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Abstract: This paper describes the derivations of first type of algebra from the second class filiform Leibniz algebras of
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1. Introduction and Preliminaries

In mathematics and in particular in the theory of Lie algebra,
a Leibniz algebra (which was first introduced by L. Loday in
1993, [5]) is an algebra L over a field K satisfying the
following Leibniz identity

[y, 211 =[x, y], 2] = [[x, 2], ¥].

forany X,y,zUL  where[.,.] denotes the multiplication in L.
Leibniz algebra is a generalization of Lie algebra. Onwards,
all algebras are assumed to be over the field of complex
numbers C. Now, let L be a Leibniz algebra, we put:

=1, =k 1) for k=1.
Following [7], a Leibniz algebra L is said to be nilpotent if
there exists sON such that 7l o2 0. Orf=0- A

Leibniz algebra L is said to be filiform if diml} = n—i,

[eg.eg]= e,

where n=dimL and 2<i<n, see [1]. Let d be a K-linear
transformation of an algebra L, d is called a derivation of L

(fep if

d([x,y]) =[d(x), y]+[x,d(y)] forallx,yOL.

The set of all derivations of an algebra L is denoted by
Der(L). We also, denote by Leibniz the set of all
(n+1)-dimensional filiform Leibniz algebras. We now look at
the following theorem from [3] which splits the set of fixed
dimension filiform Liebniz algebras into three disjoint subsets.
However we just take the result of this theorem regarding only
FLeibn+1 .

Theorem 1.1 Any (n+1) -dimensional complex filiform

Leibniz algebra L admits a basis e€y,e,....e, called

adapted, such that the table of multiplication of L has the
following forms, where non defined products are zero:

lej.egl=¢€j+1, 2<is<n-—1,
SLeib,+1 =<leg.e1]1= Brez + Baeg +...+ By ep—1 + Br-1€p>

ler,e1]= yey—

lej.e1]=Brejro + Baejrz +.t Byyy-jey.2< j<n=2,

for 53,8455y, LOC.

Lemma 1.1 [6] Let d UDer(Ly) . In this case d =do+d|+dy+..+d, | where dy UEnd(L,) and dy(L;) U Liyg for

1<i<n.
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The purpose of this paper is to study the low dimension of algebras in order to get the basis of the space Der(L, (a)) . We

attempt to find the basis of the derivation for this algebra and the relationship between the algebra and its derivations, by studying
the table of this algebra from dimension 5 to 15.

2. Algebra L, (a) of the Second Class Filiform Leibniz Algebras

leg.ep] = €2,
L,(a)=1lej,egl=¢€j4+1, 2<i<n-1.

[eg.e]=¢, .
We observe the derivations of this type of algebra in low dimension in the following table:

Table 1. Derivations of Der(L, (a)) with low dimension.

dimension equation(dim Der) dim Der No. of equations
di(eg) = e, diler) =3ey,
di(e;)=ie;,2<i<4
dy(ep) =ep,dr(er) = ey,

dy(eg)=e,d3(e;)=ej4+1,2<i<3
dyleg) = €3, daler) = ey,
ds(eq) = e4,dg (1) = e
d(eg) =€, di(ey) =4ey,

di(e;)=ie;,2<i<5
dy(eg)=ep, dy(er) =es dy(ep) =ep,
d3(€l~)=€l~+1,25i54
dy(ey) =e3,
d4(€l~)=€l~+1,25i53
ds(eg) = ey, ds(ep) =es,
dg(eg) = es5, d7(e))=es.
di(eg) =g, di(er) = Sey,
di(e;)=1ie;,2<i<6 dy(ey) =eq,
dy(ep) =eg d3(eg) =ep, di(e;)=ej41,2<i<5
7 dyleg)=e3, dyle)=ej41,2<i<4 8 25
ds(ey) = ey, ds(e;) =ej41,2<i<3
de(ep) = es, dg(er) = ¢,
dq(ep) =eg. dg(er) = es.
di(ep) = e, dy(ep) = Gey,

