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Abstract: In 2010, Chistyakov, V. V., defined the theory of modular metric spaces. After that, in 2011, Mongkolkeha, C. et.
al. studied and proved the new existence theorems of a fixed point for contraction mapping in modular metric spaces for one
single-valued map in modular metric space. Also, in 2012, Chaipunya, P. introduced some fixed point theorems for
multivalued mapping under the setting of contraction type in modular metric space. In 2014, Abdou, A. A. N., Khamsi, M. A.
studied the existence of fixed points for contractive-type multivalued maps in the setting of modular metric space. In 2016,
Dilip Jain et. al. presented a multivalued F-contraction and F-contraction of Hardy-Rogers-type in the case of modular metric
space with specific assumptions. In this work, we extended these results into the case of a pair of multivalued mappings on
proximinal sets in a regular modular metric space. This was done by introducing the notions of best approximation, proximinal
set in modular metric space, conjoint F-proximinal contraction, and conjoint F-proximinal contraction of Hardy-Rogers-type
for two multivalued mappings. Furthermore, we give an example showing the conditions of the theory which found a common
fixed point of a pair of multivalued mappings on proximinal sets in a regular modular metric space. Also, the applications of
the obtained results can be used in multiple fields of science like Electrorheological fluids and FORTRAN computer
programming as shown in this communication.
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Furthermore, in 2013, Sgroi et al. obtained a multivalued

1. Introduction, Definitions and
Preliminaries

The concept of weak contraction was defined by Alber and
Guerre-Delabriere in 1997 [1]. Rhoades exhibited that most
results in ref. [1] of single valued maps are still true for any
Banach space [2].

In 2010, the notion of modular metric space was
introduced by Chistyakov [3].

In 2012, Wardowski characterized the idea of F-
contraction which generalized the Banach contraction
principle in various manners, and he utilized the new concept
of contraction to find the fixed point theorem [4].

Authors [5:8] have studied the fixed point property concept
in modular metric space.

version of Wardowski’s result [9].

In 2014, Abdou et al. investigated the existence of fixed
points for multivalued modular contractive mappings in
modular metric spaces [10]. Also, their results generalized as
well as improved fixed point results of Nadler [11] and
Edelstein [12].

In 2016, Dilip Jain et al. presented a multivalued F-
contraction in the case of modular metric space with specific
assumptions [13]. Their results were an extension of Nadler,
Wardowski and Sgroi to the case of modular metric spaces
[11, 4 and 9].

In 2018, a common fixed point theorem for a pair of
multivalued F- W -proximinal mappings satisfying Cirié-
Wardowski type contraction in partial metric spaces was
presented by S. U. Khan et al. [14].
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The problem here is to a construct the contraction
connecting between two multivalued mappings in modular
metric space with codomain over proximinal sets and finds a
common fixed point between them. Also, we want to find an
example and an application in this case.

In this paper, the study of the modifications in the concept
of F-contraction of Hardy-Rogers-type to the case of two
multivalued F-proximinal mappings in modular metric spaces
will be introduced. Also, we introduce the notions of modular
proximinal sets and common fixed point theorems for a pair
of multivalued F-proximinal mappings in modular metric
spaces.

Definition 1.1 [13]:

Let X be a nonempty set. A function w: (0,00) X X X X -
[0, oo] is said to be a metric modular on X if it satisfies, for all
X, y, z € X, the following conditions: (we will write w; (X,y)
instead of (A, X,y))

(1) wy(x,y) =0forallA > 0ifandonlyifx =y,

(i) wy(x,y) = wy(y,x) forallA > 0,

(i) Wy, (X, y) < w3 (%,2) + w,(z,y) forall A, p > 0.

If instead of (iii), we have the condition:

(iii) wp 4 (X, y) < %uu))\(x, z) + Fuu w,(z,y) for all

Au>0and x, vy, z€ X, then w is called convex metric
modular on X.

Also, if instead of (i), we have the condition

(1)' wy(x,x) = 0 for all A > 0, then w is said to be a metric
pseudomodular on X.

