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Abstract: In this paper generalized Gaussian and mean curvatures of a parallel hypersurface in E™*! Euclidean space will be
denoted respectively by K and H, and Generalized Gaussian and mean curvatures of a parallel hypersurface in E,"** Lorentz
space will be denoted respectively by K and H.Generalized Gaussian curvature and mean curvatures, K and H ofaparallel
hypersurface in E"*1Euclidean space are givenin[2].Before nowwe studied relations between curvatures of a hypersurface in
Lorentzian space and we introduced higher order Gaussian curvatures of hypersurfaces in Lorentzian space. In this paper, by

considering our last studieson higher order Gaussian and mean curvatures, we calculate the generalized Kand Hofaparallel
hypersurface in E;"** Lorentz space and we prove theorems about generalized Kand H ofa parallel hypersurface in E,"**

Lorentz space.
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1. Introduction

Suppose that IV is an n-dimensional vector space over the
real numbers forn = 1,2,...

A symmetric bilinear form 8:V X V -»R is

i) positive (resp.negative) definite if and only if W # 0
implies B(w,w) > 0 (resp. B(w,w) < 0)forallwin V,

ii) non-degenerate if and only if f(W,Z) = 0 for all Zin V
implies that = 0, and

iii) indefinite if and only if there exist wand Z in V with
B(w,w) > 0and B(Z,7) < 0.

A non-degenerate, symmetric bilinear formp is called a
scalar product. For an indefinite scalar product fon V, a
vector w % 0 is said to be(see [5], p. 4)

a) spacelike if and only if g (w,w) > 0,

b) timelike if and only if §(W, W) < 0, and

¢) null if and only if B(w, W) = 0.

2. Basic Concepts

Definition 1.1.

Let U be a unit normal vector field on semi-
RiemannianhypersurfacesM c M.The(1,1) tensor field S on

M such that
(S, W)y =II(V,W),U)forallV,W € X(M)

is called the shape operator of M ¢ M derived from U. (see
[1], p. 107)

Definition 1.2.

Let M and M be two hypersurfaces in E;*' with unit
normal vectors Nof MandNof M.

n
N=) i
= o=
i=1 Ox,
where each @; is a C® function of M. If there exists a
functionf,from M to M such that
f:M->M
P-f(P)=P+rNp

ThenM is called parallel hypersurfaceof M, where r € R.
(see[3])
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Definition 1.3.

Let M be a hypersurface in E,"**andT,,(P)be a tangent
space on M, at P € M. If S, denotes the shape operator on M,
then

Sp: Ty (P) = Ty (P)

is a linear mapping. If we denote the characteristic vectors by
kq.kz,...,k, and the corresponding characteristic vectors by
X1,X2,-» X Of Sp then ki, k,,...,k, are the principal
curvatures and X;,X,,..., X,are the principal directions of M,
at PeM . On the other hand, if we use the notions
&ix1=T1land g,=*1

n
K™ (ke Koy ) = £1ky + Z ek,
i=2

n n
Kz(n) (kl, kz, veey kn) = Z Sikik]' + Z Eikik]'
i=1<j i#1<j

)= )

i=1<j<t

n
Sikikj kt + z Sikikj kt

izl<j<t

K (ky, ko, .

n
K;En) ke kg oo ky) =& 1_[ k;
i=1

then the characteristic polynomial of S(P) becomes
Pspy(k) = k" + (DK, Wk" 4. +(-1)"K,, ™

and Kq,K»,...,K,, are uniquely determined, where the
functionsK; are called the higher ordered Gaussian curvatures
of the hypersurface M (see[3]).

Theorem 1.1.

LetMbe a parallel surface of the surfaceM c E3. Let the
Gaussian curvature and mean curvature ofM be denoted by K
and Hat P € M, respectively. Gaussian curvature and mean
curvature of ifare denoted by KandH. Then we know that

1) Np is timelike

7o K
T 14 2rH - 72K
= H—-rK
H=——F—7——
14+ 2rH —r“K
ii) Npis spacelike
7o K
T 14 2rH + %K
= H+rK
H=——F—7——
14+ 2rH +r“K

[3].

Theorem 1.2.

Let M be a hypersurfacein E;"** K1, K, ..., K, theso-called
higher order Gaussian curvatures and ki, k;,..., k, the
principal curvatures at the point P € M. Let us define a
function

@:M - R
P - @o(P) =@ kyks,...

n
= 1_[ 1+ sirki
i=1

such thate; ., =+1 and &;=*1
(p(r' kl: k2 I ERR] kn)

n
=1+r (slk1 + Z siki>

n

i=2
n
+T'2 Z Eikik]‘ + Z Eikik]‘

)

i=1<j i#1<j
n n
+ T'3 Z Sikikjkt + z Sikik]' kt
i=1<j<t ixl<j<t

+o 4t <sl ﬂki>

i=1

or
oky, ka0 k) =T1K + 172K, + - + 1K,

[4].

Theorem 1.3.