di(e;) =ie;,2<i<7 dy(ey) =e,
dy(ep)=e7 d3(eg)=ep, dz(e;) =e€;41,25i<6
dy(eg)=e3, dg(e;)=e41,2<i<5
ds(eg) =ey4, ds(ej)=e41,25i<4
de(eg) =es, dg(ej) =e;41,2<i<3
dq(ep) =e6, dy(ez) =e7,
dg(ep) =e7, dg(e)) = eq.
d\(eg) = e, dy(e)) = Tey,

di(e;) =ie;,2<i<8 dy(eg) =ey, dy(ex) =eg
d3(ep) = e, d3(e;) =ej41,2<i<7
dy(eg) =e3, dy(e) =€;41,2<i<6
9 ds(eg) =eq, ds(e;) =€;41,2<i<5 10 40

de(e) = es, do(ej) =¢j+1,2i<4

d7(e) =eq, dgle;) =€j41,2<i<3
dg(eg) =eq, dg(er) =eg,
dg(ep) = eg, dip(er) = eg.
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dimension equation(dim Der) dim Der No. of equations

di(eg) = eg, di(e]) = ey,

di(e;) =ie;,2<i<10 dy(eg) = ey,
dy(er)=ejg di(eg) =ep, d3(ej)=¢;41,2<i<9
dy(eg)=e3, dya(e;)=e;41,2<i<8
ds(ep) = ey, ds(e;) =ej+1,2<i<7

11 dg(eg) = es. dg(e;)=ej41,2<i<6 12 59
d7(ep) = eg, dglej) =ej41,2<i<5
dg(eg)=e7, dg(e)=e;41,2<i<4
dy(ey) =eg, do(e;)=€j41,2<i<3

dig(eo) = e, dip(e2) =10,
di1(ep) = e10, di2(ep) =eqo-
di(ep) =g dy(e) =10y,
dl(ei)=i€i,25i511 d2(€0)=€1,
dy(er) =e1 d3(ep) = ez, d3(¢) =ej4,2<i<10
d4(€‘0)=€3, d4(€i)=ei+1,25i59
d5(€0)=€‘4, ds(e‘i)=ei+l,25i58

12 dé(eo)ie‘sa dé(ei)iei+l>25’:57 . i
d7(ep) =eg, dg(e;) =€;41,2<i<6
dg(eg) =e7, dg(e)=¢€;41,2<i<5
dg(ep)=eg, do(ej)=e;41,2<i<4
dio(eg) =eg, dio(e;) =e€j+1,25i<3

dii(eg) =ejo, dyi(er) =eiy,
diz(eg) = e, dizle) =enp-
di(ep) = ep, dy(e) =1ley,
dl(ei)=iei’25i512 d2(€0)=€1,
dy(ex)=epp
d(eg) =€y, d3()=¢€j41,2<i<l11
dy(eg) =e3, dyle) =€141,2<i<10
ds(eg)=ey, ds(e;)=€;41,2<i<9
13 de(eg) = es, dé(ei)=ei+l’25’:58 ” %
d7(ep) = eg, dgle;) =ej41,2<i<T
dg(ep) = e7, dg(e;)=e4+1,2<i<6
dy(ep) =eg, do(e;)=€;41,2<i<5
diolep) = e9, digle;) =¢j+1,2<i<4
dii(eg) =e10, dyi(e) =e€j+1,2<i<3
dia(ep) =er1, dia(e2) =enn,
di3(eg) = ez, dialer) =enp.
di(eg) = eg. dy(eg) =12e,
di(e;)=ie;,2<i<13 dy(ey) =e¢y,
dy(er) = e13 dz(eg) = €2, dz(e;) =ej41,2<i<12
dy(ep) =e3, dy(e))=e€j41,2<i<l11
ds(eg) = ey, ds(e)=ej+1,2<i<10
de(eg) =es, dg(e;) =ej+1,2<i<9

