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Abstract: In this paper, qualitative properties such as existence-uniqueness of solutions of finite system of differential
equations involving R-L sequential fractional derivative with initial conditions have been studied. Lower and upper solutions are
defined for the problem under investigation. Comparison results are used to develop monotone technique for finite system of
differential equations involving R-L sequential fractional derivative with initial conditions when the functions on the right hand
side are mixed quasi-monotone. Two convergent monotone sequences are obtained by introducing monotone operator. Lipschitz
condition is the key part of the study. Minimal and maximal solutions are obtained by using developed technique. Existence and
uniqueness of solutions of finite system of differential equations involving R-L sequential fractional derivative is also proved as

an application of the technique.
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1. Introduction

Fractional differential equations occur more frequently in
physics, chemistry, control of dynamical systems etc [2, 3,
6, 7, 19, 21]. During the last two decades many researchers
attracted towards existence-uniqueness results for initial value
problems (IVPs) [4, 12, 25], boundary value problems
(BVPs)[1], periodic boundary value problems (PBVPs) [13,
20] and integral boundary value problems (IBVPS) [22].
Recent results on the theory of differential equations of
fractional order due to Lakshmikantham et. al. appeared in
[8-11].

Wei et. al. [23, 24] developed monotone iterative scheme for
fractional differential equations involving Riemann- Liouville
sequential derivative. They have successfully applied the
technique to study existence-uniqueness of solution for
initial value problems and periodic boundary value problems.
Nanware and Dhaigude in 2017 constructed monotone scheme
for system of Caputo fractional differential equations with
periodic boundary conditions [5, 17], Riemann-Liouville

fractional differential equations with integral boundary
conditions [15], Riemann-Liouville fractional differential
equations with IBCs when the function is quasimonotone non-
decreasing [16], Nonlinear System of initial value problems
involving sequential Riemann-Liouville fractional derivative
[18].

Motivated by above literature, we shall study the following
finite system of differential equations involving sequential
derivative with initial conditions when the function on the right
is mixed quasi-monotone:

(-@02_?1”)(1)) = fl(pa Uy .-y UN, -@(?J,-uh seey ‘@(?+UN)7

€ (0,T] = J*
I—a ; (1)
P ui(p) = ug,
P N 2%u) (p)|p=o =}, i=1,2,...,N.
where f; € C(J X RXR xR xR x..xR),J =10,7T]

Monotone technique is developed for the finite system of
sequential fractional differential equations (1). Qualitative
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properties of solutions such as existence-uniqueness are
obtained for the problem (1) via monotone technique.
The paper is arranged in the following way:

In the second section definitions and basic results are
explored. In third section monotone technique is constructed
for finite system of sequential fractional differential equations
and technique developed is successfully applied to obtain
existence-uniqueness of solution of the finite system of
sequential fractional differential equations (1). At the end
conclusion is given.

2. Definitions and Basic Results

Definition 2.1. [19] The Riemann-Liouville (R-L) fractional
integral of u(p) denoted by I, u(p) is

(Iz00) = [ o9 tutsas 0<as

()

and Riemann-Liouville fractional derivative of u(p) denoted
by Dy, u(p) is
1

«a -«
S [ e s L),

(Dgyuw)(p) =

Define the following:

Q

T

Q

=)

|

| I
— N N

Definition 2.4. A function v(p) = (v1,va,...,UN

(252v:)(p) < fi(p,v1,v2, ...,

11—«

p' " vi(p) < vj,

A function w(p) = (w1, wa, ...,

«
N, Dy v, -

Definition 2.2. [14] Riemann-Liouville sequential fractional
derivative of u(p) denoted by 75, u(p) is

25 u(p) = Dg u(p)
7 u(p) = 2, 20V ulp), (n=2,3,...).

