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Abstract: Recently, a definition of fractional which refers to classical calculus form called conformable fractional calculus has
been introduced. The main idea of the concept of conformable fractional calculus is how to determine the derivative and integral
with fractional order either rational numbers or real numbers. One of the most popular definitions of conformable fractional
calculus is defined by Katugampola which is used in this study. This definition satisfies in some respects of classical calculus
involved conformable fractional derivative and conformable fractional integral. In the branch of conformable fractional
derivatives, some of the additional results such as analysis of fractional derivative in quotient property, product property and
Rolle theorem are given. An application on classical calculus such as determining monotonicity of function is also given. Then,
in the case of fractional integral, this definition showed that the fractional derivative and the fractional integral are inverses of
each other. Some of the classical integral properties are also satisfied on conformable fractional integral. Additionally, this study
also has shown that fractional integral acts as a limit of a sum. After that, comparison properties on fractional integral are
provided. Finally, the mean value theorem and the second mean value theorem are also applicable for fractional integral.
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of ordinary derivatives. Even more, this new subject has
been important topics to discuss because there are several
applications about this topic [5, 16]. Also, further results
about this subject were developed by [6]. The aim of this
paper is to provide additional results of conformable
fractional calculus based on the definition introduced by
Katugampola [10]. There are several properties of
conformable fractional calculus that well functioned, like
classical calculus involving fractional derivative and
fractional integral, such as properties to determine fractional

1. Introduction

Today various types of fractional calculus have been
proposed by many researchers. The most popular definition
is given by the Riemann-Liouville, Caputo, Griinwald
Letnikov, Hadamard definition. The information about their
definition can be found in [12, 14, 15]. Most of the types of
fractional calculus definitions that have been introduced
cannot be used for classical properties such as product rules,
quotient rules, chain rules, Rolle theorems, and mean value

theorems. Therefore, Khalil et al. [11] introduced a new
modest idea. The definition called conformable fractional
calculus is the definition of fractional derivative and
integral with « € (0,1) order and it satisfies classical
properties mentioned above. Moreover, there are several
researchers introduced their definition conformable
fractional calculus in the other form [1-3, 10]. Recently, the
concept of conformable fractional calculus has gained
relevance, namely because they kept some of the properties

derivatives, definite fractional integral as the limit of a sum
and comparison properties of fractional integrals are also
developed. Aditionally, some applications are given.

2. Conformable Fractional Derivative

Katugampola [10] introduced natural definition of
fractional derivative definition which satisfies classical
derivative properties.
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2.1. Definition of Conformable Fractional Derivative

Let a > 0 and a € (0,1). Given a function f: [a,b] —» R.
Then conformable fractional derivative of f is defined by

DAY (x) = lim, o LT (1)

€

for x > 0.If f be a —differentiable on (0,a),a >0 and
limy_ o+ f*(x) exists. Then, f*(0) = lim,_y+ f(x).

The following theorem is an important result to prove the
next consequences.

2.2. The Result Theorem of Conformable Fractional
Derivative

If b>a>0 and f:[a,b] > R is differentiable
function then f is a —differentiable function at x > a, then

a — 1—ai
fo@) = x4 —f (). (2)
Proof. Using (1) and taking h = ex'%(1 + 0(¢) then,

f(xe=™) - F(x)
. ,

D*(f)(x) = lim

f(x +ex™® + 0(6)) - f(x)

= lim
-0 €
limf(x+h) —f(x)
Tes0 hxa-1
1+ 0(e)

De(FIG) = ¥ o),

since by assumption, f is differentiable at x > 0. This
completes the proof of the theorem.

2.3. Properties of Conformable Fractional Derivative

Let a € (0,1] and f,g be a —differentiable at a point
x > 0. Then

i. D*(c)=0.c€eR

ii. D%*(af + bg)(x) = aD*(f)(x) + bD*(g)(x).

o e R

. a _ gD (x)—-f(x)D*(g)(x

. D (5) () = [gCOP2

v. D(f 2 g)(x) =f'(g(x))D*(g)(x) (Chain Rule).

Proof. Using (2), all properties will be proven consecutively.

Now, for fixed a € (0,1], it is easily seen that x1~¢ % (c) =
x17%.0 = 0. This is prove of property (i). Secondly, for the
property (ii),

D%(af + bg)(x) =x'"*(af + bg)'(x)
= x'"%(af + bg)'(x)
=x""%(af'(x) + bg' (x))
=x%af'(x) + x1"%g’' (x).

Hence, the definition satisfies linearity property. Using
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similar arguments applied on property (ii), then property (iii)
is proven by

D(fg)(x) = x'*(fg)' (x)
=x""%(f'g + fg")(x)
=x"*(f'g () + x*(fgH ()
= x4 () g(x) + x1f (x) g’ (x)
D¥(fg)(x) = (D*f(x))g(x) + (D*g(x))f (x)
Then, for (iv)

or(er=se(lf

g
MY o 1 GOIF () — F)g ()
b (g) () = x TR
_ OO @x' = — f(1)g () )
Tk
(F\ o 9EDUHE) ~ FEID(9)®)
p(5) @ = [COT?