14 d7(€0)i96’ dé(ei)j€i+1,25f'58 is o
dg(eg) =e7, dg(e)=e€j4,25i<T7
do(ey)=eg, do(e;)=e€;41,2<i<6
dio(eg) =eg, diole;) =e€j+1,2i<5
dii(eg) =ejo, di1(e;) =ei+1,25is4
dip(ep) =ei1, diae)=ej41,25i<3

di3(ep) =12, diz(ea) = ey3,
dia(eg) = €13, dis(e)) =ep3.
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dimension equation(dim Der) dim Der No. of equations

d)(ep) = eg, di(e1) = 13¢;,

di(e;) =ie;,2<i<14 dy(ep)=ey,
dy(ep) =ejq dy(eg)=ep, d3(e;) =e;41,2<i<13
dy(eg)=e3, da(ej)=ej41,2<i<12
ds(ep) =ey, ds(e;)=ej4+1,2<i<11
dg(ep) =es, dg(e;) =ej41,2<i<10
d7(ep) = eg, dg(e;) =€;41,2<i<9
15 dg(eg) =e7, dg(e;)=ej4+1,2<i<8 16 109

do(eg) =eg, do(e;)=ej41,2<i<7
digeg) =eg, diple;) =e€;+1,2<i<6
dii(eg) =ero, dyie) =ej+1,2<i<5
dip(eg)=e11, dip(e)=ej4+1,2<i<4
di3(ep) =ein, di3(e) =€j41,2<i<3
di4(eg) = €13, dia(ez) = e3,
dis(eg) = e4, digler) = ei4-

Notes:

From Table 1, we obtain the main result of this paper: We
are able to find a basis of the space Der(L,(a)) and this is
given in the proposition 2.1. Therefore we can find the dim do([eg-eq]) =[dp(ep).ep]+[ep,dp(ep)]
Der of this algebra for any dimension by using this rule:
dimDer(L,) = dim(L,)=n+2, for n=3 . Finally we andso,
obserye thaF the number of equatigns .that can be calcj‘ulated f07r do(er) =g e, ep]+[en. Tpep]
any dimension obtained from derivations the following rule: =

n(n+l)_'_4

repeatedly use algebra L, (a) and (1).
Case 1:if i=0 and =0, then

which implies

Let dUODer(L,(a)). By using Lemma 2.1, we have 2ayey = agex tape)
d=dy+d|+dy+dy+dy+..+d,—H +d,_. and thus

In Lemma 3.1, we give definition for dg U Der(L, (a)). B

In Lemma 32 , we give definition for az = ao.
dy UDer(L,(a),1<k<(n-2).

Case 2:if 2<i<n,j=0 then
In Lemma 3.3, we give definition for d,—1 0 Der(L,(a)).

We are going to find the basis of algebra L, (a). L 1 <
; ome g0 T do([ Y eire0)) =[do (X e;),e01+[ Y ¢;do (ep)]

For this purpose, we present the following Lemma ( 2.1, 2.2 ) s b

and 2.3 ).
L so that,
Lemma 2.1 Let 1) =Ageg+(n—1)e + ZAiei . Then, we
i=2 n-1 n n

have do(D ei+1) =1 aei. el +[ X ¢, a0 €]

=2 i=2 i=2
t(eg)=ey, ti(e)=(n-1)e and t/(e)=ie;, 2<i<n-—1.
which implies
Proof. Consider dy UDer(L,(a)) which is defined by

n—l1 -1 -1
doen. i=0 2. i1+ Dy = Didieiar + 2,00¢41
00 ’ i=2 i=2 i=2
do(e)=1a1(n—1)e i=1, ) | |
ajie;, 2<i<n, o . S
! D @1+ Depey = D (ia; +ap)ej
where @;, 0<i<n, are scalars. Consider the family of i=2 i=2
derivations and so,
do([e,-,ej]) = [do(e,-),ej] +[e,-,d0(ej)]. (i+Da; =ia; +ag, 2<i<n-1.

We now look at the problem case by case. In each case, we Ifi=2 in (3), then 3a3 =2a, +ad( . By (2) we obtain

2

3
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a3 =a; 4) n-l n-l
de( [eg.e0]) = [de<eo) el+[ep, de<eo)

If i=3 in (3) then 4@y =3a3+ag. By (2) and (4), we

obtain Then
ag =a3 (%) n—1
Similarly, if i=n-1 in (3) then kzldk (e2) = [kzl/]oek el eo’kzl/loek ]

