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Abstract: The objective of this paper is to show that the approximate solution, by the finite volumes method, converges to the
renormalized solution of elliptic problems with measure data. The methods used are a priori estimates and density arguments.
In the first part, we recall formulas and give some notations which are useful for the next of the work. It is also mentioned some
definitions and properties on Partial Differentials Equations. In the second part we show the bases principle of the main methods
of discretization, more precisely, the finite volume method. In the third part, we study a no coercive elliptic convection-diffusion
equation with measure data. In our case, we take a diffuse measure data instead of L!-data. The main originality in the present
work is that we pass to the limit in a “renormalized discrete version”. A first difficulty is to establish a discrete version of the
estimate on the energy. The second difficulty is to deal with the diffuse measure data. By adapting the strategy developed in
the finite volume method, we state and show our main result: the approximate solution converges to the unique renormalized
solution. This work ends with a conclusion.
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1. Introduction be L*(Q), b > 0and y is a diffuse measure. B
The space of bounded Radon measures is denote by M (),

with ¢ 4+ = 1. J. Carrillo and M. Chipot proved that for
1 € MI(Q), there exists f € L'(2) and F € (LP(£2))? such
that y = f — divF, see [2].
For the study of problem (1), the obstacles encountered
—Au + div(vu) 4+ bu = pin €, are the noncoercive character of the operator u — —Au +
w =0 ond0 (1) div(vu) + bu and the measure data.
’ Recall that a renormalized solution of (1) is a measurable

function u defined from €2 to R, such that w is finite a.e. in 2

In this work, we consider the discretization by the cell-
centered finite volume method of the following convection-
diffusion problem:

where € is an open bounded polygonal subset of R%, d > 2,

ve (IPQ)L 2 <p < 4ooifd=2p=difd>3
Vk > 0, Ty (u) € Hi(Q), (2)
1 )
lim — [ |VTi(u)|*dz =0, (3)

k——+o00 k Q
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Vh € CH(R), V1 € Hy(Q) N L¥(Q),
/Vuh Vi/}dx—l—/QVquuh( )dm—/uh( Yu.Vipdz @)

/Quh( wyh. Vud:v+/ buh(u) wdz—/d)h )dp,

with T}, the truncate function at height k (see Figure 1 below).

b Th(s)
] I

o —
o

- — -k

Figure 1. The function Ty,.

Since h has a compact support, each term of (4) is well
defined. Recently, Botti et al used the finite volume method to
solve Poroelasticity problems using high order operators, see
[3, 4]. The Hybrid High-Order method has also been studied
by several authors, see [6, 9]. The existence and the uniqueness
of a renormalized solution to (1) for L' data and b € L?(Q)
is proved by M. Ben Cheick and O. Guibé, see [1]. Eymard et
al. [11] studied problem (1) with bounded measure data and
b € L%(Q). In the present case, it is taken a diffuse measure
data instead of L!-data, which was considered by S. Leclavier,
see [14]. Passing to the limit in a “renormalized discrete
version” is the main originality in the present paper, this is
to say that a discrete version of wh(u) is taken as test function
in the finite volume scheme. A first difficulty is to establish a
discrete version of the estimate on the energy (3). Moreover it
is worth noting that in (4) all the terms are “truncated” while
a discrete version of wh(u) in the finite volume scheme leads
to some residual terms which are not “truncated”. The second
difficulty is to deal with the diffuse measure data.

The paper is organized as follows. In Section 2, we present
the finite volume scheme and the properties of the discrete
gradient. Section 3 is devoted to prove several estimates,
especially the discrete equivalent to (4) which is crucial to pass
to the limit in the finite volume scheme. In Section 4, the proof
of the convergence of the cell-centered finite volume scheme
via a density argument is concerned. A brief conclusion closes
this work in the last section.

2. Finite Volume Scheme

Let us define the admissibility mesh in the present work, see
[14].

A family 7 of related subsets of Q C R? is called a mesh.
Any K € T is called control volume. We impose that every
K € T is opened, the union of the T is §2 and the interface is in
some hyperplane. For K, L. € T two distinct control volumes,

their interface is denoted by K /L := KNL.Let K € T, we
can write (N for “neighbour”):

N(K)={LeT;L¢ K,K/L +# (0}, the set of neighbour
of K and 0K = U K/L, the edge of K. Finally, the

LEN(K)
Lebesgue measure in d-dimensional is denoted by | K| and by
|OK | (respectively K /L) for the (d — 1)-dimensional measure
of OK (resp. of K/L).