Relation between Riemann-Liouville sequential fractional
derivatives and Riemann-Liouville fractional derivatives
1

In case k = 2,0 < a < 3 and R-L derivatives, the

relationship between D*%u(p) and ZF%u(p) is

(720) ) = (0wt — (120) @0 ] )

Definition 2.3. A function u;(p) is called a classical solution
of finite system of IVP (1) if
1. u;(p) is continuous on J*; p'~%u;(p), p'=*(2%u;)(p)
are continuous on J, and its fractional integrals
(I*=%u;)(p), (I*"*D*u;)(p)  are  continuously
differentiable for J*;
2. wu;(p) satisfies finite system of IVP (1).

e’

u; : u;(p) is continuous on J, ||u;(p)||c = max |ul(p)|}
ui € C(J) = p'~"ui(p) € C([0, 7)), llui(P)lley . = [Ip' ™" ui(p )|C}
i € Cual) s () ) € O |

) € C_,([0,T7]) is said to be lower solution of finite system of IVP (1) if

7‘@OOL+UN)7 pGJ*

e (9%1') (P)lp=0 <.

wy) € CF_,([0,T)) is said to be upper solution of finite system of IVP (1) if

<@§iw) (p) Z fi(pawtha ey WN, @((){th @(()X+w27 eeey @(()X+wN)7 p S J*

P wi(p)lp=0 > wp,

Definition 2.5. A function f; € C([0,T] x RN,RYN)
is said to satisfy mixed quasimonotone property if for each
i, fi(t, u;, [u],, [u]s,) is monotone nondecreasing in [u],, and
monotone nonincreasing in [u]s, .

When either r; or s; is equal to zero, mixed quasimonotone
property is defined:

Definition 2.6. A function f; € C([0,T] x RN, RY) is
called quasimonotone nondecreasing (nonincreasing) if for
each ¢, u; < v; and u; = v;,7 # 7, then

l-a <@awi> (P)|p=0 > wé.

Definition 2.7. Let f;(t,u1,us,...,uy) be real valued
continuous function defined on domain G C R™.We say that

fi(t,u1,ua, ..., un) satisfies Lipschitz condition if there exists
L > 0 such that

|fl(ta Ui, ug, 7UN) - fi(tvﬂlaﬂ% 7EN)| S L(|uz - ﬂz‘)
for all (t,uy,us,...,un), (t,@1,0s,...,un) € G.

fi(t7U1,U2,...,UN) S fi(tﬂvlaWQa "'7UN) (fi(t7u1a auN) Z fi(tv’uh ---7UN))-
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Define the sector
Q= {(t,ul,u27...7u]\;) €[0,7] x RN :wi(p) < ui(p) < wi(p), 0<p< T}.

Assume that

vi(p) < wip), p€(0,T]:p" " v;(p)|p=o < '~ *wi(p)|p=0.

PN (Z5 0 ) =0 < ' (D wi) (p)lp=o-

Define the sector in space C{*__, ([0, T):

[v,w] = {Ui € CY_ ([0, T)|vi < w; < wj,p € (0,T]: p" ™ vilp—o < P' ™ *uslp—o

< pliawi|p:07 tlia(g&-vi)‘pzo < plia(‘@€+ui)|p:0 < pla(@&-wiﬂp—o}

Following Lemma gives existence of solution for linear initial value problem (LIVP) involving Riemann-Liouville fractional
derivative.
Lemma 2.8. Suppose that u(p) € C1_,([0,T7]), then the linear initial value problem

78 ulp) + Mu(p) = o(p), pe€J*, p" " “u)|p=o = uo, ()

where M € R is constant and o (p) € C1_4([0,T7]), has following integral representation of solution

u(p) = D(@)uoea(~M, p) + [eoxM, ) « a<t>] »), 3
where
(e 10 = [ oty =0 Odtsealr.2) = 7 Ban0a) = SN pry
where
P
o Z Tl + 1)a]

=0

is Mittag-Leffler function of two parameter.
Lemma 2.9. [18, 23] Suppose that u(p) € C_,([0,T]), then linear initial value problem