Definition 1.2 [10] :

Let w be a pseudomodular on X. Fix x, € X, the two sets

X (Xo) = {x € X:limy o wy(X,X0) = 0} and X}, (xq) =
{x € X:3 A = A(x) > 0 such that w, (%, %,) < o} are said to
be modular spaces generated by x,.

The spaces X, (X,) and X{,(x,) are metric spaces with
the metrics d,(x,y) =inf{A > 0,0, (x,y) <A}
and d},(x,y) = inf{A > 0, w, (x,y) < 1} respectively.

For each x, y €X and A >0, Abdou [10] defined
0+ (%, y) = lim_ o+ wy1(x,y) and
0y~ (x,y) = lim_o+ wp_(x,).

Remarks:

1. A metric modular w on X is nonincreasing with respect
toA> 0.Infact forany x,y € Xand 0 < p <A, we
have wy(x,y) < wy—,(%,X) + 0, (X y) = 0,(x ).

2. op+(x,y) < 0 (x,y) < wy-(x,y).

3. If a metric modular w on X possesses a finite value for
eachx,y € X and wy(x,y) = w,(x,y) forall A, u > 0,
then d(x,y) = w;(x,y) is a metric on X.

Example 1.3 [3]:

For any metric space (X, d), one can define a modular

metric w;(x,y) by w(x,y) = % for allx,y €X,A>0

where @: (0, 0) — (0, ) is any nondecreasing function.
Definition 1.4 [13]: (Regular Metric modular)
A modular metric w on X is said to be regular if the
following condition satisfies:
x =y if and only if w, (x,y) = 0 for some A > 0.
This condition plays a significant role to ensure the
existence of fixed point in modular metric space.

Definition 1.5 [10]:
Let w be a metric modular on X then
(i) The sequence {Xp},en in X is said to be w-convergent
if and only if there exists X € X such that
w7 (xp,%x) > 0asn - oo,

(i) The sequence {X, }ney in X is said to be w-Cauchy if
w;(Xm, Xp) = 0asm,n — oo,

(iii) A subset D of X is said to be w-complete if any w-
Cauchy sequence in D is a convergent sequence and
its limit is in D.

(iv) A subset D of X is said to be w-closed if w-limits of
all w-convergent sequences of D always belong to D.

(v) Asubset D of X is said to be w-bounded if we have
8, (D) = sup{w;(x,y); X,y € D} < +o0.

(vi) Asubset D of X is said to be w-compact if for any
{Xn}nen in D there exists a subsequence {x,, } and
x € D such that w, (Xnk,X) - 0.

(vii) w is said to satisfy the Fatou property if and only if
for any sequence {X, }nen in X w-convergent to x, we
have w;(x,y) < lim_,inf w, (x,,y) forany y € X.

In general, if lim,_,, w;(Xy, x) = 0 for some A > 0, then
we may not have lim,_,, 0y (X,,x) = 0 forall A > 0.

Definition 1.6 [13]: (4,-condition)

Let (X, w) be a modular metric space and {x,},en be a
sequence in X. The metric modular w is said to satisfy the A,-
condition if limp_ . wy(x,,X) =0 for some A >0 then
lim,,_, ¢, 0y (X, x) = 0 forall A > 0.

Definition 1.7 [13]: (Ay-condition)

Let (X, w) be a modular metric space and {Xp},ey be
sequence in X. The metric modular w is said to satisfy the
Ay-condition if limy,_,e wp (Xn+p, Xn):0 for meN, p > 0)
then lim,,_, o, wx(xn+p,xn) =0 for some A > 0.

2. Multivalued F-contraction on Modular
Metric Space

Throughout this paper, let CB(D) denote the set of all
nonempty closed and bounded subsets of D, C(D) denotes
the set of all nonempty closed subsets of D, and PR(D)
denotes the set of all closed proximinal subsets of D.

Let A, B € PR(D), we define the Proximinal Hausdorff
metric modular as follows:

Hg, (A, B) = max{ sup,eaw; (3, B), suppepw (b, A)}
where w, (a, B) := infy,cgw, (a, b).