Thus, set £ a finite family of disjoint subsets of {2 contained
in affine hyperplanes, called the “edges”, and set P =
(k) ke7 a family of points in € such that :

1. each o € £ is a non-empty open subset of K, for some

KeT,
2. by denoting £(K) = {0 € &0 € OK}, one has
OK =Uyeg(x)0 forall K € T,

3. for all K # L in 7T, either the measure of KnNLis
nullor K N L = & for all ¢ € &, that we denote then
o=K/L,

4. forall K € T, x} is in the interior of K,

5. forallo = K/L € &, the line [z, x 1] intersects and is
orthogonal to o,

6. forallo € £, 0 C OQINOK, the line which is orthogonal
to o and going through xj, intercepts o.

We denote by |K| (resp. |o|) the Lebesgue measure of
K € T (resp. of 0 € £). The unit normal to o € E(K)
outward to K is denoted by 1 . Eint (tesp. Eeqr ) is defined
as the set of interior (resp. the boundary) edges. For all
K € Tando € £(K), wedenote dg  the Euclidean distance
between xj, and o.

For any 0 € &, d, is defined by d, = dk,, + di0, if
o = K/L € &;,; (in which case d,, is the Euclidean distance
between xx and zp, ) and dy = dfc.o , if 0 € Eezy NE(K).

The size of the mesh, denoted by ht , is defined by hy =

sup diam(K).
KeT
There exists ¢ > 0 such that for all K € 7T and for all

UEgK,

dK.a 2 <d0~ (5)

In the sequel, the discrete W, ¢ norm and the discrete
versions of Poincaré and Sobolev inequalities will be useful
to solve the problem (see [7]).

Definition 2.1. (discrete WO1 '’ norm ) Let € be an open
bounded polygonal subset of R%, d > 2, and let 7 be an
admissible mesh. Define X (7) as the set of functions from €2
to R which are constant over each control volume of the mesh.
For vy € X(T) and ¢ € [1,+00|, we define the discrete W,
norm by
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|lo|ds

where v = x i v.
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Definition 2.2. (Discrete finite volume gradient) For all K € 7 and for all 0 € £(K), we define the volume Dy , as the cone
of basis ¢ and of opposite vertex x . Then, we define the "diamond-cell” D, by:

Da‘ = DK,o‘ U DL,U

if o = K/L € Ein,

DOZDKJ ifaegwtﬂéf(l().
. lo| do . . )
For any v € X (7,,) and notice that |D,| = 7 the discrete gradient Vv is defined by:
Vo =K/L € &y, Vru(z) = |0|%n}<70 = dﬁiw{nfgg,vgv € D,,
0—
Vo € Eeut NE(K), Vyu(z)=d denK,g, Vz € D,.

“do : Do

Figure 2. Example of control volume for the method of finite volume in two dimensions of space.

Theorem 2.1. (of Rellich) [15] Let 2 be an open set of R that
us supposing boundary and with border enough regular. Then,
the injection W, P (Q) < LP(£2) is compact.

Proposition 2.1. (Discrete Poincaré inequality) Let 7 be an
admissible mesh and vy € X (7). Then, if 1 < g < 2,
| v7 Lo < diam(Q) || Vor [l1,6,7-

Proposition 2.2. (Discrete Sobolev inequality) Let 1 < ¢ <
2, T be an admissible mesh and { > 0 satisfying for all
K € Tandallo € E(K), dk,; > (d, , Then, with gx = 7L
if g < dand gx < 00 if ¢ = d = 2, there exists C' > 0 only
depending on (€, q, gx, ) such that, for all v € X(T),we
have || v7 [[La= @< C || o7 [l1,q,7-

Before writing the finite volume scheme, let us define a
discrete finite volume gradient (see [13])).

Lemma 2.1. (Weak convergence of the finite volume
gradient) Let (7,,)m>1 be a sequence of admissible meshes
such that there exists ¢ > 0 satisfying for all m > 1, for all
K € T and for all 0 € E(K), dk,o > (do, and such that
hr, — 0. Let vy, € X(Ty,) and let us assume that there
exists a € [1,+oo and C > O such that || vr, 1,07, < C,

—

and v, and that L'(Q) converges in v € Wy *(€2). Then

o]

Z CT(UK*UL%L Z lojvk otio+ + [K|bxuk = [K|fx — Z |Do|Fi .0

g

g€E(K) o€E(K)

VTmvT,, converges to Vo weakly to L*(2)4.