=(n- +
(ma, =(n-Da,- +ay. which implies

But ay = a, . Thus, n-1 n-1
B D e+ = D Aoer+t +leg, Aoey]
ap =0p- (6) k=1 k=1
From (2), (4), (5) and (6) we obtain n-1 n=2
e = D Aoes +Aoe,
aQy=0y)=03=0Q04="=0,,. @) k=1 =1
Thus, using (1) and (7), we get n-1 n=2
] i D e = D Aoe+ +Aoe,
do(D_Aie;) = do(Ageq) +do(Aie)) +do(Ayer) + D do(Nie;) k=1 k=
=0 =3 n-1 n-1
" 2 e = 2 Aoeg+
=o(@pen) + A (@g(n=D)ep) + 2 (arex) + D idi(aje;) = =
=3 to obtain
n
=aglhge + A(n=1)e; +2hey + Y idie] A =A. (10)
i=3
=apl - Case2:if 1=i<n-1,7=0 and 2<k<n-1, then
From this we obtain nln-l n-ln-l nl n-l
2 2di(leeD) =12 Ydi(e)eol+[ Y ein 2 dj(ep)]
Heg)=e, f(e)=(n—1)e and ti(e;)=ie;, 2<i<n—1. (8) k=2i=1 k=2i=1 i=l k=2
Lemma 2.1 gives some vectors of the basis. In the next we n=ln-l nZln-l
will complete this basis. Z de (ei+1) = [Z ZA Ck+i-1-€0] +[Zel, de (e0)]
Lemma 2.2 Consider dj UDer(L,(a)), 1Sk<sn-2 k=1i= k=1i=1 =1 k=l
such that dj is defined as n=1n-1 n—1n-1 n-1 n-1
_ > Z/‘z+1(ez+k) (DD Aegri1.€0]+[D e Z/‘o(ek)]
Apeg, i=0, 1sks<n k=li= k=1i=1 =l k=1

. . <i<n-
Aiepri-1, 2Si<n=1 ) n—1n-1 n—ln-1

2Sk$ﬂ‘l ZZ/]Z*'lel"'k ZZAlek+l

k=1i= k=1i=1

di(ep)=

where Ay and A;,1<i<n—k are constants. Thus,

Then dy(eg) =e; and dp(e)=¢j4p— for 2<i<n Ay = A (11)
and 2<k<n-1,

Proof. Consider the family of derivations From (11), if i=2, then &3 =4y. Also, if i=3 then

A4 =A3. Similarly, if i =n-1, then A, =A,,1. From (10)
di(lez.e; 1) =ldg(e).e;1+[e;,dy (e))]. and (11) this implies

Similarly, we calculate case by case. In which we o=h=h=_.=4_4=4, (12)
repeatedly L,(a) and (9).

Case 1:if i=0,7=0  then and hence, by (9) and (7), we get
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n n dp-1(ex) =1y ey, e0]+[eg, ey .
di (D ae) = di(agey) +di (aye) + D di (a;e;)

i=0 i=2 If 770 #0 then
n
=ap(doer) *+ D Ai(@eg+i1) 0=0+0.
=2
nl—k Hence, using (14), we get
:ao(/]oek+ ZAiekﬂ')' " n
=2 dp-1| 2 e | = dp-1(Aoeq) +dy—i (D) + D dyy (Aie;)
Thus i=0 i=2
’ = Ao (myey)
di(eg)=e; and dp(e;)=epy;, 2<i<n—k. (13) =1 (Ape,)
This conclude the proof. = (712)
Lemma 2.2 gives a second part of the basis of Algebra. Up .
. . . and we obtain
to now, we obtained two parts of the basis. This imcomplete
t2)a3sis will be completed by other vectors will be given Lemma tr(ep) = ey,. (15)
Lemma 2.3 Let ty) = Aye,, . Then ty(ey) =e,. This conclude the proof of Lemma 2.3.
Proof. Consider d,_j ODer(L,(a)) where d,_; is In Lemma 2.4 Fullfilment to conclude our study we will
defined by now turn to show that the set of vectors given in Lemma 2.1,
Lemma 2.2 and Lemma2.3 form a basis of Algebra.
d,—(eg) = Mye,,, (14) For that, we will show that the set vectors are linearly
independent.
where 7%y is a constant. Consider the family of derivations Lemma 2.4. The mappings .t and dj for
P _1d lend, 1 1<k <(n-2) arelinearly independent.
n-10€i¢j D =ldp-1(€).¢j1* e dpi (e)] Proof. Consider that
Case 1:if i=0,7=0 then n=2
aiy(e) +azty(e)+ D Brdi(e) =0 (16)
d,y1 (€0 €0 D) = [dy-1(€0)s 01+ €0 -1 (€0 )] i
by Ly(a) and (13), thus where ¢; 0L, (a),i=0,1,2,3,..,n—1. We will show that
a=ar,=B=0FH=..=6,=0 for 1Isk<n-2.
n-1 5
Dlain(e) +arny(e) +Zp 5y Brdi (¢)]
i=0
n—1
= Y lan(e) +asty(e) + Bidi(e) + Brdy(e) +...
i=0

