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Abstract: The various industrial, biological and engineering applications of third grade fluid have in recent times propel
continuous research on the flow dynamics and heat transfer characteristics of the non-Newtonian fluid. In this work, effects of
nonlinear hydrodynamic slip and temperature-jump conditions on pipe flow and heat transfer of third grade fluid with
nonlinear temperature-dependent viscosities and internal heat generation are presented. The developed nonlinear governing
equations are solved using regular perturbation method. In order to verify the accuracy of the solution methodology, the results
of the approximate analytical solution are compared with the results of the numerical solutions using Runge-Kutta fourth-order
coupled with shooting method. Good agreements are obtained between the analytical and the numerical results. Thereafter, the
obtained approximate analytical solutions are used to investigate the effects of variable viscosity, non-Newtonian parameter,
viscous dissipation and pressure gradient on the flow and heat transfer characteristics of the third-grade fluid in the pipe under
Reynolds’s and Vogel’s temperature-dependent viscosities. The present results can be used to advance the analysis and study of
the behaviour of third grade fluid flow and steady state heat transfer processes such as found in coal slurries, polymer
solutions, textiles, ceramics, catalytic reactors, oil recovery applications etc.

Keywords: Third-Grade Fluid, Pipe Flow, Non-Linear Viscosities, Non-Linear Internal Heat Generation,
Nonlinear Boundary Conditions

Newtonian fluids. Consequently, considerable interests have
been shown in the third grade fluid over the past few decades
by various researchers due to its potential applications in
industry and technology. It should be stated that the
governing equations for the third grade fluid model are
nonlinear and much more complicated than those of
Newtonian fluids. Moreover, the equations require additional
boundary conditions to obtain a physically meaningful
solution. This issue has been discussed in detail by various
researchers who made a complete thermodynamic analysis of
a third grade fluid and derived the restriction on the stress
constitutive equation (1-18). In their works, they investigated
some stability characteristics of the third grade fluids and
showed that the fluids exhibit features different from those of
the Newtonian and second grade fluids. In an attempt to

1. Introduction

The generalization of Navier—Stokes’ model to highly non-
linear models of non-Newtonian fluids has received
considerable attention in the past few decades. One of the
earliest classes of such models is the differential type model
of which the third grade fluid is one of the most popular
subclasses of the differential type fluids. The third grade fluid
is a non-Newtonian fluid which its viscosity varies based on
the applied force. It is a favored fluid due to the exciting
phenomena it captures such as the shear thinning and
thickening effects. The mathematical model of the third grade
fluid represents a more realistic description of the behavior of
non-Newtonian fluids. The model also represents a further
attempt towards the study of the flow structure of non-
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improve the characteristics of the visco-elastic properties of
the fluid, the stability of the third grade fluid model was
studied by Fosdick and Rajagopal [1] while Majhi and Nair
[2] investigated the effects of stenotic geometry and the non-
Newtonian parameter of the third grade fluid on the resistive
impedance and wall shearing stress. Their results were
compared with similar study submitted by Massoudi and
Christie [3] who presented the numerical solutions on the
effects of variable viscosity and viscous dissipation on the
flow of third grade fluid in a pipe using the finite difference
method. Yurusoy and Pakdemirli [4] developed approximate
analytical solution for the flow of the third grade fluid in a
pipe using constant viscosity model, variable viscosity
models under no slip condition while Vajrevelu et al [5]
presented a numerical solution for the third grade fluid flows
between rotating cylinder using Schauder theory and
perturbation technique. The fluctuating behaviour of
magnetohydrodynamic rotational flow of the third grade fluid
on a porous plate was studied by Hayat et al. [6]. The
similarity solutions to boundary layer equation for the third
grade fluid were developed by Muhammet [7] using the
special coordinate system generated by the potential flow.
The steady flow analysis of the third grade fluid between
circular concentric cylinders with heat transfer was presented
by Yurusoy [8]. In the study, the pipe temperature is assumed
to be higher than fluid temperature. Also, Pakdemirli and
Yilbas [9] developed approximate analytical solution of non-
Newtonian fluid using Vogels viscosity model and entropy
generation in a pipe. The steady flow of a third grade fluid
past a porous horizontal plate with partial slip was
investigated by Sajid et al. [10]. Elahi et al. [11] used
implicit finite difference method to analyze the unsteady free
convective flow of a third grade fluid past an infinite vertical
plate when uniform suction is applied at the plate. Jayeoba et
al. [12] presented the analytical approximate solution to
determine the temperature fields for steady flow of a third
grade fluid in a pipe with models of viscosities including a
heat generation term for the no slip boundary condition. Most
of the studies previously carried out on the third grade fluid
are limited to no slip flow condition which is a simplified
method of predicting the actual behavior of the fluid in
various applications. In practice most problem of fluid flow
exists as either partial slip or slip condition. Therefore,
Ogunmola et al. [13] presented perturbation solutions for the
non-linear analysis of the flow of third grade fluid with
temperature-dependent  viscosities and internal heat
generation. In their work, a linear variation of source term
with temperature was assumed and the non-linear slip
boundary conditions were linearized. Abbasbandy et al. [14]
and Nayak et al. [15] presented numerical results for the flow
of third grade fluid between two porous walls, and porous
vertical plate, respectively. Aiyesimi et al. [16] analyzed the