Finally, property (v) will be proven using (2) as the
following

D*(f e g)(x) =x'"*(f o g)'(x)
=x'"*f'(g(x)g'(x)
= f'(g())x" g’ (x)
D(f = 9)(x) = f'(g () (D (9 (x))
This completed the proof of the theorem.
2.4. Corollary of Quotient Property

Let a € (0,1] and f,g be a —differentiable at a point
x > 0. Then

RN
> (7) =~ TP
Proof. Using (2) and the property (iv) of theorem 2.3, then

1 ol 1 !
> (769) = (75
= xl‘“w
F (1
f'Goxt e

TGE

1YW
> (75) = ~ireor

2.5. Corollary of Product Property

Let @ € (0,1]and f,g be a — differentiable at a point
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x > 0. Then

2
D(f(x)" = 2(f()f*(x))
Proof. Using (2) and the property (iii) of theorem 2.3, then

De(f()" = %17 (@)’
= (f)f @) + f (D ()
= (U QOf () + (U O ()
D(f(0))" = FOOf*() + FEQOf ()
DA(f())” = 2(FN)f*(x))

2.6. Rolle Theorem for Fractional Derivative

Let a > 0 and f:[a,b] » R be a function satisfying the
following

i. f continuous on [a, b],

ii. f is a —differentiable for some a € (0,1),

iii. f(a) = f(b),

Then, there extists ¢ € (a, b) such that £ (c) = 0.

Proof. Since f is continuous on [a, b] and f(a) = f(b),
there exists ¢ € (a,b) at which the function has a local
extrema. Then

pe(rie) = jp LSO

pe(r(@) = i LEE DO

But, the two limits have opposite sign, so D¥(f(c)) = 0.
Consider the function
f) —fa@) (1 1
FG) = £ = f(@) — 1 — (2% =~ a®).
—pa_=ga \& a
a a
Then, the function g satisfies the conditions of the
fractional Rolle’s theorem. Hence there exists ¢ € (a, b), such

that D¢ (ix“) = 1, the result follows.

2.7. Monotonicity

Let a >0 and f:[a,b] » R be a —differentiable on an
interval [a, b].
i If f*x)=0 for all
nondecreasing on [a, b].
ii. If f*(x) > 0 forall x € [a, b], then f isincreasing on
[a,b].
ii. If f*(x) <0 for all
nonincreasing on [a, b].
iv. If f*(x) < 0 forall x € [a, b], then f is decreasing on
[a, b].
v. If f*(x) =0 for all x € [a, b], then f is constant on
[a, b].
Proof. For part (i), let x,,x, € [a,b] with x; < x,. Using
theorem 2.7 there exists ¢ € (xq, x,) such that

x €la,b] , then f is

x €la,b] , then f is

1 1
F) = ) = £4(0) (S 2% = —a),

If f*(c)=0 then f(x;)=f(xy) . Therefore, if
f%x) =0 for all x € [a,b], then f is nondecreasing on
[a, b]. For parts (ii), (iii), (iv) can be proved with similar
arguments on part (i). Then part (v) follows immediately
from (i) and (iii) such that f*(x) = 0 be a constant,
neither decreasing or increasing.

3. Conformable Fractional Integral
The conformable fractional integral is discussed as follows.

3.1. Definition of Conformable Fractional Integral

Let a >0, and a € (0,1). Also, let f be a continuous
function such that [*f exists. Then

O

1-a
a t

() = dt

If the Riemann improper integral exists.

This following theorem explains that a — fractional
derivative and a —fractional integral are inverse of each other
as given in the next result.

3.2. Inverse Property

Let a=>0 and a € (0,1). Also, let f be a continuous
function such that 1%(f (x)) exists. For all x > a, then

DI f ()] = f ().

Proof. Since f is continuous, then I*(f) is certainly
differentiable. Using theorem 2.2, then

d
DE(fGeN] = x"* 1 (F O],

d (*f(t
STy VIO
a
o f(®)
=x1 “ xl—a’

DHI*f()] = f(0)

3.3. Conformable Fractional Integral of Conformable
Fractional Derivative

Let f:(a,b) » R be a —differentiable and 0 < a < 1.
Forall x > a then

I“[D*(H )] = f(x) = f(a).

Proof. From definition 3.1, it is easily seen that

(el = | D(f©) de

= fxtl—“t“—l(f(t)) dt
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= fxf(t) dt

I“[D*(H )] = f(x) = f(@)

The following a definition of integration as a limit of a sum
is provided. This definition has a number of benefits which are
reviewed below.

