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Abstract: The purpose of this paper is making a construction and generalization of Molaei’s generalized groups by using
construction of the Rees matrix semigroup over a polygroup H and a matrix with entries in H. We call it “Molaei’s generalized

hypergroups” and we give some examples.
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1. Introduction

In [10] generalized groups or completely simple
semigroups is introduced as a class of algebras of interest in
physics and they are an interesting generalization of groups.
In [1], it is proved the generalized groups are the completely
simple semigroups. Aatjo and Konieczny used the Rees
matrix semigroup, (see [8]) over a group and they showed
that the Molaei’s generalized groups are the completely
simple semigroups. In this paper we change the group to the
polygroup and we obtain a new construction, by using this
construction we can define ‘“Molaei’s generalized
hypergroup” and we give some examples.

Let H be a non-empty set. A hyperoperation on H is a
function from HxH to P'(H), which P'(H) is the set of all
non-empty subsets of H. A hypergroupoid is the couple (H,
*), where H is a non-empty set and “*” is a hyperoperation
on H, i.e., ¥ HxH—P'(H). As usual, we write a*b = * (a,b),
for all @ and b in H. If M and N belong to P*(H) and a be an
element of H, we define:

MON = U

mOM , nON
alN = {a} ON.

m Un, MDa:IMD[a},

The relational notation M = N is used to assert that M and
N have an element in common, i.e., M N N is non empty set.

We recalled the following definitions: [3, 4, 6, 9]

1) the hyperoperatoin “ * ’ is associative, if for every

elements a, b and ¢ of H, (a*b)*c=a*(b*c);

2) the hypergroupoid (H, *) is semihypergroup, if the
hyperoperation © *’ is associative;

3) the hypergroupoid (H, *) is quasihypergroup, if for all a
of H, a*H = H*a = H,

4) the hypergroupoid (H, *) is hypergroup if it is both
quasihypergroup and semihypergroup,

5) the hypergroup (H, *) is polygroup if there exist a
unique element e in A, which for every a in H,
e *a =a * e = {a}, and there exists a unitary operation
7. H — H, by a maps to a”, which for every elements a, b
and ¢ in H, if a be an element of b * ¢ then b be an element of
a * ¢ "and ¢ be an element of b ' * .

As usual, this polygroup is demonstrated by < H, * e, ' >.
We refer to [2, 5, 6, 7], for more details about polygroups.

Let < H, * e, ' > be a polygroup and K be a non-empty
subset of H, we denoted K’ = {k”’: k be an element of K}, it
is easy to show that, the following axioms hold for every a
and b inH,

(a'l)'lia,e'l =e ec(a *a'I) ﬂ(a'I *a), (a *b)'l =pl gl

2. Molaei’s Generalized Hypergroups

In this section, we consider a polygroup and by using the
Rees matrix semigroup’s structure over polygroup, we
construct a new structure and obtain three properties of this
new structure. Theorem 2.1, 2.2 and 2.3 guide us inspire the
definition of Molaei’s generalized hypergroups.

Let < H * e, ' >bea polygroup and let /, 4 be non-
empty sets and M be a map from 4 x [ to H, by M (A, 1) =
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my; (i, X, ) © (. y, )= {i} X (x *my; * y) < {u}.
Assume that MGH (H; I, A, M):=1 x H x A, We define ) )
Theorem 2.1. MGF (H; I, A, M) is a semihypergroup.

the following hyper-composition:
Proof Letiandjin I, A and u in 4 and a, b, ¢ in H. Since
o: MGH (H; I A, M) x MGH (H; I, A, M) > P (MGFH(H;,  (a*my; *b)isanon-empty subset of H, so

1 A4, M
» {1 # (%, 2) 0 .y, 1) e P (MGI(H; I, 4, M)).

((tx,2), G,y ) = (i.x, 2) 0 (. y, ), _ )
Therefore “o” is a hyperoperation. Now we check the

which for all i and j in /, for all x and y in H and for all 2 and  associative property of hyperoperation “o ”.
wuind, We have the following equations:

(ia2)o((.bwokcv) =(,ai)o{j*b*my*c)x{v})
=(i,a ) o U G,s v)

q| * *
sOb*m,y *c

- U wanogsw

* *
stb my e

- U e myrg <y

* *n
sOb*m, *e

= {1} x((a*mij) * (b * muk *c)) x {v}
= {1} x ((a *mij *b) * muk * c)) < {v}
={ip < ( t ¥ muk * c) x {v}

tDa*mM *b

={i} % (SDb*Lka a*mij*s) x {v}

= U {i} % (t * muk * c) % {v}

tta*my;*b

= U (i,t, ) o (k c v)

tDa*mM *b

= ( U (l’ L /l)) o (k’ & U)

tDa*mM *b

= ({i} x (@ *mij *b) x {n}) o (k c,v)
=((,a, Ao (G b w)o(kc v

Therefore, MGFH (H; I, A, M) is a semihypergroup.

Theorem 2.2. For every element (i, a, A) 0 MGFH (H; I, A, M), there is a unique non-empty subset E (i, a, A) O MGIFE (H; 1,
A, M), such that for every element (j, b, pu) of E (i, a, &), implies

(i,a,A) O [(i,a 1)o@, b w)]N[G b wo (i a, 4)]. Moreover,

E (i a,2)={i} * [(m;"*a" *a) 0 (@ *a’ *my )] x {A}.