Br=B2 =0, B3=20,u=0,a;

Since S5 > 0 the stress tensor can predict shear thickening
as well as the normal stress. Thus stress tensor relation can be
written as

unsteady magnetohydrodynamic thin flow of a third grade
fluid with heat transfer and under no slip condition in an
inclined plane. Effects of variable viscosity on the flow of a
third grade fluid flowing over a radiative surface with
Arhenius equation was studied by Ogunsola and Peter [17]
while Yunusoy et al. [18] obtain the perturbation solution for
the analysis of the flow of third grade fluid flow between two
parallel plates. Moreover, different approximate analytical
methods have been used to analyze the flow of fluid in pipe,
channels and over a plate under the influences of
hydrodynamic slip boundary conditions [19-27]. In this
work, regular perturbation method is used to develop
approximate analytical solutions for the non-linear models
for the pipe flow of third grade fluid with temperature-
dependent viscosities and internal heat generation under
third-degree non-linear hydrodynamic slip and temperature-
jump conditions are presented. Effects of non-linear
variations of internal heat generations with temperature are
studied under Reynold and Vogel’s temperature-dependent
viscosities. Also, the develop models were used to investigate
the effects of other flow parameters on the flow behaviour
and heat transfer characteristics of the third grade fluid.

2. Problem Formulation

The Cauchy stress tensor for an incompressible
homogeneous thermodynamically compatible third grade
fluid is given by

T=-pl+pd;+ a; A,+ a; A%+ S )]
where
S=B; Az + B, (A; Ay + Ay Ay) + B3(trAD A,

T is the stress tensor, p is the pressure, I is the identity
tensor, p is the dynamic viscosity and a; (I =1, 2), 5; (1, 2,
3) are material constants.

A, = (grad V) + (grad V)"
A, = %Al + A,(grad V) + (grad V)'A,

Generally, the A4,, areRivlin- Ericken tensor defined as

An = oAy HAn Lt T A,y i forn>l (2)
where V denotes velocity field, grad is the operator gradient
and d/dt is the material time derivative. When the motions of
the fluid are thermodynamically compatible, the Clausius-
Duhem inequality and the assumption that the Helmholtz free
energy is minimum when the fluid is locally at rest require
that

>0[a; +a;]<V24upB;s (3)

T=-p I +pA;+ a; Ayt ag Ai+[u+ B3 (trA])A;] )
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Where velocity field can be expressed as Consider the flow of a third grade fluid in an infinitely
_ long pipe as shown in Figure 1. The momentum and
V=v () ®) temperature equation with incorporated quadratically varying

source term with temperature are given by system of

And temperature field as
differential Egs. (8, 9, 10, 11)

0=0(r) (6)

1d dw]? _op
substituting velocity field using the modified constitutive rdr (r(Z oy Fecz) [dr] ) “or (®)
relation in the balance of linear momentum in the absence of ap
body forces and assuming fluid can only undergo isochoric 0= 20 )
motion (i.e. div v=0), we have a partial differential equation 5
1d dw 1d dw _ 6_p
of the form e 9 R Gt il B R
pT=divT+pb 7)
1d [ dr aw)? aw)* 2
k(;;(r;))+u(;) +28, (%) +QC, (T -T2 =0 (11)
T
A
- T =a
N
\
\ =
| - .
! _ : : ~Z
| Third grade flmid.
/ —_—
/ _—

Figure 1. Physical model and coordinate system.

The slip condition at the pipe wall can be introduced in terms of shear stress. In their paper, ogunmola et al. [13] used
linearized forms of hydrodynamic slip and temperature-jump conditions (first-order boundary conditions) given in Eq. (12) to
analyze the flow problem.

(12)

w®) =y [ _hr® -1 = —k[F]

r=R

In this work, non-linear hydrodynamic slip and temperature-jump conditions (third- and fourth-order boundary conditions)
given in Eq. (13) are applied.

=y [aw 4 2 (dw)? AN L AN dw)*
W(R) =Y [dr + u (dr) ]|r:R'h(T(R) TS) =k [dr +#(dr) + 2‘83 (dr) ] r=R (13)
At the center of the pipe, the boundary condition is given as
dw _qnar _
20)=0,2(0)=0 (14)

using the dimensionless parameters as stated in the nomenclature, the dimensionless equation (leaving out the bars on the
equations for conveniences) for Equs. (10 and 11) yields the following:

d_;/_d_w+£(d_w+rd2w)+A(d_w)2 (d_w+3rd2w) —c (15)

dr dr ~ r\dr = dr? r \dr dr dr?

