of positive relatively prime integers
(m,n) there is a group isomorphism @,, from G,, to
G,xG, such that®,, maps S,, onto S,XS, .1In[2], it is
proved that if X, =Cay(G,,S,) is a sequence of Cayley

sequence of Cayley graphs

graphs with the map, then that function 2kp,(n) is a linear
combination of multiplicative arithmetic functions, where
P, (n) denotes that number of induced k-cycles of X, us-
ing this formula the p,(n) and p,(n) are obtained for the
sequence Cay(Z,,U,) in terms of prime divisors of 7,
where Z, is the ring of integers modulo 7 and U, is the

multiplicative group of units modulo 7 . In this paper we give a
formula for determining the number of triangles in a Cayley

graph G(X,S) where X is a finite group, not necessarily
abelian and S is a symmetric subset of X .

2. Enumeration of Triangles in Cayley
Graphs

Let (X, be a group. A subset S of X is called a
symmetric subset if ' ]S for alls 0S . The graph G with
vertex set X and edge set {(g h):g theSorhg 1eS} is
called the Cayley graph of X corresponding to the symmetric
sub set S of X .We denote this graph by G(X, S)and assume
that S does not contain the identity element €of X so that
G(X, S) contains no loops. Clearly G(X, S) is an undi-
rected graph which is |S| - regular with size |X ||S|/ 2 and
vertex transitive.

G(X, §) associated with a group (X, Dl not necessarily

abelian, and a symmetric sub set S of X.
Definition 2.1: Let e be the identity element of the group

(X, D). Fora,bOX , if the triad (e,a,b) is a triangle in
G(X ,S ) then (e, a,b) is called a fundamental triangle.
Lemma 2.2: For a given a ]S the number of fundamental
triangles in G(X,S) is|S n aS| )
Proof: LetaOS . For anyh 0 X ,(e,a,b) is a fundamental
triangle < (e, a),(e, b)) and (a,b) are edges in G(X,S)
=c¢'a, e'p , a'pOS < a,b,a’'b0S < aOS and
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bOSnaS .That is, for a given aUS and for each
bOSNnaS the triad (e,a,b) is a fundamental triangle in
G(X,S) and vice versa so that the number of fundamental
triangles in G(X,S) is |S N aS|,

Lemma 2.3: The number of distinct fundamental triangles
in G(X,S) is —Z|S N aS|

2 alds
Proof: By the Lemma 2.2, for each ¢ []S the number of

fundamental triangles in G(X,S) is |S naS | so that the

total number of fundamental triangles in G(X S ) is

Y]snas.
allS
However the triangles (e,a,b) and (e,b,a) represent

the same fundamental triangle since S is a symmetric subset of
X,
a'bdS < b'als.

So the number of distinct fundamental triangles in

G(X,S) is

—Z|S n as|

aDS

Theorem 2.4: The number of distinct triangles in

G(X,S) is

—\X\Z\S n as|

alS

Proof: Let € be the identity element of the group (X, D
and let & be any vertex of G(X,S). Since G(X,S) is
vertex transitive and regular, the number of triangles in
G (X ,8) with gX asone vertex is equal to the

number of fundamental triangles in G (X S ) namely,
- Z IS n aS|
alS

and the number of triangles in G (X S ) is
- \X\ Y |Snas|
aldS

However each triangle in G(X S ) is counted thrice,

namely, once by each of its three vertices so that the number of

distinct triangles in G (X S ) is

—|X|Z|S n aS|

alls

The following Corollary is immediate.
Corollary 2.5: The Cayley graph G(X,S) has no triangles

ifandonly if SnaS=¢ foralla0S.
Example2.6: For the Dihedral group and its symmetric

subset D4 = {poa Pis Py Pss My My, 517 52}
S:{/Jl,/,lz,él} , Where

(123 4 (1 2 3 4 (1 23 4
Pl 23 4)P T3 410”73 41 2)

(1 23 4y (123 4
p3_(4 1 23]’”1_[2 1 43]’
(1 2 3 4 (1 2 3 4
”2_[4 3 2 1}’51_[32 1 4] and

1 2 3 4
52:
1 4 3 2

consider the Cayley graph G(D,, §)

I
Wy 78
2

4

1

&

Cayley Graph G (D4 , S)

Since 44 ={py, P A}« S ={py Py P} and
38 =1{p, Py, p,} we have,|Sn 48| =0 and |Sn S| =
So the number of distinct triangles in

G(D4,S) is equal to

—|D 1> IS nas|

alS

and G(D,, ) has no triangles .
Example 2.7: Consider the Cayley graph G(D4,S )

where § :{/0191029103:/'11:/'12} .



130 Levaku Madhavi and Tekuri Chalapathi:
#h %!
@ @pﬁ
8 3
Ha A

Cayley Graph G (D4 R S)

Since ,035:{/007 p17 p27 527 51} 5 /'IIS:{JD ,Uz, Jls pos pz}
and /qu:{a-la /'11: 52: p27 po} , W€ have |Sﬂ,01S|:2 S
|Snp,S|=4,1S0pS|=2, [SnuS|=2 and |Sn @S| =2.

So the number of distinct triangles in G(D4,S ) is equal to
1
D[ IS nas| =2[2+4+2+2+2] =16
6 als 6 .