Proof. Since my; is an element of polygroup H, there exist m;;”, such that
e O [(my I myy N (my; * my; '1)]. Now, we have:

(oa, 7)o (i,my;™, 2) ={i} x(a*my*my™") x {4}
U i} x (a*e) x {A} = {i} x {a} x {4} ={(i, a, )}.
Also {(i, a, 1)} = {i} x {a} x {1} = {i} x (e *a) x {4}
O fip < (my ™ *my *a) x {4
=(,my;" 2)o (@ al)

Therefore, (i, m;; '1, A) is an element of E (7, a, A).
If (j, b, 1) be an arbitrary element of £ (i, a, 4), then we have:

(,a2) O/ a 2)o G b w]N[G b wo(al)]
= [{i} x (@ *my ¥ b) <At OV [} (b my *a) < {4}
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Therefore,j=iand p=Aand a 00 (a * my; * b) N (b * m,; * a). Since,

al(a*my;*b) « bU (a *m;v,)'I *a:m;v,-'l *gl*g

al®*my;*a) « bUa *(m;v,-*a)J:a * gl *m,u'I,

therefore, b O [(my; "*a’ *a) 0 (@ *a’ *my )],

Conversely if b [ [(my; TralrayN(@a*al *my '1)], then (i, b, A) is an element of E (i, a, 1) and the proof is complete.
Theorem 2.3. For every element (i, a, A) O JMGFH (H; I, A, M), there is a non-empty subset J (i, a, A) O MGIFE (H; I, A, M),

such that for all B in J (i, a, A)

[Ga 2)oB]N[Bo@Gali)] =E(Ga i)

Proof. Assume that ¢ = my;, by choosing J (i, a, 1) = {i} x (¢’ *a’ * ¢') x {1}. which, it is a non-empty subset of MEH
(H; I, 4, M), we show that it satisfies the condition of Theorem. Since H is a polygroup, hence, {a} =a *eand e O ¢ * ¢’ and

-1
e O a *a then we have:

eda*a'=@*e)*a'=@*e*a’) O @*@c*c” *a)=@*c*c"*a”).

Then c'1D fcly=exc! O (a*c*c*al)*xcl=@*e)* (" *al ¥

Similarly,

eda'*a=@ *e)*a=(@" *e*a) O (@ *( * *a)= (@' *c' *c*a).

Thenc'1D fclhir=c*e O ! *@ *c" *c*a)=("*a' *c') *c*a.

Also, ¢! O (c"*a'*a) N (a*a’ *c'), hence, ¢! is an element of the following set

[(a*c) *(0'1 *q! *c'l)] n [(c'l * g *c'l) *c*al N [(c'1 *q! *a)] N [(a *q! *c'l)],

then,

G,omy 2) O [ a,2)0 TG a ] N[TG al)o i aX)]NE (G a i)

Letp=(i,x, A) O J(, a ), thenxO ¢’ *a”’ *¢’, hence ¢’ 0 a *¢ *x N x *¢ *a, therefore ¢! is an element of the set
[a*c*x] N [x*c*a] N[ *a' *a)] N [(a*a *c)], then

G,omy ' 2) O [, a2) 0 (i, x, )] N [Gx2) o al)]NE(G a )

and the proof is complete.

Theorem 2.1, 2.2 and 2.3 guidance us to follows for
definition of a generalization of Molaei’s generalized group.

Definition 2.1. A semihypergroup (# o) is called Molaei’s
generalized hypergroup, if it satisfies in the following
conditions:

(MGHI1) Or0O g€ 0O € (k) O %, such that for every
element a O & (h), hO[he a 1n[ a oh],

(MGH1) O0/0 %, O J (h) O J€, such that for every
element p O J (h), [he B IN[ B h]l=E (h),

(The symbole ! means there is a unique.)

Example 2.1. If < H, * e, > be a polygroup and let /, A
be non-empty sets and M be a map from 4 x [ to H by M (4,
i) = my;. Then, by use Theorems 2.1, 2.2 and 2.3, MGH (H;
I, A, M):=1 x H x A, with hyperoperation “©” is a Molaei’s
generalized hypergroup.

Example 2.2. Every polygroup is a Molaei’s generalized
hypergroup. If < H, * ¢ ' > be a polygroup, it is
semihypergroup and for every element 20 H ,

Ey=(hhy o (7 k) and 7 () ={n7"}.

Example 2.3. Every Molaei’s generalized group is a
Molaei’s generalized hypergroup. If G be a Molaei’s

generalized group, we consider the hyperoperation x
*y={xy}, then (G, *) is a semihypergroup and for every /4 [
G,

& () ={e(h)} is unique and 7 (k) ={h‘1} .

3. Conclusion

This paper deal with one of the newest construction of a
generalization of hypergroups. We changed the group to the
polygroup in the structure of Rees matrix semigroup and we
obtained a new construction. By using this construction we
defined “Molaei’s generalized hypergroup” and we gave
some examples.
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