Definition 2.1 [13]:

Let F:R* > R be a function satisfying the following
conditions:

(F1) F is strictly increasing on R™,

(F2) For every sequence {s,} in R*, we have

lim, o sy = 0 if and only if lim,_,4 F(s,) = —oo,

(F3) There exists a number k € (0, 1) such

that limg_, o+ s¥F(s) = 0.

The family of all functions F satisfying the conditions
(F1)-(F3) is denoted by F.

Definition 2.2 [13]: (F-contraction)

Let D be a non-empty w-bounded subset of a modular
metric space (X, w). For a fixed F € F a multivalued
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mapping T: D - CB(D) is called F-contraction on X if
3t € R* such that for any x, y € D with y € Tx there exists

z € Ty such that w;(y, z) > 0 and the following inequality
holds:

T+ F(w,(y,2)) < F(M(x,y)) (1)

where M(x,y) = max{w;(x,y), w; (%, TX), w4 (y, Ty), w; (v, Tx)}.
Definition 2.3 [13]: (F-contraction of Hardy-Rogers-type)
Let D be a non-empty w-bounded subset of a modular
metric space (X, ). A multivalued mapping T: D = CB(D)
is called F-contraction of Hardy-Rogers-type if there exists
F € F,and t € R* such that

2T+ F(Hm (Tx, Ty)) < F(owo1 x,y) + Bw, (x, Tx) +
Yo (y, Ty) + Lo, (v, Tx)) )

Definition 2.4 [15]: (proximinal)
Let X be a Banach space, and E € X be a closed bounded
subset X. The set E is called proximinal in X if for all x € X
there is some e € E such that

llx —ell = inf{llx — yll:y € E}.

We will rewrite the following lemmas in the case of PR(X).
Lemma 2.5 [10]:
Let (X, w) be a modular metric space and D be a nonempty
subset of X,,. Let A, B € PR(D) then for each € > 0 and
a € A there exists b € B such that

wq(a,b) < Hg, (A B) + €.

Moreover, if B is w-compact and w satisfies the Fatou
property, then for any a € A there exists b € B such that

wq(a,b) < Hg, (A B).

Lemma 2.6 [10]:

Let D be a nonempty subset of a modular metric space
(X, w). Assume that w satisfies A,-condition and let A, be a
sequence of sets in PR(D) such that
limp,_,, Hy,, (Ap, Ag) = 0 where A, € PR(D). If x, € Aj, and
lim, 0 X, = X then x, € A,.

3. Main Results

Definition 3.1: (Best approximation and proximinal set in
modular metric space)

Let K be a nonempty set of a modular metric space (X, w).
Let x € X, an element y, € K is called a best approximation
for x in K if w;(X,y,) =inf{w,(x,y);y € K} (we will
write w4 (%, K) instead of inf{ w; (x,y); vy € K}). If for each
x € X there exists at least one best approximation in K then K
is called a modular proximinal set.

Definition 3.2: (Conjoint F-proximinal contraction)

Let D be a nonempty w-bounded subset of a modular
metric space (X, w). For fixed F € F, we say that two
multivalued mappings T, S: D = PR(D) form conjoint
F-proximinal contraction on Xif for 0 < q <1 all x, y€D
such that H,, (Tx, Sy) > 0 the following inequality holds:

0 < inf{F (MT,S(X, y)) —F (le(Tx, Sy))} 3)

and Mys(x,y) = gmax{w; (x,y), w; (y, Tx), w; (Tx, x), 0, (Sy, y)}.

Theorem 3.3: Let D be a non-empty w-bounded and w-
complete subset of a modular metric space (X, w). Assume
that w is a regular modular satisfying Ay and A,-conditions.
If T, S: D —» PR(D) form a continuous conjoint F-proximinal
contraction then they have a unique common fixed point.

Proof

We construct an iterative sequence {S T(x,)} generated by
x; as follows:

Let x; € D be an arbitrary point of D and choose x; € Tx;
one of the best approximation of Tx; or w;(Xy,X;) =
w1 (x4, TX1). Let x3 € Sx, one of the best approximation of
Sx, or w(Xz,X3) = wq(X5,SX;). Let x4 € Tx; one of the
best approximation of Tx; or w; (X3,X,) = w; (X3, TX3) and
o on.