3. Deductions

3.1. Enumeration of Triangles in the Euler Totient Cayley
Graph

Let 721 be an integer and let (Z,,[1) be the group of
residue classes modulo 7 with respect to the addition [l

modulo 7 . Then the set S :{S :1<s<n and § is rela-
tively prime to n} is a symmetric subset of (Z,,L1) . The

Euler totient Cayley graph G(Zn, (D) is the graph whose

vertex set is
v=2,={0,12,..,n-1}
and the edge set

EZHLnyyDVJ—yDSory—xDﬂ

In [8] it is established that the graph G (Zn , (D) is @ (n)

- regular with sizen¢(n)/ 2 , Hamiltonian, connected, bi-
partite and contains no triangles if 7 is even.
For any vertex @ in G (Zn , CD)

a0Sn(1+S) = aO0Sand a01+S

- aa-108 < ¢ and g —1 belongto §, or, they

constitute a pair of consecutive integers less than # and

Enumeration of Triangles in Cayley Graphs

relatively prime to 77 .
Thus ‘S N (1 +S)‘ = ¢(2) (I’l) , the Schemmel totient

function which denotes the number of pairs of consecutive
positive integers less than » and relatively prime to n . Fur-

ther using the fact that (S,[J) is a multiplicative subgroup

of order ¢(n) of the semi-group (Zn*,D) , Where

Zn* =Z, —{0} , and []denotes the multiplication modulo

n, one can see that |S N (a+S)| :|S N (1+S)|fora gs. To
establish this, for @ [1.S define the map

fi8Sn(1+8) - Sn(a+S)

by f(x):axforall x:Sﬁ(1+S).

Let xOSn (1+8) .Then xOS and xO1+S so
that x =1+s and ax=a(1+s) =a+as for some
s S .Since (S,D) is a group, a, x, s(S implies that
ax,as0dSsothat ax=a+asUa+as .

Hence the f maps S N (1+S)intoSﬂ (Cl+S).

For x;,x, 1S N (1+S), f(xl):f(xz)implies that
ax, = ax, . Since (S,D)is a group, this gives X, =X,
and [ is one- to - one.

LetyDSﬂ(a+S). Then y S and y=a+s for
some s [1S .Since (S,D) is a group, for a,s[]S there

exist 5, [].S suchthat s =as, so that

y=a+s=a+as =a(l+s))

or, 1+s,=a”'yOS,since a,y0S.

Also s, [JS implies that 1+s J1+S .That is,
I+50S8n (1+S) . For this 1+s, 0S8N (1+S) and
f(l+sl) = a(l +S1) =y .This shows that f is onto and
hence a bijection showing that ‘S n (1 +S)‘ = ‘S N (a +S)‘.

So by the Theorem 2.4, the number of distinct triangles in
the graph G(Z,,®) is equal to

|z
ELS s n(a+8) == |Sn(1+5)

" n
6 s 6 alls

=0 (n)ls]

n 2 1
g¢<2) (n)¢(n) =§n |;|(1—;)n|;|<1—;)
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2.1
=—Ma-Sa--),
[¢ p)( p)

pln

since @(n)= n|_| a —%) and ¢ (n)= "l_l ¢ ‘%) (see

pln pln
p.147 of [6]).
Remark 3.1.1: If nis even then 2|n and the term cor-

responding to p =2 in the above product is zero so that
G(Z

Example 3.1.2: Consider the Euler totient Cayley graph
G(Z,,®)forn=45. Here n=35. So the number of dis-

®) contains no triangles.

n?

tinct triangles in the graph G(Z,,5, ®P) is
(45)° 2 2 1 1, _
——(1-9)(1-=)(1-=)1-=) =1620.
c ( 3’)( 5)( 3')( 5)

3.2. Enumeration of Triangles in the Quadratic Residue
Cayley Graph
Let p be an odd prime and consider the set Q of the
quadratic residues modulo p . Let Q" ={s,p—-s:s00} .
Then Q* is a symmetric subset of the additive abelian group

(Z b D). The quadratic residue Cayley graph is the graph

whose vertex set V' =7 :{0,1,2,...,]9 —1} and the edge

set
E={(x,y):x,y0V,x-y0Q ory-x00"}

For any vertex a in G(Z,,0) , we have
alQ ' n(1+Q") = alQ and a01+Q"

~a0Qand a-10Q" < aand a—1
are consecutive quadratic residues modulo p . Thus

0" (1+0")] =0 (p),

where Q(z) (p) denotes the number of pairs of consecutive
integers less than p , since (Q*, [1) is a subgroup of the

multiplicative group (Zp ,[1), one can see as in the case of

Euler totient Cayley graph that
0 n(@+0)|=[0" n(1+0)

forall a0Q".
So by the Theorem 2.4 the number of distinct triangles in

the graph G(ZP,Q*) is

‘Z—Z\Q* n(a+0) =2 Y [0 n (1+0)

f
6 al0" a0

=<lona+o|o] Lovmlo

p-1 and

2
(2) — 1 (p=1)/27 — p-5 .
0 (p)—z[p—4—(—l) ]_T (see section 10.1 of

If p=1 (mod 4 ), then Q" =0 , |Q|:

[1]). So the number of distinct triangles in G(Z p,Q) is

p(p-1),
—ag (p-95).

If p=3 (mod 4 ), then O ={1,2,3,...,p-1} ,
‘Q*‘ =(p-1) and QP (p)=p-2 so that the number of

distinct triangles in G(ZP,Q*) is Pp—Dp-2)
6

Example 3.2.1: Consider the quadratic residue Cayley
graph G(Z,,, Q) .Here 73=1 (mod 4 ). So the number of

distinct triangles in G(Z,,, Q) is equal to

p(p—D(p=5) _73x72x68
48 48

=7446 .

Example 3.2.2: Consider the quadratic residue Cayley
graph G(Z,,, Q") .
Here 71=3(mod4 ). So the number of distinct triangles in

G(Z,, 0" is equal to %@_2)
= T1X70%69 _ o755
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