+B,-3dp—3(e;) + By-2dp-2(€;)]
=an(ep) +anty(e) + Bdi(eg) + Brdy(ep) +...+ By—3dy—3(ep) + By—2dy—2(ep)
Hayn(e) +azty (o) +asiz(e)) + Bidi(ey) + Badr(ey) +...+ By—3dy—3(e1) + By—2dp—2 ()]
Han(e) +arty(er) +aziz(ex) + Bidi(ex) + Boda(e) +...+ By-3dy-3(e2) + By-2dp—(e)]
Hayn(e3) + aptp(e3) + aziz(e3) + Bidy(e3) + frdy(e3) ...+ By—3dy-3(e3) + fy—2dy-2(e3)]

Hajt(eg) +agty(ey) + aztz(es) + Bidi(ey) + fody(eg) +...+ By—3d,—3(es) + By—2dy—2(es)]
+..

+...
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Hayt(ep—2) + Aoty (ey—2) t a3t3(ey—2) + Bidi(ey—2) + Brdp (ey—2) ...+ By—3dy-3(ey—2)
+By-2dp—2(ep-2)1* [ (ey-1) + A213 (€y—1) + A313(ey-1) + Bid) (€y-1) + Badr (€p—1) t ...
+By—3d,-3(ey-1) + Br-2dp-2(ey-1)]
=0.

This implies
(eg + Biex + By + Boey + Baes + Ppeq +...+ By_zen—3 + By—en—2 * By-1€n-1 + 02¢y)
+Ha(n—1)ep)
+2a1ey + Bre3 + Brey + Paes + Pseq t ..t By-3en—2 * Bp-2en-1+ By-1€n)
+(3me3+ Prey + Byes + Paeg + Bser +...+ By_3en—1 + By-2ey)
+(dajed+ Bres + fyeq + Paey + Pseg +...+ fy_gen—1 + Byzey)
+..

+..
+(n=2)aep—2 + Brey-1 + Brey)
+H(n-Daep-1 + Brey)

=0

We thus have
ey +(a(n=1)+B)ey +2a1 + Br)ey + (301 + By + By)es +(4ay + By + B3 + By)ey
+(5a1+ Py + B3+ Py + Ps)es + (601 + o + By + Ba + Bs + P es
+(Tay+ By + B3+ By + Bs + s + Br)e;
+..

+..

Hn=2a+ B+ B3+ By +..+ Byn)ey—
Hn=Day+ Ly + B3+ By +...+ By-1)en-1
Hay+ B+ B3+ Byt t By-1ey
=0.

Here we have these following results:

1. a1e; =0 which implies a1 =0.

. ((n=1)+B)ey =0 which implies aj(n—1)+ [ =0, butsince a; =0 then £ =0.

. (Bay+ B + B3)e3 =0 which implies 307+ B, + 53 =0, butsince a1 =05 =0 then B3=0.

[V I VS I

By =0.

6. Similarly, (A +B+B3+04+..+B;-1)e, =0 which implies ary+B+L3+064+..+B,-1=0 but

ar =P =B=P4=Ps=PBs=..= By—1 =0.Then, we get a =0.