LOLIL () (A (L)) + 507 = 0 (16)

dr2 = rdr dr
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And the dimensionless boundary conditions under slip condition are given as

wR) =[S+ A o= -z [+ Tu(®) +TA(SY)]

(17

T=R T=R

d_W 0) =0 d_9 0) =0 temperature may be obtained by using perturbation method
dr "dr taking € as the perturbation parameter. Solutions are obtained
in the form.
where
D= 1+8Knand A, = -2Kn W = wo + ewy +0(€?) (23)
0 =0,+€eb; +0(?) (24)

In this work, two equations of temperature-dependent

viscosity, namely, the Reynolds and the Vogel’s models are
used.
i. Temperature-dependent viscosity using Reynolds model

Substitute Equ. (23 and 24) into Equ. (14) and changing
parameters in the terms yields.
Where A = eM,§ = €N,y = €P

dwo

W(T) = poe~MT=T0)) (18)

dwg

0(e%):r—2 + —=Cr (25)
ii. Temperature-dependent viscosity using Vogel’s model d2w dw d2w dwe do
0(eb): —+r —— —POy—— %o _ pg, —— - Pr———
w(T) = poe(@/®=To) (19) dr dr dr dr dr
The non-dimensionalized form of the temperature- =-M (%)2 (? ddz“;") +Cr (26)
T T r

dependent viscosity using Reynold’s and Vogel’s model are
Also, substitute Equ. (23), 24 and 26) into Equ. (15) and

changing parameters in the terms yields

Q1) Where A = eM,§ = €N,y = €P

n=e(-Y0) (20)
y = e(A/(B=6)-To)

2
0(€%): rd % 4 ‘w" + % ‘w" +Tr (‘“:") =0 27)

6(e): rd %4 2—?’+ 4 4y (dt")Z . (M (%)2 _

2.1. Analysis of the Flow Heat Transfer in the Pipe Using
Reynold’s Model of Viscosity

The regular perturbation technique is used to determine the
approximate analytical solution for the Reynold’s viscosity
model.

Taking the Maclaurin’s series, Eq. (20) takes the form

dwo dw1

PHO) + 207 +TNOZ=0 (28)

The boundary conditions for the leading order equation are

u=exp(-Y9)=1-Y0+0(Y? (22)
0 0) =22 (0) =0 (29)
Series solutions of the equation of the velocity and " "
dwyg dwo 1 [a6, dwg\?2 dwo\*
wo(R) =1 [ + A ” 5ilar + Fﬂ (7) +TA (?) ] 1 30)
D
With the boundary conditions it could be easily shown that Eq. (29) gives
1
e o
and
rert rc? rc? ATC* rc?
B0 =— 6r T leip’  amin?  1emin* | an? (32)
Also, for the first-order equation, the boundary conditions are given as
dwq _ d6; _
— (0 =—2(0)=0 (33)

1 [a6,

w® =[G n () ]| o= g [T () ()]

dar

(34

r= r=

SIS
Sl

where

D= 1+8Kn
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Substituting the corresponding terms from the solutions in Equs. (31) and (32) into Equ. (26) and (28) and integrate twice
subject to the boundary condition in Equ. (33) and (34) yields.

pr2c3ré  prc3r?  pKrcdr?  pKrcSr? | prc3r?  prc3r®  mci3r*  gpr2c3  ngerc®  gpkrc®  nPKTCS | nprCi

w; =

64 64D3 16D2 64D% 256D% 1152 128 384D5 32D% 8D3 32D5 128D5
nPrcd  nMmcs  3pMc3 | gyred +1]]/KFC3 nyKATC®  nyrc3 []/PCSFS yPCS5T2  yPKCST?2  yPKC'T?2  yPCS5T2  yPCST?
192D5  32D3 32D3 32D% 8D3 32D5 128D5 24576D° = 2048D8 512D7 2048D° 8192D%  12288D°

yIMC5  3yT'MC®  yPKT3C®  yPKI2Cc® = yPK2r2cS | yPK2r2c’?  yPKI2c® = yPKI2C® . yMKIC® = 3yKIMC®  yPKI2cS

2048D7  2048D7 6144D8 512D7 128D6 512D8 2048D7 3072D8 512D% 512D6 1536D7
yPKI'2C5  yPK2r2cs yPK2r2c? = yPKI2C®  yPKI2C5 yMKIC®  3yMKIC®  yPKAT3C? | yPKAI2c?  yPK2AIr2c*  yPK2Arzc®
128D 32D5 128D7 512D% 768D7 128D5 128D5 6144D° 512D7 128D7 512D°
yPKAT2C?  yPKI2c?  yMKArC’?  3yMKATC? yPr2c5  yPr2cS | yPKr2c® yPKr2c’ yPra2c® . ypracs yPr2cs yrmcs
2048D° 3072D° 512D7 512D7 24576D°  2048D8 512D7 2048D° 8192D% = 2048D8 12288D° 2048D7