Let 7 be an admissible mesh, we can define the finite
volume discretization of (1). For K € 7 and 0 € E(K),
we define

br = %/Kbdx, (6)
VKo = Di|/11, VK AT, @)
Fg, = |Dl(,| /Da Fog sdz, ®)

Jk = |I1(|/dex. 9

So, we can write the scheme (1) as following:
Forall K € T,

10)
ce&(K)
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with
B ' Ug,+ = UK if’UK,o-ZOa
Yo = K/L S 51,nt7 { Ug,+ = UL, otherWiSe, (11)
Ug, 4 = UK if’UK’o- Z 0)
Vo € Eext N E(K)7 { Ug,+ = O7 otherwise. (12)

We denote by u,, _ the downstream choice of u which is
such that {us 4+, us—} = {ur,ur} (Withuy = 0if o €
Eest NE(K)).

3. Estimations

In this section, we first establish in Proposition 3.1 an
estimate on In(14|uy|) which is crucial to control the measure
of the set {|ur| > n}. Then, we show in Proposition 3.2 an
estimate on T, (u7) and the convergence of T}, (u7) to T, (u).
Finally, we prove in Proposition 3.3 a discrete version of the
decay of the energy.

Proposition 3.1. (see [14]) Let T be an admissible mesh. If
uT = (UK ) Ke7 is a solution to (10), then

pP—2
(L + [ur )27 < COL Q) +dIQ T [0l gar (13)

where C'(u, ) is a constant depending on 4 and €2.

Let us state an easy corollary, which is used in the proof of
the estimate of Proposition 3.2.

Corollary 3.1. Let T be an admissible mesh. if uyr =
(uk)KeT is a solution to (10) and, for n > 0, E,, = {|ur| >
n} , then there exists C' > 0 only depending on (€2, v, f,d, p)
such that

C1+ HN“Mg’(ﬁ))
(In(1 + n))?

|En| < (14)

Proposition 3.2. (Estimation on T, (ur) ) Let 7 be an
admissible mesh. if ur = (ug)ger is a solution to (10),
then there exists C' > 0 only depending on (€2, v, i, n, d) such
that
Vn > 0.

HTn(UT)Hl,Q,T <C, (15)

Moreover, if (7;,)m>1 is a sequence of admissible meshes
such that there exists ¢ > 0 satisfying for all m < 1, for all
K € T and for all 0 € E(K) , dxs > (d, , there exists
a measurable function u finite a.e. in €2 such that, up to a
sub-sequence T}, (u7, ) converges to T}, (u) weakly in Hg (),
strongly in L2(£2) and a.e. in Q.

Proof The proof is divided into two steps. In Step 1 we
derive the estimate (15) on the truncate on u7. The step 2 is
devoted to extract a Cauchy sub-sequences in measure.

Step 1: Estimation on T, (uT)

Multiplying each equation of the scheme (2.6) by T, (uk ),
summing over each control volume and reordering the sum, we

obtain S; + S + S3 = Sy — S5 with

S = 3 M ) Tn) ~ T,
oe&

Sy = Zla‘vK,ouU7+(Tn(uK>_Tn(“L))»
ocel

53 = Z\K|bkuKTn(uK),
KeT

Sy = fTu(u

=X [ 1)

S5 = Z|DJ|FK,O‘(TTL(UK)_T’rb(uL))'
o€l

Since b is nonegative and since 7T, (r) > 0 Vr, we notice
that S3 is nonnegative. Moreover, since 7;, is bounded by n,
we deduce that