(Z55u)(p) + N7, u(p) + Mu(p) = o(p), pe (0,T],

2 (@) om0 = w0, (L5 u) (@) |la=0 = W

where N, M € R, N? > 4M are constants and o(p) € C;_,[0, T}, has following representation of solution

u(p) = T(a)upea (A2, p) + T(a) (u1 — Aaug) |ea (A2, t) * eq (A1, t)} (p) + |:6a(/\2, t) *x eq(A1,t) xo(t)|(p),

where

N+ VNZ_AM N - VNZ_4M
AL = 5 s Ag = 5 <0.
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Lemma 2.10. [18, 23]

col0a.t) € (,0) () = [eal0.0) s ea0art)| () = 5 [eahunt) = calra0)] 0 e

Lemma 2.11. [18, 23] For 0 < a < 1, there exist constants b0 > 0, bL > 0, b2 > 0,...,b" > 0, such that
i i1
= Gl
i=0
Hence, we have
(k = Dwn(ka) =Y (14 2)b,Ci17.
1=0
ka ka 1~ 1
1+ka) (14 —=)..(1+—)==Y —bCL,,.
(14 ka)(1+20)- (14 —2) = = > =, Chy
Lemma 2.12. [18,23]1If 0 < a < 1, then F'(p) > 0, g(p) >0, h(p) >0,V z € R = (—00,+00), where

o~ _ I
z:oF l+1 g(p)—;ma h(P)—Ea(P)—Zm~

Mg

F(p) =

Following comparison results play a vital role in the later sections.
Lemma 2.13. [18, 23] If w € C1_,([0,T]) and

D%w(p) + Mw(p) >0, peJ*
pl_aw(p”l):o Z Oa

where M € R is constant. Then w(p) > 0,t € J*.
Lemma 2.14. [18, 23] If w(p) € C{_,([0,T7]) and

Z5¢w(p) + NZ§, w(p) + Mw(p) =o(p) >0, peJ*
p T w(p)|p=o = wo = 0, P (LT w)(P)|p=0 = w1 >0

where N, M € R, N2 > 4M are constants such that

—N++N2—4M —N — /N2 —4M
A = B ZO>)\2: 9 .

Then w(p) > 0,p € J*.
Suppose that f satisfies the following:
(1) H1: there exist constants N, M € R, N? > 4M such that

ft,w, 75 w) — f(t,v, 25 v) > =N (25w — D5 v) — M(w —v),

v,w € Cf_ ([0, T]) are lower-upper solutions of the finite system of initial value problem (1)
(2) H2: there exist constants N, M € R, N? > 4M such that (H1) holds and for p € (0,7], v(p) < y2 < 31 <
w(p), Di(p) <z < Ds(p), 4=1,2such that

f(,y1,21) — f(p,y2, 22) > —N(z1 — 22) — M(y1 — y2), 4
where

Di(p) = (28, v)(p) + X2 (w(p) — v(p)),
Ds(p) = (Z55w)(p) — A2(w(p) —v(p)), pe€(0,T],
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~N + /N2 —4M ~N — VN2 —4M
A = + 5 >0> A\ = 5 . (5)

(3) H3: there exist constants N, M € R, N? > 4M such that (H2) holds and for p € (0,7], v(p) < y2 < 31 <
w(p), Di(p) < z < Da(p),i = 1,2 such that

fyy1,21) — f(py2, 22) < N(21 — 22) + M(y1 — y2),

In view of (4),
ft,u,v) + Mu+ Nov

is monotone non-decreasing in u, v for u,v € C1_([0,T]).
Lemma 2.15. [18, 23] If (H 1) holds then

254 (w —v)(p) — A2(w —v)(p) 20, peJ™
Hence,

25 (w)(p) — A2(w(p) —v(p) > Z5v)(p) > 25,v)(p) + A2 (w(p) —v(p)),p € J*,

where Ay < 0 1is given by (5).
Lemma 2.16. [18, 23] If (H 1) holds then

Q={n € v,w]: Di(p) < (Z5sn)(p) < Da(p), p € J}

is a convex closed set.

3. Monotone Technique

Monotone technique is developed in the section for finite system of sequential fractional differential equations with Riemann-
Liouville fractional derivative and developed method is successfully implemented to study existence-uniqueness of solutions of
finite system of sequential fractional differential equations (1).