3]/FMCS] Pr2c2  prc3 | PKTc3  PKTCS prc3 prc3 N mc3 " 3Mc3 (35)

2048D7 2304D%  64D5 16D* 64D 256D6 = 1152D6 128D% 128D%

Substitute Equs. (31 and 34) into Eq. (26) and then changing the terms back to original parameters, finally gives

C[.2 , 21 , AC?y 1 Pr2c3r®  prcd3r?  pKrcdr?  pKrcSr?2 | prc3r?2 prc3r® mc3r* gpr2c¢3  ppred® nPKrCd
W= T+ — 3 pz| 3 2 4 P - - 5 + 3
4 D D D 64 64D 16D 64D 256D 1152 128 384D 32D 8D
nPKTCS  npPrcd3  nprcd  nmc®  3npMc® | nyrcd®  nyKTCc® | nyKATcS  nyrcd [ yPCSTS  yPCS5T?  yPKCST?  yPKCT?
32D5 128D5 192D5 32D3 32D3 32D% 8D3 32D5 128D5 24576D° = 2048D8 512D7 2048D°
yPCST2  ypCST? yIMC®  3yTMC® = yPKT3C5  yPKr2c5 = yPK2r2c5 = yPK2r2c’?  yPKI2c® . yPKI2cC® = yMKIC® & 3yKIMcC®
8192D°  12288D°  2048D7  2048D7 6144D8 512D7 128D6 512D8 2048D7 3072D8 512D6 512D6
yPKI2c5 = yPKIr2c®  yPKZ2r2cs yPK2r2c’? = yPKI2C®  yPKI2C® yMKIC®  3yMKIC®  yPKAI3C? = yPKAT2C?  yPK2AT?c*
1536D7 128D6 32D5 128D7 512D6 768D7 128D5 128D5 6144D° 512D7 128D7
yPK2AT2C® = yPKAT2C?  yPKIr2c’? yMKATC?  3yMKArc’ yPI2cs yPr2c®  yPKIr2cS = yPKr2c’ ypr2cs5 . ypracs
512D° 2048D° 3072D° 512D7 512D7 24576D°  2048D8 512D7 2048D° 8192D° 2048D8
yPI2cs yrmcs 3yrmcs przc? prc3 PKTC3  PKTCS prc3 prc3 mc3 3mc3
9 7 + 7 6 5 4 6 6 6 + ) + ) (36)
12288D 2048D 2048D 2304D 64D 16D 64D 256D 1152D 128D 128D

Following the same procedural approach, we have for the dimensionless temperature as