If M(x4, X3) = 0, then clearly x; = x,=Xx3 iS a common
fixed point of (S, T) and there is nothing to prove and our
proof is complete. In ordered to find common fixed point of
both T and S for the situation when

Mrs (X1,X,) > 0 with X; # X,, and T € R*such that

T+ F (Ho, (Txy,5%)) < F (MrsGax)) ()

where T = inf{F (MT,s(Xsz)) —F (le(Txl, sz))}.
We can write equation (4), as

T+ F(o;(x5,%3)) <F (MT’S(Xl,X2)> and X; # X,
and let x4 € Sx3 such that w; (x3,Sx3) = w;(Xy,X3)
T+ F(w,(x3,%x,)) <F (MT,S(XZ, x3)) and X, # X3
Repeating this process, we find that there exists a
sequence {x,} with initial point x; such that x,, € Txy,.1,
Xont1 € SX,, and
T+ F(w1 (X, Xn41)) < F (MT,S(Xn—l'Xn)) forallneN (5)
This implies

F(ool( Xn) xn+1)) <F (MT_S(XH_I, xn)) foralln € N

Consequently,
1 (Xp, Xp41) < Mrps(xp-1,Xy)(Since F is strictly increasing)

= qmax{w; (Xn—1,Xn), w1 (Xn, Txn_1), 01 (Xn_1, T¥n_1), 001 (Xp, SXp)}

= qmax{w1 (Xn—l' Xn)r (] (Xn' Xn+1)}

< max{w; (Xp—_1, Xp), W1 (Xn, Xn4+1)}
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Obviously, if

max{w; (Xy—1,Xn), ®1 (Xp, Xp1)} = 01 ( Xy, Xn41), then we get X, = X, is a common fixed point of T and S. So,

('01( Xn» Xn+1) < max{wl (Xn—li Xn)r (O (Xn' Xn+1)} =W (Xn—li Xn) (6)

Consequently, By (F1) and equations (5), (6), we get

T+ F(o; (Xp, Xp41)) <F ( MT’S(Xn_l,Xn)) < F(o; (X1, %y)) foralln € N (7)

So,

F(w;(Xp, Xnt1)) < F(o; (Xy_1,xp)) — T foralln € N

Then, we have

F(w;(Xp, Xn11)) < F(oy (Xp—1, %)) — T < -+ < F(w; (x5,%,)) — nt for all n€ N ®)

hence lim,, o, F(0;( Xp, Xp41)) = —0. By (F2) we have that o; ( Xp, Xp41) = 0 asn — o.

Now, let k € (0, 1) and condition (F3), we get

rlli_r};loF((Dl(Xn'Xn+1)) (wl(xnﬁxrﬁl))k =0

Multiply eq. (8) by (@1 ( Xp, Xn41))¥, we get

((*)1( Xn'Xn+1))k[F(w1(Xn'Xn+1)) - F(wl(xzﬁxl))] < —nt ((1)1( Xn'Xn+1))k <0

then

lim (—nT (@3 (%, X041)) = 0

or

r&l_)rg)n ((Dl(Xn,Xn+1))k = 0

then there exists n; € N such that

n (0;(Xp, Xn41))¥ < 1foralln > n,

that is

Now, for all n > n;with p > 0, we have

wp( Xann+p) < 0)1( Xnvxn+1) + 0)1( Xn+1'Xn+2) + et 0)1( Xn+p—1'Xn+p) = 1_/

. . 1 .. .
since the series Z{'in7 tends to zero, this implies
i’k

lim mp(xn,xn+p) =0 forp > 0.

n—oo
Since w  satisfies Ay -condition.  Then, we
haverlli_)rglo u);L( X, Xn+p) = 0 for some A > 0.
Also, since w satisfies A, -condition. Then,
rlll—r>1;>10 wl(xn,xn+p) =0.

This shows that {x,} is a w-Cauchy sequence and D is w-
complete, then there exists

v € D such that x,, - vas n = oo.