1S4l <nllfllLy o)
For the term S5, Holder inequality and relation (5) yield

1S5] < IDo | Fre o ||(Tu(urc) — T (ur)))|
ce€
< 20 |D,||Fk.
oe€
< 2nZ/ |F|dx
oe€
< 2”2 Do |9 || F|| 1o ()
oel
< oo Yo olded) Tty
= e Cdt/e Lr(@)
ceé(K)
< 2nd"P || F| g (- (16)
Therefore,
St < nllfllpie) + 20 d? | F||1oya — Sa.
S5 can be rewritten as,
=5y = Z |o[|vio|to+ (Th(uo,—) — Tn(te,+))-
oef
The subset A of edges is defined by (see [10]),
A= {J € 5’ Ug,+ = Ug,—, Ug,+ < 0}
Uf{o € & upy < Up,—, ug+ > 0} a7

and since T, is non decreasing we have

Z|UHUKU|UU+( n(to,—) = Ty (uo,+))-

oce&

Sy =

Notice that Vo € A, |uy +| > n implies |u, —| > n. So, we
deduce that for all o in A,
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Ug,+ (T (Uo,—) — Tn(uo 1)) = Tnlto+)(Tnlte,—) — Tnlte,+)).
It follows that

=5 < Z ol|vk o U, + Tn(Uo,4 ) (T (te, - ) — Tn(tg,+))
ccA

Nl

< nd? ol e (0 T () — T, 1))?)

oeA 7

N

1 o]
nQd”v”zL?(Q)d + ) E d ((Tn(ud,f) - Tn(u07+))2)
ceA 9

<

N

Nl

1 1 |o
= 5"2d||v||2L2(9)d *t3 > (T‘((Tn(UK) —Tp(ur))?)
oeg 7

Since T), (ur) — Tn(ur) < ug — uy, (because T, is 1-Lipschitz function), we have

1 o] 1
=52 < 3 % Z(“K —up)(To(uk) — Ta(ur)) + §n2d||v||2L2(Q)d

and we can deduce that

1 lo] 1
5 Z d—(uK —up)(Tn(uk) — Tu(ur)) < nflfllr o) +2n d'/r | F[ Lo () + §n2d”v”%2(§2)d‘
ocg ?

Therefore, using again the fact that 7;, is 1-Lipschitz, we can write :

1 o 2 1
5 Z %(Tn(uK) - Tn(UL)) < n”fHLl(Q) +2nd"/P HF”LP(Q)d + indeUH%%Q)d-

ocg 7

Applying Lemma 2.1 and the diagonal process, up to a In this step, we follow the ideas of Dal Maso et al. to show
subsequence still denoted by 7,,, for any n > 1, there exist  that uy, converges a.e. to u (see [8]). Let w > 0. For all
vy, in H} () such that T, (u7) — v, and T),(ur) — v, in - n > 0 and all sequences (7,,)m>1 and (7,),>1 of admissible

the finite volume gradient sense. meshes, we have
Step 2: Up to a subsequence, ut is a Cauchy sequence in
measure

{lur,, —ur,| 2w} C{lur, | > n} U{lur,| > n} U{|Tu(ur,) — Tulur,)| > w}.
Let € > 0 fixed. By (14), let n > 0 such that, for all admissible meshes 7,,, and 7,

| ™

meas({|u,, | > n}) +meas({|ur,| > n}) <

Once n is chosen, we deduce from Step 1 that T}, (w7, ) is a Cauchy sequence in measure, thus

N ™

Jho > 0;Vhr,,, b1, < ho,meas({|T,,(ur,,) — Tn(ut,)| > w}) <

Therefore, we deduce that
Vhr,, b1, < ho, meas({|lur,, —ur,|>w}) <e.
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Hence (ur,) is a Cauchy sequence in measure.
Consequently, up to a subsequence still indexed by 7,, , there
exists a measurable function u such that u7,, — w a.e. in
Q. Due to Corollary 3.1, w is finite a.e. in {2. Moreover from
convergences obtained in Step 1 we get that

T, € H}(Q) and V1T, (ur) — VT (u) in (L*(Q))%.  (18)

In the following proposition we prove a uniform estimate on
the truncated energy of us (see (19)) which is crucial to pass
to the limit in the approximate problem. We explicitly observe
that (19) is the discrete version of (3) which is imposed in

lim lLim lzﬂ(quuL)(Tn(uK) — Ty (ug)) =0

ds

n—+oo hr, —0MN
Tm =

where uy, = 0if o € &4, and

tim TS oo o, 1T (o, ) -

n—+o0 hr,, =0
Tm oce&

Proof We first establish (19). Let 7 be an admissible mesh
and let u be a solution of (10). Multiplying each equation of