2 2 2 4 2
0 = _reert rc- _ TC® _ AIC rc + MT2c4r® +P1"2C4r8 préctr* = pric*r* PpPrAc®r*  prictr*
- .3 ) ) 2 - 3 in2 P P
64 16BiD ABiD 16BiD 64D 576 16384  1024BiD 256BiD 1024D 4096D
pr3cr®  prictr*  pric*r*  pricér* | prictr*  prec*r®  rmc*r® 3rmc*r® Nrc?r® | NIC?rS NIUC?r?2  NATC*r? n
24576 512D3 128BiD?2 512BiD* 2048D* 12288 1152 1152 2304 64BiD3 16BiD? 64BiD*
NLC?r?  TMc?r? rmc# Pr2c* Pr2c* Pr2c* PATC® Pr2c* pric* Pr2c* Pr2c* "
256D% 256BiD* 96BiD5  2048BiD7 = 256Bi2D®  64Bi2D>  256Bi2D7 = 1024BiD7  3072BiD7  128Bi2D® = 32Bi2D°>
Pr2c® pract prac# rmc* 3rmc* NTC? NTC? NTC? NTAC* NTC? NTC? pPric* n
128Bi2D7 512BiD7 = 1536BiD’7 = 192BiD5 192BiD>  384BiD® 32Bi2p* = 8D3Bi%2 = 32D5Bi? = 32BiD>  128BiD% 384BiD®
Pr2c# Pr2ct Pr2c® Pr2c# Pr2c* rmc* 3rmc* pyr4c® pyr3c® pyr3c® pyr3cé "
32BiD5  8Bi2D*  32Bi?2D® = 128BiD®  192BiD®  32BiD* 32BiD*  24576BiD10 ° 2048BiD1°®  572Bi2D8 2048Bi2p10
pyr3ce pyr3ce MyT?c® 3Myr2c® = Pk?yr4c® pyr3ce pyr3c® pyr4cs pyr3c® pyr3c® MyT2c® "
8192BiD10  12288BiD10  2048BiD®  2048BiD8 6144D° 512Bi2D8 = 128Bi3D7 = 512Bi3D°  2048Bi2D° = 3072Bi?D° = 512Bi2D’
3MyT2c® pyr#ceé pyr3ceé Pyr3c® Pyr3c8 pyr3cé pyr3ce yr2cém 3yT2céMm PyT*c8A PyT3c8A
51231’20; 815363i2D38 10 1283i2D73 8323i308 312331‘31)8 s%zgizus 7268831'2D8 12{}}31‘6206 1281.331'26D6 614§Bi62D10 51§BL'82Dg
PyIr°c°A +Pyl“ C A PyIr°Cc®A _ PyT°C°A _ MyT“C°A _3MyF C°A PyTr*c _ Pyr=c PyT°C Pyr=c _
128Bi3D% 512Bi3D10  2048Bi2D10 3072Bi2D10  512Bi2D8 512Bi%D8 24576BiD10  2048BiD° = 512Bi?D8 ' 2048Bi2D10
Pr3cé pyr3ceé MT2c%y 3MT2c%y PT3AC® PT2céA  Pr2céa  pracéa PT2cA  Pr2céa MIC®A  3MTCOA
8192BiD® = 12288BiD10 = 2048BiD®  2048BiD®  1536BiD8 = 128BiD7 32Bi%2D® 128Bi%D8 512D8 768BiD8  128BiD®  128BiD®
mrc# Pr2c* Pr2c* Pr2c* Pr2c* Pr2c* pPr3c* Pr2c* Pr2c# Pr2c® PIr2c® Pr2c*
516D®  16384D8 = 1024BiD7  256BiD®  1024BiD8 = 4096D8  24576D8  512D7 = 128BiD® = 512BiD® 512BiD8  2048D8
Pr2ct mrc* 3Mrc# NTC? NTC? NITC? | NArc* NTC? NIC?
8 6 + 6 6 ‘15 4 N6 6 6 (37)
12288D 1152D 1152D 2304D 64BiD 16BiD 64BiD 2304D 256D
We can change M, N and P in the above to the terms in the governing dimensionless equations since A = eM,§ = eN,y =
eP.
2.2. Analysis of the Flow Heat Transfer in the Pipe Using Vogel’s Model of Viscosity
With the aid of Maclaurin series, the Vogel’s viscosity model can be written as
A €AD 2 A €AD
=ex ——T) 1——+0(e =ex (——T)(l——) 38
pu = exp (B 0 ( oz T 0(€9) p(;—To = (38)
Taking the series solution of the velocity and temperature fields yields the expansion
w=w+ew; + 0(€?) (39)

0 = €6, + €20, + 0(e?) (40)
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Substitute Equ. (38, 39 and 40) into Equ. (14) and change parameters in the terms yields.

dwg

0(€%): rd ¥ + 0 - ¢r 1)
dar
1y, 4w vy dwo _ p,dwodo _ . (dwo)? (dwo wo
0(e™): o T POz dr? " ar T (dr) (dr 2 ) +ir (42)
Also, substitute Equ. (38, 39 and 40) into Equ. (15) and change parameters in the terms yields.
0 a? 90 d@o dby dwg 2 _
0(e%):r22 + Loty (7) =0 43)
1N, d? 91 dé, d91 dwg\? dwyg dwyg dw1 2
B(e:r 2t + To 4Ty (?) (M(?) —P00)+2Fr +7TNOZ =0 (44)

Where A = eM,§ = €N,y = €P
Following the same procedural analysis as carried out previously subject to the same boundary conditions, we have the
dimensionless velocity for the Vogel’s Model of Viscosity as

[C F2 4 2mer 21]Cr n 2nAC*3 c*] A [-Tcc*?r®  KTCC*r? | KALC*r? | KICc*r? rcc*rz] ATCC*r® _ACt A [—FCZC*r6
D3 D2 B2 | 2304 64D3 8D2 4DC 256D% 800B2 32C B2 | 384D7
KTC?c* KArcc*3 KTC* TC%C *2] Anrc? AnCc*3  3AnA A [-TCC**  KIcc**  KATC*S = KIrc** rcc*4] 3AnATCC*3
32D% 4p3 2D2 128D5 160D*B2 8D3 4B2% B2 | 384D7 32D6 4D5 24D*C  128D7 60432D6
3A’nC*® A A [-TcC*? KTCC* | KATC*3  KIC*? rcc* Arcc*
_AA _ - + (45)
32CD5 B2 B2 |2304D% 64D5 8D* 4D2Cc  256D%] 800B2D> 32CD4