Now, we will prove that v is a fixed point of T and S.

Let Tx, be a sequence in PR(D). Since T is continuous
then we have Tx,, = Tvor Tx,, = Tv. Also,

1
W1 (Xp, Xpgq) < 7 for alln > n;.

1 1 1

+ +ot < —
n '’k (n+1)1/k (n+p_1)1/k Zi=l‘li1/k

limH, (Txzp, Tv) =0
n—co

where Tv € PR(D). Then since X+ € TXp, and lim X,,=
n—.oo

v, then by Lemma 2.6, we get v € Tv. Hence v is a fixed
point of T.

Similarly, we can deduce that v is also a fixed point of S.

So, v is a common fixed point of T and S.

Let v# u be two common fixed points of T and S. So,
u €Tu, ueSu, v €Tv and v €Sv. Also, since T, S are conjoint
F-proximinal contraction then we have the following:

T+F (le(v, u)) <F (MT,s(u, V))

or
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T+ F(oo1 (v, u)) <F (MT,S(u: v))

implies

wy (v, u) < Mrs(u,v)

= g max{w; (u, v), w; (u, Tu), w; (v, Sv), w; (v, Tu)}

< max{w, (u,v), w; (u, Tu), w; (v, Sv), w; (v, Tu)}

< w;,(u,v).

This gives a contradiction. Then u and v must be equal or
T and S have a unique common fixed point.

In the following ensures example, we show how to get the
common fixed point for two multivalued functions on a
proximinal set.

Example 3.4: Let X = R be equipped with modular metric
wy(x,y) = %lx —y|. Consider T, S: X » PR(X) as T(x) =

£ s = [ 2

3’3

mappings. Define F: R* > R by Fx =Inx. So, for q = %,

, then (T, S) is a pair of continuous

x =1, we have y = % ET(D) = E,%] such that w,(x,y) =
w;(x,T(1)) and

o 10930) = (A A - - -

and Mz (1,3) = 2max {0, (1,3), 0, (1, T(1)), 0, (% S G)) G T(1))}

1 111 1
=-maxj-,-,=,0f =~
2 2°2°6 4

Then, the L.H.S of equation (4) is

LHS.=7+F(3)=t+In() =7- 18,and RHS. = F(3) =In(3) =-1.4.

Then for T = 0.1 then
-1.7<-1.4

Hence all the hypotheses of Theorem 3.3 are satisfied.
Therefore, T and S have a unique common fixed point which
is zero.

Definition 3.5:

Let D be a nonempty bounded subset of a modular metric
space (X, w). Two multivalued mappings T, S: D — PR(D)
are called conjoint F- proximinal contraction of Hardy-
Rogers-type on X if there exists F € F, and

0< inf{F(aml(x, y) + By (%, Tx) + yw, (y, Sy) + La, (v, Tx)) — F (le(Tx, Sy))} )

for all x,y €D with H,, (Tx,Sy) > 0 ,where «,fB,y,L =
Oa+B+y=1,y<landB+L<I.

Theorem 3.6: Let D be a nonempty w-bounded and w-
complete subset of a modular metric space (X, w). Assume
that w is a regular modular satisfying Ay; and A,-conditions.
Let T, S: D = PR(D) be continuous conjoint F-proximinal
contraction of Hardy-Rogers-type on X then T, S have a
common fixed point.

Proof

We construct an iterative sequence {S T(x,)} generated by
x; as in Theorem 3.3.

Since x, € Tx,, then

w1 (X2, S%;) < He, (Tx4, Sx3)

and F is strictly increasing, then we get

F(w;(x2,%3)) < F (le(Txl, sz)) and X; # X,

with X3 € Sx; and w, (X5, X3) = W (X3, SX,).
And by the same way, we find x4 € Tx; with w,(x3,%,) =
(X3, Tx3)such that

w1 (X4, SX4) < He, (Tx3,Sx4)
F(w;(x4,%5)) < F (le (Txg, SX4)) and X3 # X4
with X5 € Sx4 and w4 (X4, Xs) = w1 (X4, SX4).
Repeating this process, we find that there exists a

sequence {x,} with initial point x; such that x,, € TXp,.1, Xon+1
€ Sx,, and

F(u)l( xn+1,xn+2)) <F (Hml(Txn, SXH+1)) foralln € N (10)