T,

the scheme by M
n

by edges lead to T + T + 15 = Ty — T5 with

, summing on K € 7 and gathering

1 o)
o= 2 ) (@)~ ),
naeé’ 7
1
- > ok otio (Tn(ur) — To(ur)),
el
T3 = ! Kb T
3 = E Z| |KUK n(uK)7
KeT
- Z/fT (ug)d
KET
1
n Z |Do|Fi,o(Tn(ur) — Tn(ur)).

o€l
Since b is non-negative and since 77, (r) > 0 Vr , we

get T3 > 0 . Due to the definition of us we have T, =

fQ )dx In view of the point-wise convergence of uy

to u, we obtain that T, (u7) converges to T, (u) a.e. and weak
Tn(w) dz.
n

*as hqy — 0. It follows that limy,, 0 Ty = [, f

T (u)

n
weak, and since f belongs to L' ({2), the Lebesgue dominated

Since w is finite a.e. in €2,

converges to 0 a.e. and in L™

the definition of the renormalized solution for elliptic equation
with measure data. As in the continuous case (19) is related
to the regularity of f : f € L'(Q) and does not charge any
zero-Lebesgue set. If we replace div(vu), we also have to

1
uniformly control the discrete version of — [, vuVT,, (u)dx
n

which is stated in (20).

Proposition 3.3. (Discrete estimate on the energy)

Let (7,,)m > 1 be a sequence of admissible meshes such
that there exists ¢ > 0 satisfying Ym > 1,VK € 7T and
Vo € E(K),dk,o > (do.

If ur, = (uK)KeT,, is a solution to (10), then

(19)
T (to,—)| = 0. (20)

convergence theorem implies that
lim lim 74 =0. 21

n—+00 hr—0

For the term 75, using Holder inequality, relation (5) and
Definition 2.2 yield

NS

e

(Tn(ur) = Tn(ur))|

1 de
S [ RV ) do
n d D

oc& 4
1 dy
o> VT ) o
" ek d Q

<Y T

e

1E0 2y IV 7T (ur)|

dKU
< - Z 1E | L2 )a (V7T (ur)|l
UEE

1 diam(K)
¢

IN

[F N2 IVTTa(ur)l.  (22)
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Using the strong convergence in L?(f2) and a.e. in Q of
T, (ur) to T, (u), and relation (22), give

lim lim 75 =0. (23)

n—-+oo hr—0
Using the same techniques as S. Leclavier [14], it follows
that

2 2
1 rdvfge 1
fiL(Q)d + *Tl-

2 2 @4

T, <

From (22), we deduce (19). By the same manage used by S.
Leclavier [14], we prove (20).

The following corollary is useful to pass to the limit in the
diffusion term.

Corollary 3.2. (see [14]) Let (7,,)m>1 be a sequence of
admissible meshes such that there exists £ > 0 satisfying for
allm <1forall K € T andallo € £(K),dy,» > £do.

If ur, = (ux)KeT, is a solution to (10), then

. - [
lim lim Z U\uL\ = 0. (25)
n—+00 hr—0 de
ogeg€,
[ur|<2n,
|ug>4n

4. Convergence Analysis

Let us now state the main result of this paper.

Theorem 4.1. If T is an admissible mesh, then there exists
a unique solution to (10). If (7,,)m>1 is a sequence of
admissible meshes such that there exists £ > 0 satisfying for
allm > 1forall K € T and all 0 € £(K), dk,» > &d,, and
such that hr,, — 0, then if ur,, = (ux)xeT,, is the solution
to (10) with T = T,,, w7, converges to u in the sense that
for all n > 0, T,,(u7, ) converges weakly to T),(u) in Hg (),
when v is the unique renormalized solution of (1).

Before proving Theorem 4.1, we recall the following
convergence result concerning the function (h,,) defined, for
any n > 1, by (see [14])

0, if s < —2n;
%—1—2, if —2n <s < —n,
hn(s) = 1, —n<s<n, (26)
%54—2, ifn <s<2n,
0, if s > 2n.
ha(s)
1
s \\
AN ,
=2n -n n n ’

Figure 3. The function h,.

Lemma 4.1. Let (T,)m>1 be a sequence of admissible

meshes such that there exists £ > 0 satisfying for all m > 1,
forall K € T and for all 0 € E(K), dk, > &d,. Let
ur, € X(Tm) be a sequence of solution of (10). We define
the function En by

o€ & Vx € Dg,ﬁn(x) = , then }~Ln —
hp(u) in L1(Q), Vq € [2, 400 where h7, — 0, where u is
the limit of ur, .