The dimensionless temperature for the Vogel’s Model of Viscosity is given as

0_—Qcc*r4_—KQcc* KAQC*2+KQC*_QCC* Qcc*A —QCC*rS_QCC*r4 AQC*2r* Qc*r4_Qcc*r4]__ —chc*zrs_
64 16D3 2D2 cD 64D% 4B2 4096 25BiD3 32BiD? 16CDBi  1024D* 4096
Qc2c*2r*  AQcC*3r*  QCc*ir*  Qcictirt AQC3c*r”  Mcc*r® QMC*46 QNCC*r® = QNCC*r? AQC*Nr? Qc*r2N+
512 192BiD2 32DBi 2048D% B27840 288C 57C 2304 64BiD3 8BiD 4BiCD
QCC*T2N QCC*A[ Qcc* Qcc* AQCC*2 Qc* QCC*] 40 [(-oc?c*®  @c?c*?  agQcc*? Qcc*? Qc?c*?
256D% 4BiB? 512D3  64BiD® 8BiD5 4BicD*  256D7 512BiD7 128D3 32Bi2D5 = 8Bi2CD* 512D7
AQC3c* Mcc** QMc** QNCC* QNCC* . AQNC*? QNC* QNCC* A%TAQC%C*®  A2TAQC2%Cc*®  A2TA2Q3%c*7
1720Bi2B2D®  48CD5Bi? 96Bi2D>  384BiD>  32BiD* = 4Bi?D? = 2CBi?D? 128BiD5 = 118580B2D12 ~ 9856BiB*D8®  1232BiB*D°
APTAQ%C*® | AZQ?TAC2C*® | APTAQZC2C*S ATAQMC*® | A%TAQ2C2C*® | 5A42TAQ2C2C*® 542A%TrQ2cCc*’ 5A%TAQ2C*® " 5A2TAQ2C2C*® "
f - -
616BiB2D° 39424B4D8 58520B2D11 2464B2D10 ° 9856BiB2D11 4096Bi%2B2p12 512Bi2B2D? 256Bi2B2D* = 16384BiB2D1
A?TAQ2C2C*S | SATAQ%C2c*®  A2TA2Q2%2cc*”  5A2TA2Q2%cC*” | 5A2TA3Q2C*S  5A42TA%2Q2%c*7  5A42TA%2Q2%cc*”  A%TA%2Q%cc*®
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16384BiB*D11 2048BiB*D10 1024BiB2D°  65536B*D12 16384B2D7 4096BiB%2D10  58520B*D11 4096BiB2D11  512BiB*D°
A2Q2ATC*S  A2Q2ATC2C*S  A2Q2TAC2c*™ . AQTAMC*? = AQTAMC*® = 5AQTAMC*™®  5A4QTA%2MC*®  54QTAMC*S 5AQFAMC*8+
256BiB2D8 16384B2p11 20480B4D10 1024D° 2464B2D10 ° 1024B2BiD° 128B2CBiD8 64B2BiD7C? 4096B2p10
AQTAMC*?7 ~ 5TAMC*10  42Q2%c3rc*3 A2%Q2c3rc*3 A%2Q2C2TAC™  A2%Q2%c?rc*®  A%rQc3c*®  A?rqc3c*? AFQMCZC*7+
1024B2D° 256C2D8 148225B*D10 ° 12320BiB*D10 1540BiB*D8 770CB*D7 B*49280D10 = B473150D° B23080D10
APrQ2c3¢*3 | A%rQ?c3c*®  ArQic?c**A  A’rQ?ccd ArQ2c® A?rQ2c3c*? | ATQ%cc*S  APrAQ2cic*t AZFAQZCZC*4+
B212320D°Bi ~ B*1024D8Bi?  B2128D°Bi2  B264D®Bi?  B*4096D°Bi  B*5120BiD8 = B2256D7Bi B21840D°Bi B2256D7Bi?
A%TA2Q2%2cc*2 | APTAQ2C*  A%TQ2%c%c*®  ATMAQC*®  A2rQ3c*? A2TQ2cc*3 | APrQ2Ac** | A%rQ2c*3  ArQ?cc*®  A%rq?cc*?
B216D*Bi? B*8D5Bi? B*640D%Bi B232BiD>  B2770D%Bi  B2%640D8Bi? B28D5Bi? B*4CD* B2256D7Bi  B2320D®Bi
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_ _ ; _
B216D5CBi B24096D° 512BiD8 B2256D7Bi 16384B*D° 20480B2D5 1024B2D8 73150B2D° 5120B2D8
TA2Q2AC2C*3  TA2Q2C2c*?  TA2Q2%c3c*?  TA2Q2%c3c*  TAQMCC*™ | TAQMCC*3®  TAMQCC*> TAAQMC*® TQMAC*> . TAQMC*S
640B*D7 320B2D6 20480B2D° 25600B%D8 128B2p7 3080B2D8 = 256B2BiD* 32B2D6Bi 16B2D5 1024B2D8
ram?cc** ram?cc** TM32c*”  QCC*A[-QC*C Qc*c —QAC*? -QcC* Qc*c ]+AQ (—chc*2 Qc3c*?  aQcc*3
1240B2D8 ~ 1280B2D7 64D7 4B l4096D8  256BiD7 32D6 16BiD>  1024D8] B2 |\ 4096D8 512BiD* 192D6

QC*? chc*z) AQC3c* Mc*4] QMc**  QNcc* QNCC* QNAC*_I_QNC* QNCC* (46)
32D5  2048D8 1840B2D7  288D° 576D®  2304D%  64BiD> 8D3 14cD3 256D