Theorem 3.1. Assume that
(1) vi, wi € C_ ([0, T7)) are ordered lower-upper solutions finite system of sequential fractional differential equations (IVP)

() and f; € C([0,T] x RY),
(2) f; satisfies Lipschitz condition ( one-sided)

fl(p7 wi, ..., WN, 9€+wla ceey g(()l-!,-wﬂ) - fl(p) U1,..-,UN, -@(?J,-’Ula sy g(()x-t,-vl\/') 2 *N7(~@(()x+wz - -@(?4.’01') - Mz(wz - Ui)7

where N;, M; € R, N? > 4M;.
(3) There exist constants N;, M; € R, N > 4M; such that (i) holds and for p € (0,T],v; < f; < iy <w;, Dj <z <

D&, j = 1,2, such that

fi(p7ala ag,...,XN, 2%7 Z%) - fl(pa /81762a "'aﬁN? Z%7 Z%) S Nl(z7,1 - ZZQ) + M’L<al - Bl)
where 4 4 . 4
Dy = 7§y vi(p) + Ay (wi(t) — vi(p)), Dy = 7'y wi(p) — Aa(wi(p) — vi(p))
oo N VNP =N /NP4,
1= Z 2 =
2 2
Then there exist sequences {v;,, ()}, {win(p)} € C_ ([0, T]) with v§ = v;, w) = w; such that for p € (0,7

lim v, (p) = pi(p), lim win(p) = v:(p)

n—oo n— oo

and p;, v; are minimal and maximal solutions on [v, w] for system of IVP respectively and for any solution w; of system of IVP
such that u;(p) € Q, we have

végv“§v¢2<...<vm<p1<ui<%<...§w,~2§wi1§w6.
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Proof. Let
o(n:)(p) = filp,msn2, s IN D541, 25425 -5 Do) + NiZgimi(p) + Mini(p),  p € (0, 7.
For any n = (01,72, ...,n) € €, consider the linear initial value problem (LIVP)

(Z55ui)(p) + NGy ui(p) + Miui(p) = o(n:)(p),  p € (0,71,
P ui(p)lp=o = up, PTG i) ()| p=o = uj.

By Lemma 2.8 and relation

(7220 = (D23 [ut) — (1270) @t 225 Y )

LIVP has exactly one solution u;(x) € C¢__,([0,T]) and is given by

w(p) = (A)(p) = T(@)ubea (N, p) + T(a)(ul — Mgt [eaua,p) . eaui,p)} ) + [ea@é,p) v ea(N D)+ omi(p) | (9),

where
. —Ni+N?—4M; ., —Ni—/NZ—4l]
= . L A= : <0. ©)
(5 Am) () = T(@)ui e (W 1)+ T0) 0 = Aauh) 3o | MealMp) = Ao M. 9)| )
1 2
1 , , . .
g MO 100 = Xsea 04.0) + m)9) )
1 2

Then A is an operator from € into C{*_, ([0, T]) and 7;(p) is a solution of finite system of FDE if and only if ; = A#;. Since
Al > 0> )\ in (6), we have

1 i i i i
W |:)\1€Oz()\17p) - )‘2604()‘2ap):| (p) > 07 pE (0’ T]
1 2

Using Lemma 2.10 and Lemma 2.11, lower and upper solutions, definition of u;(t) and (2§, An;)(x), we get
040) = (A ) = T (35.0) + (@) 0 = ) 0 0 ) €0 00| 0) + [0+ ea(3.0) * 0m) ) 0

vi(p) < Avi(p) = T(@)ubea(Ny,p) + T(a) (] — Nyu) [eaué,p) ' eaw,p)] ») + [eauz,p) v ea(A,p) » aw(pﬂ )

< (An;)(p) < (Aw;)(p) < wi(p), VYV ni(p) €

That is
vi(p) < Avi(p) < Ani(p) < Awi(p) < wi(p), ¥V ni(p) €Q @)

nd if
! 0i(p) < 6:(p) < di(p) < wi(p) then (06,)(p) < (06:)(0). ABi(p) < Adi(p),

8
and 7§, Ab;(p) < 25 Adi(p). ®)

By Lemma 2.8, for ¢ = 1, 2, we have
2 (p) = 25, (Ani — vi)(p) — Ay(Ami — vi)(p) > 0, t € (0,T],¥ mi(p) € Q.