And since T, S are continuous conjoint F-proximinal
contraction of Hardy-Rogers-type on X, then we have
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F(wl( Xn+1s Xn+2)) <F (Hm1 (TXn' SXn+1))

< F((X(Dl (Xn' Xn+1) + Bwl (Xn' TXn) +yw, (Xn+1' SXn+1) + L(*)l (Xn+1' Txn))

then

01 (Xp41,Xn42) < 0wq (X, Xpi1) + By (Xp, TXy) + Y01 (Kpt1, SXnt1) + Loy (Xpiq, TXp)

< aw; (Xp, Xpt1) + Pw; (Xn, Xpe1) + Y01 Kns1, Xns2)

or

(1 = Y)w1(Xpt1,Xn42) < (@ + B)w; (Xn, Xn41)

So,

01(Xn+1, Xn+2) < W1 (Xp, Xn41) (11)

Also, from eq. (9), then

F (le (Txn' SXn+1))

=< F(a(*)l (Xn' Xn+1) + B(*)l (Xn' Txn) +yw, (Xn+1' SXn+1) + L(Dl (Xn+1' TXn)) - T

< F((O( + B)wl(xn'xrwl) + Y(Dl(xn+1'xn+2)) =T

= F((l — V) w1 (Xp, Xn41) + YO, (Xn+1'xn+2)) —-T

= F(w; (Xp, Xp41) = ¥(01 Kny Xn41) — 01 Kni1,Xn42))) — T

And from equations (10) and (11), we get

F(wl (Xn+1' Xn+2)) < F (Hm1 (TXn' SXn+1)) < F(wl (Xn' Xn+1)) —-T

So,

F(‘*)l( Xn+1'Xn+2)) =< F((D1(Xn'xn+1)) TS = F((D1(X1'X2)) —nt

for all n € N and hence lim_e F(0;(Xp, Xpy1)) = —00.
Similarly in Theorem 3.3, we get that {x,} is a w-Cauchy
sequence and D is w-complete, then there exists v € D such
that x, = vasn — oo,

Now, we will prove that vis a common fixed point of T
and S. If there exists an increasing sequence ny € N such that
Xp, € Tv and xp,, € Sv for allk € N, since Tv and Sv are @ —

closed and x, — v, we have v€ Tv and v € Sv and the
proof is completed. So, suppose contrarily that for any
sequence ny € N it is true that Card {k; x,, € Tv} is finite.

In this case there exists ny € N such that x, & Tv or

Xone1 € Tv for all n = ny. This implies that Tx,, # Tv for
all n = ny. Using equation (9), Xyn42 € SXopyq With x =v
and y = X541, We obtain

0< inf{F(aw1 (V,Xan+1) + Bw1 (v, TV) + Y1 (X2n41, SXan+1) + Loy (Xant1, TV)) —F (Ha)1 (Tv, SX2n+1))}

T+ F(@1(TV, X5042)) < T+ F (Ho, (TV, SX5041))

< F(aw; (v, Xan41) + Bwi (v, TV) + yw; (X2n+1, SXan+1) + Loy (Xant1, TV))

< Flaw; (v, Xzn41) + Bw; (v, TV) + YW1 (Xont1, X2n42) + Lwg (X2n41, TV))

Since F is strictly increasing, we have

01 (TV, Xzn42) < aw; (v, Xzn41) + B (v, TV) + Y01 Kons1, Xons2) + Loy Xong1, TV)

Letting n — oo in the previous inequality as 3 + L < 1, we have

w1 (Tv,v) < B+ L)w,(v, Tv) < w4 (v, Tv)
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which gives a contradiction. We obtain that v € Tv, that is v is a fixed point for T.
On the other hand, for any sequence ny € N it is true that Card {k; x,,, € Sv} is finite. In this case there exists ny € N such

that x,, & Sv or X4, & Sv for all n = n,. This implies that Sx;5,,1 # Sv.
Now, using equation (9), X541 € TXx,,With X = X,, and y = v, we obtain