3. Results and Discussion

The results of the above developed models are presented below in the figures below. The results for the velocity and
temperature distributions for both Reynolds and Vogel viscosity model under slip and temperature jump condition are reported
graphically below at different varying parameters.
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Figure 4. Effect of pressure gradient parameter A on the velocity distribution of Reynolds viscosity model when y=1" = A =6 =C=y= [.
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Figure 10. Effect of pressure gradient parameterA on the velocity distribution of Reynolds viscosity model when y=1" =4 =0 =C=y= 1.
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Figure 11. Effect of varying parameter T, on the velocity distribution of Reynolds viscosity model when for A = =y= C =I" =1
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Figure 12. Effect of pressure gradient parameter C on the temperature distribution of Reynolds viscosity model under no slip condition when y=1 =4 =0 =
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Figure 13. Effect of varying parameter C for the temperature distribution of Reynolds viscosity model under slip condition when for A =6 =1I" =y=1.
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Figure 16. Effect of varying parameter Aon the temperature distribution of Reynolds viscosity model under no slip condition when y=6 =1 =-C = 1.

I I I
0 0.002 0.004 0.006 0.008

1 1 1 I I I
0.01 0.012 0.014 0.016 0.018 0.02
6

79



80

Gbeminiyi Sobamowo et al.: Nonlinear Slip Effects on Pipe Flow and Heat Transfer of Third Grade Fluid with
Nonlinear Temperature-Dependent Viscosities and Internal Heat Generation

—— A =0
O A=05

I 1
0.12 0.14 0.16 0.18 0.2 0.22
)

I
0.24

Figure 17. Effect of varying parameter A on the temperature distribution of Reynolds viscosity model under slip condition when for I' = -C = § =y=1.
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Figure 18. Effect of varying parameter y on the temperature distribution of Reynolds viscosity model under no slip condition when 6 =A =-C = 1.
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Figure 19. Effect of varying parameter y on the temperature distribution of Reynolds viscosity model under slip condition when for A =-C = J =y=1.
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Figure 20. Effect of varying parameter A on the temperature distribution of Vogel's viscosity model under no slip condition when B=I"=A =6 =-C=T,=1.
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Figure 21. Effect of varying parameter A on the temperature distribution of Vogels viscosity model under slip condition when for B=A = 6 = I" =-C=T,=1.

The shows the effect of pressure drop parameter, C for the
Reynolds viscosity model on the velocity distribution in the pipe
is shown in Figure 2. From the result, it shows that as the
numerical value of C increases for no slip condition, the
maximum velocity of the fluid which is at the center of the pipe
but the fully developed velocity profile doesn’t begin at the
origin which shows that there is a slip or no sticking of the fluid
particle at the walls of the pipe. Increasing values of viscous
dissipation (I') gives a corresponding increase in velocity
distribution for the Reynolds viscosity model and viscous
dissipation, I' is maximum at the pipe center as depicted in
Figure 3. The similar trends are recorded in the controlling
parameters of the flow and heat transfer processes as shown in
Figures 4-11.

Effects of slip on the temperature distribution are
presented in Figures 12-32. Figures 12-19 show the effects of
pressure drop parameter, C, viscous dissipation (I'), viscosity
variation parameter (y), non-Newtonian material parameter
of the fluid, Afor the Reynolds’ viscosity model. It can be

seenthat as the fluid parameters increase, the temperature
distribution increases and attains maximum value at the
center of the pipe for bot no slip and slip conditions.
However, the effects of slip shows that the curvesshift to the
right and away from the origin i.e. the fully developed profile
does not begin at the origin for the slip condition as shown in
Figures 13, 15, 17 and 19. These same trends are displayed
for the controlling for parameters of the fluid under Vogel’s
viscosity model as shown in Figure 22-33. However, an
opposed trend was recorded in parameter A. For increasing
values of parameter A in the Vogel’s Viscosity model gives
decreasing temperature distribution and the effect of the
Vogel’s parameter A is maximum at the center of the pipe for
both slip and no slip conditions shown in Figures 20 and 21
Also, the third grade fluid can be seen to exhibit Newtonian
character for the Reynolds viscosity model when A= 0 and also
the effect when the fluid behaves non Newtonian at increasing
values of A. It can be seen from the Figures 26 and 27 that at
increasing values of non-Newtonian parameter (A) for the
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Vogel’s model gives increasing values of temperature  distribution which maximum effect occurs at center of the pipe.
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Figure 22. Effect of varying parameter C on the temperature distribution of Vogel's viscosity model under no slip condition when B=I"'=A =6 =-C=T,=1.
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Figure 23. Effect of varying parameter 6 on the temperature distribution of Vogel s viscosity model under slip condition when for B=A =I" =-C=T,=1.
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Figure 24. Effect of varying parameter I” on the temperature distribution of Vogel s viscosity model under no slip condition when B=A =6 =-C=T,=1.
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Figure 25. Effect of varying parameter I” on the temperature distribution of Vogels viscosity model under slip condition when for B= 6 = ' =-C=T,=1.
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Figure 26. Effect of varying parameter A on the temperature distribution of Vogel s viscosity model under no slip condition when B=1"= § =-C= T,=1.