Hence _ _ _
D4 (Ani)(p) = 5 vi(p) + A5(Ans — vi)(p) 2 254 vi(p) + Ay (wi — vi)(p) = Di(p)
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Similarly, we can show

D¢ (An) () — D8, vi(p) + No(An; — vi)(p) >0, pe (0,T], ¥V ni(p) € Q.
= D5 (Ans)(p) = 26 vi(p) — Xo(Ani — vi)(p) = 75 vi(p) — Ny(wi — vi)(p) = D5 (p).

Therefore

Now let
Vg = Vi, Wy = Wi, Vip = AVin_1, Win = AWip_1,n =1,2,3, ...

From (7) and (8), we have

v;(p) < vin(p) < vi2(p) < ... SVin(p) < .o Swin(x) < .o < win(p) < win(p) < wi(p)

Di(p) < 7§40 (p) < D84 vi2(p) < o < D vin(p) < - < Dsywin(p) < ... < Deywin(p) < Iy win < D(p)

Clearly, the upper sequence w; is monotone non-decreasing and bounded below and that lower sequence v;; is monotone
non-decreasing and bounded above. Moreover, ¢, vir,, 2§, wir € [Di(p), Dy(p)].
Let B; = {vin, : n = 1,2,3,...}. Now we show that the set B; is relatively compact in C{*__, ([0, T']). For any n;(p) € €, by
definition of lower and upper solutions and Lipschitz condition, we have

(Z5%0:) (p) + Ni 25 vi(p) + Mivi(p) < fi(w,v1,v2, ..., uNDGy 01, Dy v2, -0y Dy 0n) + Ni D vi(p) + Mivi(p)
< fz(pa n, 12, "'777N‘@(?+7717 ‘@00:,-7727 -@00‘4,-77]\7) + Nl‘@€+nl(p) + Mlnl(p)
S fl(p7 w1, w2, '“7wn@(()x+w17 @6:,“)27 ceey @€+wn) + Nz@€+wz(p) + Mzwz(p)

Since B;, @ C C¢_ (][0, T]) are bounded sets, therefore
{oni(p) = fi(x,m1,m2, D6y 5’y n2) + NiZg'yni(p) + Mins ()i € Q)
is bounded. Thus there exists constant L > 0 such that
llo(vir) ()| = maz|p* o (vie(p)| < L, ¥V, k=1,2,... & |o(vi(p)| < Lp'~*,¥ p € (0,T).

On the other hand by using Lemma 2.8, {v;(p)|k € N} satisfies

vik(®) = D(@)yibea(Xorp) + D(@) (5 — Ay [eauz,m ; eaw,p)} )

n [eau;,p) v ea(X,p) » (o—(vi,m(p)} ») ©)
(8, 0) ) = T haca(4,0) + @) 04 — ) 55 [Aieaw,m - Aaea@a,m} ®)
BBy . X {Aiea(xi,p) # 0 (Vi k1) (p) = Ap€a(As,p) * o(vi,kl)(p)} (p) (10)

Let G(A,p) = p' =@ [ea(A}p) * o(vi,kl)(p)] ,p € [0,7],j = 1,2. Without loss of generality, we assume that 0 < ¢; <

to < T, from Ay < 0 < \i, we have

'G()\é,tl) _G(>\§7t2 t% « )\2, * 0 Uzk 1)(t1)> —t%ia <6a(/\é,t) *O’(Ui’kl)(tg)>‘
= tl « (P A’é, — ) (Ui,k—l)(tl)dt — té_a/ ea()\é,t)a(vi7k_1)(t2)dt‘ (11)
0 0
a 1 4o 2LF( ) a
— ‘ E o, ( t ) E(I,Ot( 27t2) + F(QO() (t2 - tl)
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and