0< inf{F(omo1 (X2n, V) + Bw; (Xan, TX2n) + YW, (v, SV) + Lwy (v, Txp,)) — F (le(TXZn, SV))}

T+F (Hm1 (Tx5p, Sv))

< F(a‘*)l (X2n, V) + Bw; (X2n, TXzn) + Y1 (v, SV) + Loy (v, TXZn))

where T € R
This implies that

T+ F(w;(Xans1,SV)) < T+F (Hm1 (Tx5p, Sv))
< Faw; (Xzn, v) + Bwy (Xzn, TXzn) + Y01 (v, SV) + Lw (v, Txzp))
< Faw; (Xzn, V) + Bwy (Xzn, X2n41) + YW1 (V, SV) + Lwy (v, Xzn41))
Since F is strictly increasing, we have

01 (Xzn+1, SV) < a0 (Xzn, V) + Bw; (Xan, X2n+1) + Y01 (V, Sv) + Lody (V, Xz541)
Letting n — oo in the previous inequality as y < 1, we have
w1 (v, Sv) < yw,(v,Sv) < w; (v, Sv) which gives a contradiction. We obtain that v € Sv, that is, v is a fixed point for S. Or v
is a common fixed point for T and S.
4. Applications
4.1. Application in Integral Equations

In this section, we give an application of Theorem 3.3 in Volterra type integral equations. Consider the following integrals:
u(®) = [, Ky (ts,u(s)) ds + f(0), (12)

v(t) = fot K, (t,s,v(s)) ds + g(t) (13)
forall t € [0, a]. Let C[0, a] be the set of all continuous functions defined on [0, a]. For u € C[0, a] with the norm
—‘rtl

u = max |u(t)e
lull = max lu()

for arbitrary T > 0 and the metric

1
w(u,v) = 3 llu = vlle = > max | (u(t) - v()e™|

for all u, v € C[0, a]. With these setting (C[0, a], ||. ||.) becomes Banach space.
Now we prove the following theorem to ensure the existence of the solution of the system of integral equations.
Theorem 4.1: Consider K, K,:[0,a]«[0,a]xR = R, f,g:[0,a] = R are continuous and T, S: C[0,a] - PR(C[0, a]) as

Tu(t) = {( [ Ky (ts,u(s)) ds + f(t)) e—nt}, (14)
sv(®) = {( [ Ka(t,5,v(s)) ds + g(®) ) e 72}, (15)

for everyn € N U {0}.
If there exists T > 1, such that
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t

sup

n,meNu{0} 5

J- |K1(t, s,u(s))e™ — Ko (¢, s,v(s))e_%t| ds + |f(t)e‘"t - g(t)e_%t| e < e |Mps(u(®), v(v)|

for some t € [0,a], for every n,m € N U {0} and u,v € C[0,a] then the system of integral equations (14) and (15) has a

solution.
Proof

Choosing x* and y* to be among the best approximations of Sv(t) and Tu(t), we have

H(Tu(t), Sv(t)) = max{ sup wy(x Sv(Y)), sup w(y, Tu(t))}
x€Tu(t) yESv(t)

= max{ sup w,(x,x*), sup wl(y'y*)}
yesv(t)

xX€Tu(t)

< sup

wWq (X: Y)

x€Tu(t),yeSv(t)

< sup
n,meNU{0}

t
f |K1 (ts,u(s))e™ —K,(t, s,v(s))e_%t| ds + |f(t)e‘”t - g(t)e_%t e ™
0

t
< Te‘tf|MT,S(u(t),V(t))|e‘tse“ds
0

t

< [MrsCu v e f e ds

0

Tt

e
= ”MT,S(ul V)”_ETE_T T

= ||MTrs(u, V)”te_‘tett

for any t € [0, a], for every n,m € N U {0} and u,v € C[0, a]. Dividing by e, we get