—+— A =0
9 A=05
—— A =1

0.8

0.6+

0.4+

0.2+

Figure 27. Effect of varying parameter A on the temperature distribution of Vogel s viscosity model under slip condition when for B=06 = I" =-C=T,=1.
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Figure 28. Effect of varying parameter B on the temperature distribution of Vogel's viscosity model under no slip condition when A=I' =41 =6 =-C=T,=1.
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Figure 29. Effect of varying parameter B on the temperature distribution of Vogel s viscosity model under slip condition when for A=A = = I' =-C=T,=1.
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Figure 30. Effect of varying parameter T, on the temperature distribution of Reynolds viscosity model under no slip condition when y=6 =4 =-C = 1.
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Figure 31. Effect of varying parameter T, on the temperature distribution of Vogel s viscosity model under slip condition when for A = -C = 6 =y=1.
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Figure 32. Effect of varying parameter 6 on the temperature distribution of Vogel s viscosity model under no slip condition when y=T,=4 =-C = 1.
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Figure 33. Effect of varying parameter 6 on the temperature distribution of Vogel s viscosity model under slip condition when y=T, =4 =-C = 1.
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When heat generation term is excluded the effect is seen
as 6=0. Figures 32 and 33 show the effects of temperature-
dependent internal heat generation term for the Vogel’s
viscosity model on the temperature distribution for linear
temperature-dependent heat source. From the figures, it
shows that as 3 increases, the temperature distribution of
the fluid increases. This behaviour is due to the fact that
the heat generation mechanism creates a layer of hot fluid
and at some level when the internal heat generation
parameter is relative large, the resulting temperature of the
fluid finally exceeds the least temperature distribution in
the pipe [12].

Table 1. Comparison of Results for Reynold s Model.

Table 3. Comparison of Results for Vogel s Model.

A Omax (FDM)  Omax (Perturbation) Absolute Diffrence
1 0.0168 0.0170 0.0002
2 0.0068 0.0070 0.0002
3 0. 0029 0.0030 0.0001
4 0.0010 0.0010 0.0000

r Omax (FDM) Omax (Perturbation) Absolute Diffrence
5 0.0850 0.0846 0.0004
10 0.1780 0.1783 0.0003
15 0.2565 0.2570 0.0005
20 0.4310 0.4305 0.0005

Table 2. Comparison of Results for Reynold s Model.

Tables 1-3 show the comparison of the results of finite
difference method (FDM) and the perturbation method. The
Tables show good agreement between the two results. The
observed discrepancy might be due to the linearized
boundary conditions.

5. Conclusion

In this work, nonlinear analysis of heat transfer in a pipe
flow of a third grade fluid with temperature-dependent
viscosities and heat generation under non-linear slip boundary
conditions has been carried out using perturbation technique.
The obtained approximate solutions of the linear and quadratic
temperature-dependent heat generation have been used to

A Oumax (FDM) Oumax (Perturbation) Absolute Diffrence investigate the effects of the model parameters on the flow and
0 0.0185 0.0188 0.0003 heat transfer in the third grade fluid. The results can be used to
5 0.0138 0.0140 0.0002 advance the analysis and study of the behaviour of third grade
10 0.0085 0.0087 0.0002 fluid flow and steady state heat transfer processes such as
15 0.0120 0.0116 0.0004 found in coal slurries, polymer solutions, textiles, ceramics,
catalytic reactors, oil recovery applications etc.

Nomenclature

aand b Constant from dimensional Vogel’s viscosity model

M Constant from dimensional Reynold’s viscosity model

A= a/ (T,P) Dimensionless constant from Vogel’s viscosity model

B= (b +T,)/ (T, B) Dimensionless constant from Vogel’s viscosity model

Co Initial concentration of reacting species

C= (R2ugwo) (P 79

Pressure gradient parameter

K Constant thermal conductivity

oP / ar) Pressure gradient along the normal to the pipe axis
op / 92) Pressure gradient in the axial direction

op / a¢) Pressure gradient in rotational direction

Q Heat generation constant

r Dimensional perpendicular distance in pipe axis
=1/R Dimensionless perpendicular distance in pipe axis
R Radius of the pipe

T, Initial temperature

W(r) Dimensional velocity component in the z axis
w=w/w, Dimensionless velocity component in the z axis
w, Dimensional reference velocity

z Axis of the cylinder

1,085,053 Constant material constant

B=RT,/E Activation energy

y=MpT, Reynolds viscosity variational parameter

u Dynamic shear viscosity

= u/ué Dimensionless viscosity

[0) Rotational direction
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