G\ t) = G(AL, to)

tr™%lea(A], 1) * o (vig—1)(t1)] =

T
he / ea(M, 7 — t1)o (Vi k1) (tr)dt
0

P i LT (« LT® P P
_té / ea(Al,t)a(vi,k1)(t2)dt‘<< |)\E) " )‘Ea,a(/\ptl)—Ea,a(MJz) (12)
0 1
+mEa,a( 1T (t2 — 1))

From E, (p) € C([0,T]), V € > 0,there exists § = d(¢), when [t1 — t2| < § (without loss of generality 0 < ¢; < tg <
T), we have

. . €

Eoz.oc z)ta - Ea @ Zata < 57 (13)
Bl )~ Ean048) < g1
. . €

Eaa 7,7ta _Eaa Zyta < 5 (14)
ool 1)~ Eucl04,89)| < 51
€

to — 1) < — (15)
T

where

L= mam{ T (a)(yi — Asyd)ALl 1 | (F(a) . |)\§|T‘1>}

ML= TR A a
iy D@ (i = Ay | LT(e)
Lo = max|T'(a)(yoA\y), ,
2 () (y6A2) AL — Ao A — A
2L («) - ; ;
Ly=— =Y (i (@) B o (| [T
= T g (Pl @B o) )

Using (11) to (13) in (10), we obtain

1 (8 vin) (t) — o~ (26 o) (t2)| = |11 T(@)ugea (N, 1) + 817 T (@) (uy — Nyup)

B 1
ISV

Niea(X1£) — Ny (N, B)](11) + 1170 [Aiem, 1) % 0 (0 1) (1) — Nbea(Nb, ) % a(vi,k_nm] ()

—« i Q — A i,,0 1 i i i i
5D uben (34,0) — T} (0~ M)y [ Mea (0 = Mpea (4,1
1 2

. Ea’a()‘ét?) - Ea,a(Aét%)

e [Aiea(xa 1) % 0 (03 1) () — Nbea (N, 1) # o(vz-,m)(t)} (12)

[T(a) (u} — Ayug)

<[reuis

{MinEa,a(Ait@ BN 4 V] B 05) — Ea,a@at;n}

AL = A3
L |>‘|Ta e el e’ e
+ W (') + o NEa.a(Ait]) = Ea,a(A1t3)] + T'(@)[Ea,a(A5t]) = Ea,a(A515)]
1 2
20T ()

TN, — | (IAQ + IAiIP(a)Ea,a(AilT“)) (t2 —t1)* <e

Thus B; is equicontinuous in C¢__([0,T]), by Ascoli-Arzela theorem, we have that B; is relatively compact set of
Cce_,([0,T]). Similarly we can prove {w;(p)} is relatively compact set of C{_ _([0,7]). Hence, the sequences
{vir(p)}, {wir(p)} converges uniformly to p;(p), v;(p) respectively on [0, T i.e.

[Jim vik(p) = pi(p) , lim wix(x) =v(z), pe0,T]
—00 k—oco

li 2c, — q2a . li 2, — g2a,,. TI.
i ZSvi(p) = Zfpi(p) - lim Zofwin(p) = Zp5v(p),  p € [0,T]
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Thus by relations (v; < vj3...), it follows that v; and w; satisfy

U S0 S0 <o S0 P 9 S S Wi S S wig Swip Swy
Di(p) < D5 vir < Do vic < Dgpi < Do i < oo < D Vi < (16)
< D win < ... < D wip < D win < Dy(p)
Lastly we prove p;(p),~i(p) are minimal and maximal solutions of finite system of IVP . Since f; is continuous , o(7;)(p)
is continuous and is monotone non-decreasing in v;, the sequence v;;, converges to p;(p) implies that o(v;;)(p) converges to

O-(pi)(x)a LS (OaT]
Taking limit as k — oo of v, i.e equation (4.4) and by dominated convergence theorem, p;(p) satisfies the integral equation

pi(p) = (Ap)(0) = T(@)yben (Mo p) + T(@) (5} — Aoyl [ea@s, ) # e, 0)] (0)
T [ealX,p) * ea(Aiyp) (o—m(p)] ®)

Thus p;(p) is an integral representation of the solution to LIVP, that is p;(p) is an integral representation of the solution of
finite system of IVP.