Proof Proof Proof of Theorem 4.1 The proof consists into
two steps. In Step 1 we prove the existence and the uniqueness
of the solution of (10). Concerning the uniqueness of the
renormalized solution, the proof is done by Ouédraogo et al.
[16]. To prove the second point, we adapts one uniqueness
techniques developed in the continuous case by several authors
(see [5, 12]). It is worth noting that we use here a different
method to the one developed by J. Droniou ef al. [10]. Using
the results of Section 3, Step 2 is devoted to pass to the limit
in the scheme. It is worth noting that we take in the scheme a
discrete version of what is a test function in the renormalized
formulation.

2

4.1. Existence and Uniqueness of the Solution of the
Scheme

Since the relation (10) is a linear system of n equations with
n unknowns, it is sufficient to show that the solution of the
relation (10) with p = 0 (see [14]).

4.2. Convergence

Let ¢ € C(Q) and h,, the function defined by (26).
We denote by @7 the function defined by ox = ¢x(rk)
for all K € 7. Multiplying each equation of the scheme
(10) by @(xx)h,(ug) (which is a discrete version of the
test function used in the renormalized formulation), summing

over the control volumes and gathering by edges, we get
i+ Vo + Vs =V, — V5 with

Vo= Zg (s =) (p(@r)ha(ur) = @lan)hn(ur).
[eAS

Vo = Z |J|UK,JUU,+ (‘P(xK)hn(uK) - ‘P(xL)hn(UL))v
o€l
Vs = Z|K\5KUK<P($K)hn(UK)7
Keé
v X | retiohatu),
Vs = > Dol Fro (p(xr)hn(ur) = p(ar)hn(ur)).

Ke&

As far as the term V} is concerned, by the regularity of ¢,
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we have o7 — ¢ uniformly on 2 when A7+ — 0. We now
pass to the limit as A+ — 0. Since hy, (u7) — hy,(u) a.e and
L*> weak *, o7 — ¢ uniformly, |fo7h,(ur)| < Co|f] €
L'(9), the Lebesgue dominated convergence theorem ensures
that

Vi= / forhn(ur)dz o / fohy(u)dz. 27
(9] 7—0 Q

Due to the definition of V() we get for the term V5:

Vs Z |D0‘FK,U (W(xK)hn(uK) - (P(xL)hn(uL))

Ke&

/QF V1 (pr(@7) ha(ur)) da.

(28)

To pass to the limit as A — 0 in (28), the following lemma
is useful.

Lemma 4.2. Let T be an admissible mesh, ¢ € C°(Q)
and h,, the function defined by (26).. if ur = (uk)ker is
a solution to (10), then there exists C' > 0 only depending on
(Q, v, u,n, d) such that

Vn > 0.

o7 (@7) hn (w7 ) |l1,2,7 < C, (29)

According to Lemma 4.2, V7 (o7 (x7) hyn (ur)) converges
to V(p(z) by (u)) weakly in Hg(Q), as h+ — 0. Therefore,
passing to the limit in (28) gives

Vs = / F -V (o7(@7) hn(ur)) d
Q

— F - V(p(x)hy(u))dz.

h7'~>0 O (30)

hr+—

For the convection term we have

hmOVl,l :/hn(u)VT4n(u).V<pdx.
Q

In view of the definition of b7, and since b belongs to L1 (1),
br = (bx)ke7 converges to b in L*(Q2) as hr — 0. With
already used arguments we can assert that

ng/bTTQn(uT)goThn(uT)dx
Q

— bTop, (u) @ by, (uw)da. 31)
Q

h7—0

We now study the convergence of the diffusion term. We
write

o]

vio= ), 7 (ur —ur)(@e(@r)hn(ur) — o(zr)hn(uz)
oceg 7
= Vigi+Vip
with
Vi = 3 o) s — un)olam) — ol
oeg 7
Vo = 0 o) e — s re) — )
oceg 7

Using the same techniques as S. Leclavier [14], it follows
that

lim lim V1 2 = 0
n—+o0o hr—0

(32)

and

(33)