3.4. Conformable Fractional Integral as a Limit of a Sum

If f is a function defined for a < x < b, Then the definite
fractional integral of f from a to be b is

°f ™)

xla

= lim

n—o0o

a
Where Ax = (b —a)/n and x; = a + iAx.
3.5. Conformable Fractional Integral Properties

If a=0, a € (0,1) and f, g:[a,b] = R be a continuous
function. Then

i [ dx =
e
i fab (f(?;‘i(x))d fb flx) L dx fb g(x) ) dix
iii. [} 252 dx —Afbf(x)d 1ER,
- f: ) ) dx = —fb £ ) iy
v. fab;("id ;ff"id + 7 L2 ax

. ra f(x)
vi. [, Gozdx =0.
Proof. 1t is easy to proof property (i). Since it is known that
integral of constant functions is multiplication ¢ with integral

integral of power function. Property (ii) is proved using
definition 3.4 as the following.

f(X)+9(X) . fl) + 9@
xl-a _,ll_)m; x; 1-a

. Flx) o[ 90
- T%l—woz [xl ]A + TP—I}c}o = L;gl ljia] Ax,

i=1

a

f PO +g9(x) 9™ .

xla

f (X) f 9&) ,

a

Part (iii), (iv), (v), (vi) can be proven similarly with
arguments on part (ii).

3.6. Comparison Properties of Conformable Fractional
Integral

Let a >0 and a € (0,1]. Also, let f, g:[a,b] > R be a
continuous function. Then,
b f(x)

i. If f(x) 20 forall x € [a,b], then [ Goadx = 0.
ii. If f(x) = g(x) for all x € [a,b], then fab;:l(—ledx >
fb g(xi dx.

a x1-
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iii bf(X)d |<fblf(x)ld

If f is contlnuous and m < f(x) £ M for all x € [a, b],
then

mfgdxsfaf(x)g(x)d <Mf xl(igdx.

for any continuous nonnegative g.
Proof. Firstly, property (i) is proven by definition 3.4 such
that

f(X) _
dx

a ,X1 n—00 4

Now, by assumption f(x) =0 and Ax > 0. It is known
that

lim > 0.

n—co

n
TN
x; 1-a
i=1

Based on the basic properties of limits, it can be concluded
that

lim f( L)Ax>11m0—0
n—oo l:1 n—oo

As it is known, the left side is surely the definition of the
conformable fractional integral. Therefore the following is
true.

fbf(x) dx = 0.

xl—a

For property (ii), since f(x) = g(x), then that f(x) —
g(x) =20 ona < x <b. So, using property (i) above and
property (ii) on theorem 3.5 it is easily seen that,

b £(x bag(x
i%d il(_z dx = 0.
a
Thus,
x bg(x
fl( 2 dx Zf gl(_z dx
a X a x

The last property is (iii). It is equivalent with
blf(x bf(x blf(x
f If( )I Sffl(_deSf |f1(_3l|d
X X
a a a

xl a
This follows immediately from property (i) and (ii) because

—IfI = flx) < f).

Finally, property (iv) can be proven by using property (ii)
on theorem 3.6.

3.7. Mean Value Theorem for Fractional Integral

If f:[a,b] = R is a continuous function on [a, b]. Then,
there exists ¢ in [a, b] such that,
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b
f@

1-a :
a X

1 1
F©= (G -go%)
Proof. Define

e = | g—fzdt

a

Since f(x) is continuous and recall that from theorem 3.2
I°f(x) is continuous on [a, b], @ —differentiable on (a, b)
and D*[I*f(x)] = f(x). Now, from the theorem 2.7 it can
be stated that there is a number ¢ such that a < ¢ < b and

1 1
19£(b) = 1% (@) = DU*F ()] (5 b — — %),
However, it is known that D*[I*f(c)] = f(c) and

b b a
f(t)dtzf f(izdx,l"f(a)=f ﬂfidx:()

19f(b) =

tl-a x1 x1

Thus

b f(x) 1 1
3.8. Second Mean Value Theorem for Fractional Integral

Let f and g be functions satisfying the following
Continuous on [a, b],

Bounded and integrable on [a, b],

m = inf{f (x): x € [a,b]} and M = sup{f(x): x € [a, b].
Then, there exists a number ¢ € (a, b) such that

b b
f f(x)g(x)deCf 90

1-a 1-a
a X X

Proof. f m=inff, M =supf and g(x) =0 in [a,b],
then

mg(x) < f(x)g(x) < Mg(x) 3)

Multiply (3) by x1~% and integrate (3) with respect to x
over (a,b), resulting

b
gx)
o dx.

b b
mf g(fzdxsf fx)g(x)

xl xl—a

deMf

a a

Then there exists a number ¢ in [m, M] such that

b b
f(x)g(x) dx < Cf

g(x)
xl-a 1-a dx.

X

a

4. Conclusion

In this note, further properties of conformable fractional
calculus involving fractional derivative and integral are
provided. This definition satisfies several properties and
applications of classical calculus such as the rules to determine
conformable fractional derivative and fractional integral, mean
value theorem and comparison properties of conformable

fractional integral. Some applications are also given.
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