Let M be a hypersurfaceinE,"**, K, K5, ..., K,are the so-
called higher order Gaussian curvatures and Kkq,k,,..., k,are
the principal curvatures at the pointP € M. K and H are
generalized Gaussian and mean curvatures of Mat the point
f(P). Suppose that the function

@:M - R
P - @o(P) =@ kyks,...

n
= H 1+ sirki
i=1

such that &; =+1 and g;=%1 (i#+1).
Then we have

)

" (rkikz .. kn)
74 orn

_Sn!(p(r,kl,kz,...,kn)
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0@(r,k1,Kz . k)

H= or .
o ki ks, . ky)

Proof

If k is principal curvatures of M at the point P in direction
X, then 1:{7 is the principal curvatures of M at the point f(P)

in direction £,(X), that is, S(f.(X)) = ——f.(X) which

1+rk
means that f preserves principal directions, where f,is the
differential of f and we know that

ky

§(ﬁ(X1)) = 1+ rklf*(Xl)

i} k,

S(f.(Xy) = Trsz*(Xz)
i} k,
S(f.(x) = Tk f.

then we know that the shape operator of M is

e1ky 0 ]
[T+ reky
S= : :
0 gnkn
1+rek,
and B
K = detS,

_g( £1kq &nkn )

1+r£1k1"'1+rsnkn

_ . E1k1&2ky..enkn
H?:l(l"'sirki)

TTie, eik
T2 (L+eimky)

We multiply the right sides of the equation with n!
_ n! H?:l giki
~ETTE, (1 + k)

_ n!' K,
N gn!(p(r,kl,kz,...,kn)

and we derivate to ¢(r,kq,K,, ..., k,) order n according to r

0p(r ki, ky, .. k) 0(1+ 1Ky + 72K, + -+ 7"Ky)
ar h ar

=K, + 2rK, + -+ + nr"7'K,

0%p(r,ky, Ky, .. ky)  O(Ky + 21Ky + -+ nr" 1K)
or? h or

= 2K, + -+ n(n— D)r" 2K,

and we continue to derivation, we have

" p(r,ky, ks, ...
arm

k)

=nlK,

and we obtain with implying equality

" (rkq Kz, kn)
72 arn

- sn!(p(r,kl,kz,...,kn)'

\;V € pI‘OOf the Othel‘ equallty
= 1
n

_ 1( &.kq + Enkn )
T n\1+rek, 1+rek,

1 (ke T (1 + k) + o + ek TT75 (ei7ky)
T n QA+ grks)

We derivate according to

0p(r ke, ko, k) O (1 + g7ky))
or B or

_ (1 + e,k (1 + &37ky) .. (1 + £,7ky))
h oar

=gk (1 + e,rky)) (1 + e3rk3) ... (1 + &,7ky)

+(1 + g7k ek, (1 + e51k3) ... (1 + g,7ky,)
+(1 + &7k )(1 + e,rky)egks ... (1 + g,7ky)

+(1+ grk)(A + g,7k,) (1 + e57k3) ... (1
+ sn—lrkn—l)gnkn

n n
=gk, 1_[(1 + grk) + ek, (1 + gy1ky) 1—[(1 + grk;)
i=2 i=3
n—-1

+ o+ gk, ﬂ(sirki)
i=1

So we have last equation and we obtain that

0 (rkq,Ky,...kn)

[ P
n o(r,ky, Ky, .0, k)
3. Generalized Theorems
Theorem 2.1.
Let M be a parallel hypersurface in E,"™*' and

K, K,,..,K, are the so-called higher order Gaussian
curvatures of M at the point P € M, and let
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thenthe generalized Gaussian curvature of M is

= 1
K=¢e—.
-rn

Proof

We know that the generalized Gaussian curvature of a
parallel hypersurface is given by

" (rkikz . kn)
74 arm

_gn!(p(r,kl,kz,...,kn)

— i=1 Eik;
1+7rKy +7r2K, + - +1r"K,

since we have,

n-1
Z riKi=—1
i=1
then
n-1
Z r'K;=1+71rK, + 12K, + -+ 1" 'K, = —1
i=1
andfinallyweget
K=¢ [1i &k
K,
Fee [lis &k 1

rn H?:]_ Sikl’ - gr_"'
Theorem 2.2.

Let M be a parallel hypersurface in E"*! and K, K,, ..., K,,
so-called higher order Gaussian curvatures of M, at the point

P € M and let
n
Z(i— DriK, =1
i=1

then generalized Gaussian curvature of /M is

Proof:

We know that the generalized mean curvature of a parallel
hypersurface is given by

¢ (rkyky,...kn)
ar

T ok, Ky, o, ky)
K 421Ky + -+ UK,
T 141K, + 12K, + -+ 17K,

as]

17K + 21K, + -+ nr"K,
T r1+7rK + 12K, + -+ 17K,

n
ZriKi =1+71K, + %K, + -+ 1"K,

i=1

since we have that

so we obtain that

1¥5,0-1 riKi +>3r, T‘iKi
r 14+ 3%, riK;

H=

If we add and subtract 1 inthe numerator, the above

equality does not change

11+¥,G(-DriK+Yr, riK, — 1
r 14+ Y%, rK;

_1 1_<1— ?=1(i—1)ri1<i)
T 1+ YL, 7K

_1f, 1-1
T\ (1 +z;?=1ri1<i)

and we have that

H=

_ 1
H=-.
r
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