H(Tu(t), Sv(t))e ™ < e || Mrs(u, v) ||T

So,

IH(Tu, V)l < e[| Mps(u, V)|,

This implies that

T+ In||H(Tu, Sv)||, < 1n||MT_S(u, V)||T

So, all the conditions of Theorem 3.3 are satisfied if F(a) =
In @. Hence there exists r € C[0, a] such that r(t) € Tr(t) =

{r(®e™3} and r(t) € Sr(t) = {r(t)e_gt} or there exists

ng,n; € NU{0} such that r(t) = (fot K;(t,s,r(s))ds +

h(t)) e ™t andr(t) = (fot K;(t,s,r(s)) ds + h(t)) Pl
So r(t) is a solution of the system of integral equations

given in (14) and (15).

4.2. Electrorheological Fluids (ERF)

A lot of researchers take Electrorheological fluids (ERF)
into their consideration, especially the applications in various
branches of Science by proposed Nemours of modeling

solutions [16, 17]. Where ERF are typically the liquids that
fast solidify in the existence of an electric field [17].
Furthermore, it is considered as flexible materials that can be
concentrated suspensions of polarizable particles in a non-
conducting dielectric liquid [16]. Also, These fluids were
converted to be anisotropic, and the apparent viscosity (the
resistance to flow) in the direction orthogonal to the direction
of the electric field sharply increases, in contrast to the
apparent viscosity in the direction of the electric field does
not modify drastically.

On the other hand, Sobolev et al. articulated that the spaces
with a variable exponent. It has been proposed that modular
metric spaces might be useful in modeling them [18, 8].
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Recently, various works show the results of the modular
metric space fixed point which they fit improved to certain
types of differential equations [3].

R. H. W. Hoppe and his colleagues [16] studied the
general flow problems of an anisotropic fluid with special
cases of ERF under nonhomogeneous mixed boundary
conditions with certain values of the velocities as well as the
surface forces on different parts of that boundary. They
examined two cases where the viscosity function considered
being continuous and also proposed to be singular for
vanishing shear rate. For instance, the problem (the latter
case) reduces to a variational inequality. Using methods of
nonlinear analysis like fixed point theory, monotonicity, and
compactness, they illustrate the achieved results for the
problems under consideration. Also, they found specific
efficient approaches, typically for the numerical solution of
the problems are shown [16], and numerical results for the
simulation of the fluid flow in (ERF) shock absorbers are
assumed.

Finally, we denote [19] for another comprehensive study
of nonlinear superposition operators on modular metric
spaces of functions.

4.3. In computer Programming

It is known that the procedure of the theory of generalized
Fourier series as employed in the Best Approximation
Method can be practical for the approximation of linear
operator relations. In order to exhibit the computational
results in using this method, numerous example problems
where analytic solutions or quasi-analytic solutions exist are
deliberated [20]. Applications include two-dimensional
problems including the Laplace and Poisson equations, tests
for discrepancies in results owing to inner product weighting
factors, and applications to nonhomogeneous domain
problems.

Hromadka et al., emphases on the weighting factor
selection and modeling sensitivity, effects of additional basis
functions on computational accuracy, and the effects on
modeling results due to adding a lot of collocation points.
Around thirteen simple but detailed examples have been used
to clarify the approximation results achieved by the method
when applied to practical problems [20].

It should be mentioned that the FORTRAN computer
program is based on the Best Approximation Method as
articulated by the FORTRAN computer program, which
calculates approximation boundary values and relative errors
(between exact and approximation values) [20].

5. Conclusion

In this research, we show a brief introduction on modular
metric space and its properties. Furthermore, the concept of
conjoint F-proximinal contraction on regular modular space
for a pair of multivalued mappings has been modified and
used to find a common fixed point result. In addition, we
enhanced our results with an example. Meanwhile, the notion
of conjoint F-proximinal contraction of Hardy-Rogers-type

on regular modular space for a pair of multivalued mappings
was presented. Also, a common fixed point, in this case, was
proved. Finally, an application of our main result established
the existence of the solution of an integral equation. The
extra applications which could use the main concept of our
results in other fields of science were illustrated in the final
of the article. In the future work, it is recommended to
generalize the obtained results for nemours spaces as well as
different contractions.
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