. (4o + By + B3+ By)eg =0 which implies 4a1+ 5> + 53+ 64 =0 butsince a3 =0, =53 =0, then B4 =0.
. Say+ B+ B3+ B+ Ps)es =0 which implies Sa1+ 5+ B3+ L4 +B5=0, but since a1 =0 =B;3=0L4=0 then

29

since
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From of the above we will obtain
= =f=B=K=L=F==F-1=0.

This conclude our proof and the mappings are linearly
independent.

Lemma 2.5 The linear mappings
dy, dy,d,—1 UDer(L,(a)),1<k<n—-2 defined by (1), (9)
and (14) are linearly composition.

Proof. Let

a7

x=/Igeg e tipey tizes tijgeq +.. i, _1€.

First we observe that by (1), (9) and (14),

210 (aye) +my(ag(n=1))ey + D a;(77;ie;)

2
dk(x): n n—=1n-1 (18)
+> Modoex + D D Alliekrio1 0y
k=1 k=2i=2

Hence by using (7) and (12),

d(x)=aplng(e) +m(n=De + ) 1;ie;]
2

n n—-1n—-1
Aol D Moek + D D Miek+i-11+ oen.
k=1 k=2i=2

Thus
d=agty +myty +Agdy for 1<sk<n-2.

The linear composition of the mappings is proved.

Lemma 2.6 The mappings t,ty,dy for 1<k<n—-2 are
derivations.

Proof. Consider that

X=Qpey taie +tarep +azez +...+04,,1¢,
and
y="5Boeo + Bier + Brey + Bres ..+ Byey-)
Then
xy = By(ag.er +are3 +azeq +...+ (a1 +a1)ey)
and so,
H(xy)=ByRagey +3aye3 +4azey +...+n(a,_; +ape, (19)

Thus,

H(x)=apey +ar(n—1)e +2arey +3a3e3 +4a4eq +...+ a1 (n—1)e,

Hence
n(x).y = Bylage, +2a3e3 +3azeq +4ages +...+ (n—1)(ay,- +a1)e, ] (20)
and thus,
n(y)=PBoey + Bi(n—Dey +2Brep +3f3e3 +4fyeq +...+ By (n—1)e,
Therefore, thus,
xn(y)=polager +are3 +azes +...+ (@, +ay)e,] (21) nl nl nk
Ydr(x)= D [age; + D depri]
By adding (20) to (21) we will obtain (19) . This k=1 k=1 i=2
implies ? is a derivation. then
We now show that ) is also a derivation.
n—1 n—l1
1> (x) = age, [di (X)-91= Bol D (ep+1 + D (@240 +A36443
k=1 k=1
and
oty e )] (22)
1 (») = Boen

From easy calculation we have #p(x).y =0, xt(y)=0
and t(x.»)=0 andthus #, isa derivation.
Now, since
n-1

di(x) = Y lagdi(ep) + a1dy(e)) + @y di(er) +...+ Ay di(ey-1)]
o

In addition,

n-1 n-1 n—k
DA =D lapex + D aiepsio]
k=1 k=1 i=2

and we have
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n-1
[x, > dp(»]=0 (23)
k=1
Also,
n—1 n-1

Ddp(xy) =D Bo(@peps1 +Opeprn +A3epaz +t Ay ey 1) (24)
k=1 k=1

By adding (22) to (23) we will get (24), thus dj is a
derivation.

This complete the proof of the derivation.

We recall that the #,tp, and di for 1<k<n-2 are
defined in Lemma 2.4,..., Lemma 2.6.

We will conclude our discussion with the following
Proposition.

Proposition 2.1 Let Ly (a) be
epep = €y.eieg =e€j+], 2<i<n—1 and eey=¢, . Then
f,tp and dj for 1<k<n-2 form a basis of the space

Der( L, (a)).
Proof.: The proof follows from Lemma 3.4 to Lemma
3.6

3. Conclusion

Finally, the purpose of this manuscript is fourfold:

1. This algebra L,(a) , is nilpotent, but it is not
characteristically nilpotent.

2. This algebra L, (a) work with basis derivations from
five dimension and above.

3. We can find number derivations of this algebra on any
dimension by this rule:

dimDer(L, (a))=n+2.

4. We can determine the number of equations from the
result of derivations by this rule, i.e, the number of

L +1
equations is equal to nrtl) +4.
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