Since f; is continuous and by Lemma 2.1, p;(p) is a classical solution of finite system of IVP. This proves that lower sequence
vk (p) converges to a solution p;(p) of finite system of IVP. Similarly we can show that the upper sequence w;(p) converges
to a solution ;(p) of finite system of IVP and satisfies p;(p) < v(i)(p), 2§, pi(p) < 2§,7i(p), p € (0,T)]. Thus by standard
arguments it follows that

U S0 S0 <o S0 P S S S Wi S Swig S winp Swy

and hence p;(p) and ~;(p) are minimal-maximal solutions of finite system of IVP on [v, w] respectively.
Finally if for p € (0, T],v; < y5 <yi < wy, Di(p) < 25 < Dj(p),j = 1,2 there exists Ny, M; such that
fi(p,y1,y2, 21, 22) — fi(p, U1, Y2, 21, 22) < Nilzi — %) + Mi(yi — ¥i)

fi(p,y1,y2, 21, 22) is quasimonotone nondecreasing in y1, Yo, Z1, Zo
for y,z € C1_4([0,T])) then p;(p) = ~i(p) is a unique solution of finite system of IVP. It is sufficient to prove p;(p) <
Yi(p), 2§ pi(p) = Z§.vi(p), p € (0,T]. Thus finite system of IVP and above hypothesis gives, for w;(p) = pi(p) — 7i(p)

(285w:)(p) + Ni 75 wi(p) + Myw; (p) = 255 (pi — 7)) (p) + Ni D, (pi — vi)(p) + Mi(pi — i) (p)
= 95%pi — Z527)(p) + Ni 25, pi(p) — NiZ§ vi(p) + Mipi(p) — Mivi(p) = (dwi)(p) 20, pe (0,T]

11—«

2 " wi(p)lp=o = 0, P! (Z5wi)(P)|p=o0 = 0.

_ 1
VY

76 03) (p) {(MeaOln) = o)) + (0 0) )

Then by Lemma 2.11, we have w;(p) =0, p € (0,T]. Thus

pi(p) = vi(p),  Zoypi(p) = Doy vi(p), p € (0,T].

Therefore we obtain p;(p) = u;(p) = ;(p) is a solution of finite system of initial value problem (1).
Theorem 3.2. Assume that
(1) v, wl € C¢_,([0,T7]) are ordered lower- upper solutions of the finite system of initial value problem IVP (1) and f; €

C([0,7] x RY),
(2) f; satisfies Lipschitz condition

|A| §M1|szw7|+NZ|.@g+’U77‘@0&_,'_101‘7 (17)
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where

A :fi(p7xla oy TN, @&xh seey @ngwN) - fl(p7 Y1, YN, @€+y17 ceey @€+yN)>

Tiy Yi S [an]7
and M; >0,N; >0,

are Lipschitz constant such that

Di = 7, wi(p) + A3 (yi(p)

—zi(p)), Dy = 2§, yi(p) — A (vi(p)

D8 xi, D1 yi € [DY(p), D(p)],
N? > 4M;

—i(p));

v Nt VNP SAMG =N = /N7 AN
1 — = 2
2

2

Then finite system of IVP (1) has unique solution in sector [v, w].

Proof. From (17), we have

—M;(zi —yi) — Ni(Zorvi — Dohyi) <A < Mi(wi — i) + Ni(Zgyxi — Z549i)

where

A :fi(pvxla oy TN, @61+$17 vy @(());"LN) - fl(pv Y1, -, YN, @8+y17 ceey @(()l+yN)

v; <y <y < wsg,

@(())eri, Q&Lyi € [Di (p)7 D%(p)}

By Theorem 3.1, the finite system of IVP (1) has unique solution in the sector [v, w].

4. Conclusion

We have developed monotone technique for finite system
of sequential fractional differential equations with initial
conditions when the function on the right side is mixed quasi
monotone using lower and upper solutions. It is successfully
applied to prove qualitative properties such as existence and
uniqueness of solutions of the problem under investigation.
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