Vo= lofvk otio s (p(zr)hn(ur) = @(xL)hn(ur))

oce&

- ¥

0€E, VKo 20

2

€€, vK,+<0

- ¥

0€E, vK,6 >0

2y
o€, vk, >0
€€, vK,o<0
o€eé, VK, <0

= Vo1 +Voo+ Vo3

ok ot 4+ (D(2 1) (U 4) = P(21) (o, - )
ok ot (@) hn(Uo.+) — (L) (uo,-))
0|V ot hn(uo 1) (P(2K) — @(2L))
ook ot +P(xL) (hn(Ug,+) = hin(uo,-))
lovK oo+ hn (o4 ) (p(rL) — p(2K))

oK oo+ (T 1) (i (U4 ) — Pn(uo,—))
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with

Vv2,1 = Z |U|UK,UU<7,+hn(UU,Jr)((p(xK) - L)0(55[/));

=

Vae = Z lovK,otio+ (L) (hn(te+) — hn(uo,-)),
0€E, vk, >0

Vas=— Z |lo|vk otio+P(2 k) (hn(Uo,+) — Bn(Us,-)).

€&, vk, <0

Using the same techniques as S. Leclavier [14], it follows that

L (V22 1 V20) =0 oY
and
lim V5 = —/ Topn(w)hp (u)v.Vedz. (35)
hT—)O Q

We are now in position to pass to the limit as A+ — 0 in the scheme(10). Gathering equations (27) to (35), we can assert that

/th(u)Vu-Vapdx—/Quhn(u)v~V<pdx—|—/gbuhn(u)<pdx—/Qfgphn(u)dx
/F V(p(z) hn(u)) de = hm T(n ®), (36)

where hlimo T (n, 0)| < ]| Lo () w(n) with w(n) — 0asn — +oo.
T
Let h € CYR) and v € CH(Q) N HL(Q). In view of the regularity of T, (u)(see (2)) the function h(u)y belongs to
L°°(2) N HE (). By the density of C2°(2) in L>°(Q) N H} () (here any element of L>°(Q) N H} () can be approached by a
sequence of C'2°(£2) which is bounded in L>°(£2)), from (36) we deduce that

/Vuh )Vq/zdx+/Vuhn (u) ¥ Vu k' (u )dx—/

Q

why(u )h(u)v-dea:—/uhn(u)h'(u)z/Jqudm

Q

/buh wdx—/¢h (u)fdx+/S)F~V(wh(u)hn(u))dx

< el o (w(n).
Passing to the limit as n — +o0 in the previous inequality yields that :
/ Vuh(u) Vip da Jr/ Vuy Vuh'(u)de — / u
Q Q Q
+/ buh(u)yde = / ¥ h(u) dp,
Q Q

which is Equality (4) in the definition of a renormalized solution. It remains to prove that u satisfies the decay (3) of the truncate
energy.
Thanks to the discrete estimate on the energy (19) we get,

h(u)vondef/uh’(u)zﬁ%Vudm

Q

— 1
lim lim — Z |U| (Ton(uk) — T27L(UL))2 =0

n—-+oo h+—0n d
7 oeg ?

and

S 2 s~ Tanan)?

c€e€

= 3 o, (Teler) - nle)y

c€e€
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=>_dIDy| (TMUK)

oek

d: Tzn(UL))2

0'65

_1
~d

lim hm
n——+00 hy—

Since VTgn(uT) converges weakly in L2(Q)¢

hence, \VTTgn(uT)| =0.

, we have also

T2n (ur) —
- E D
| U‘ ( dg

T2n(UL))2

/ IV Ton (ur) 2da,
Q

/|VT2n ) dx<hm1nff/ |V Tan(ur)|?de,

which leads to

lim —
n—0n
Since the renormalized solution « is unique, we conclude
that the whole sequence w7, converges to v in the sense that
foralln > 0, T}, (ur,, ) converges weakly to T}, (u) in H(€2).

5. Conclusion

In this paper, the finite volumes method has been used
to prove that the approximate solution converges to the
renormalized solution of elliptic problems with measure data.
A first difficulty is to establish a discrete version of the
estimate on the energy (3). Moreover it is worth noting that
in (4) all the terms are “truncated” while a discrete version
of ph(u) in the finite volume scheme leads to some residual
terms which are not “truncated”. The second difficulty is
to deal with the diffuse measure data. Firstly, we presented
the finite volume scheme and the properties of the discrete
gradient. Secondly, we are proven several estimates, especially
the discrete equivalent to (4) which is crucial to pass to the
limit in the finite volume scheme. At last, we established the
convergence of the cell-centered finite volume scheme via a
density argument.
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