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Abstract: In this paper, we firstly discuss the basic properties of the sub differential of fuzzy mapping and get some related
conclusions. Secondly, we establish a variational principle of fuzzy mapping by establishing the concept of gauge fuzzy
mapping. Then we prove the approximation sun rule of fuzzy mapping in sub-differential as the application of that principles.

Keywords: Fuzzy Mapping, Sub-differential, Gauge Mapping, Variational Principle, Approximation Sun Rule

1. Introduction

In 1972, Chang and Zadeh [1] introduced the concept of
fuzzy numbers with the consideration of the properties of
probability functions. Since then the fuzzy numbers and
fuzzy mapping of the value is fuzzy number have been
extensively studied by many authors. Researchers have
begun to study upon the relation equations of fuzzy
numbers, the differential and measurability and integral of
fuzzy mappings, and other theories in relation to fuzzy
numbers. Especially in the differentiability of fuzzy
mapping and its application in fuzzy programming, a series
of important achievements have been reached [2, 3, 4].
However, not all of the fuzzy mapping is differentiable. So
we should also study those fuzzy mappings whose analytic
properties are weaker than differentiability. Concept of
sub-differential of convex fuzzy mapping is introduced in [5,
6]. Its related properties and application in convex
programming is discussed and some important conclusions
are obtained.

In [7, 8] we extend the concept of sub-differential of
convex fuzzy mapping given in [5, 6], establish the concept
of sub-differential of normal fuzzy mapping and study the
existence problem of the convex extension of fuzzy mapping.
New study method is provided to search on fuzzy
programming problems. By using the study methods and
techniques of non-smooth analysis and set valued analysis [9,

10, 11], we discuss the basic properties of sub-differential of
fuzzy mapping [6] and try to establish a variational principle
of fuzzy mapping. Finally we discuss the application of it.

2. Prerequisite

Let R be the real numbers field A fuzzy set ¥ on Ris
called a fuzzy number, if it has the following properties:

(I) u is upper semi-continuous;

(II) wuis normal, i.e., there exists anx, R such that

u (xo) =1;
(IIT) u is convex, i.e.,

u(/]x+(1—/])y) Zmin(u(x),u(y))

Whenever x,yUOR,7 D[O, 1] .

(V) [u]’ = {x|u(x) >0} is a compact set.

Let F denote the family of all fuzzy numbers and is
called fuzzy number space. See the concepts and its
properties related to fuzzy number in [4]. For any R, we
define a fuzzy number 7 by

B Lt=r
0=orer

for any (0OR . Let EZ{F|rDR}, then ROF . For
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ullF, aD[O, 1], the r-level set of fuzzy number u is a

nonempty bounded closed interval, which is denoted as

[u]” =[w.(a).u(a)].
Foru,vOF , wesay that u<v ifand only if
u" (a) <o (a) and uD(a') < vD(a')
for any a [ [0,1] .
Ifu=0, then u is called a nonnegative fuzzy number,
and F, denote the family of all nonnegative numbers.

For u,vOF and rOR, we define the addition u+v
and scalar multiplication ru as follows:

[u + v](a’) = [u* (a') + Vi (a’),u* (a) +v' (a)} s

for anyaD[O,l].
If r=0,

[ru](a) = [ru* (a),r” (a)} ,

forany a D[O,l] .

[ru](a) = [m* (a),ru. (a)}

>

for any aD[O,l].
For &(i=12,---,n)0F , we call

Q(:(Ep"',g,,)

is an 7 -dimensional fuzzy vector. The set of all n

-dimensional fuzzy vectors is denoted by " (R) . For

§=(4.6.00,)0F"(R)
x:(xl,xz,D]]Dxn)DR”

>

the inner product of ¢ and X is defined as

£= (6.6, 0E,) 0 F"(R)
x:(xl,xz,[ﬂ]];lxn)DR" ’

the inner product of ¢ and X is defined as

<<(ax> =x¢ +x,¢, xS,

If for u,vOF | there exists wOF suchthat u =v+w,
we say that the H-difference of # and V exist and denote
Uu—v=w,

It is obvious that if H-difference # —V exists, then
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(u=v),(a)=u(a)-w(a)
(u=v) (a)=u"(a)-v(a)

Definition 2.1 [12]. Let Sbe a subset of F . If there
exists uy, JF such that u>u, for any u[S, then u, is
called the lower bounded of §'.

If uyis a lower bounded ofS, and satisfies that for any

lower bound u'of S uy, <u'. Then u, is called the infimum
of S anddenote as inf S =u,.

A upper bound and the supermun of S are defined
similarly. S 1is said to be order bounded if it is both bounded
from above and bounded from below.

Let M be a nonempty sub set of n-dimensional

Euclidean space R". We call the mapping from M to F a
fuzzy mapping (fuzzy number value function), and denote as

F:M - F .Forany aD[O,l],denote

[F()](a) =[ £ (x)(a). 7" (x) ()]

where F*(x)(a) and F (x)(a') are real value function

defined in M .
Definition 2.2 [13] Let F: M — F be a fuzzy mapping,

xo UM . Fis lower semi-continuous at a point x, If for
any £ >0, there exists >0 such that

F(xO)SF(x)+£‘,

For all xUOM and ||x—x0||<5. Then we say that F'is

lower semi-continuous at each point of M .
Theorem 2.1. Let F: M — F be a fuzzy mapping. If F
is a lower semi-continuous, u[JJF , then

4" (F)={x0M|F (x) <4}

is closed setin R”.
Proof. for uJF , we have

F(x)Su
= F(x)* (O’)Su* (O’) and F(x)* (a')Su* (0’)

forany a D[O, 1] .
Therefore,
4 (F)={x0M|F (x). (@) su(a).a0]0.1]}

ﬂ[xDM‘F(x)*(a) Su*(a'),a'D[O,l]]

On the other hand, by F: M — F is semi-continuity, we
know that for any aD[O, 1] , both F(x)* (a) and

"
F (x) (a ) are lower semi-continuous real valued functions
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definedin M .
So forany a D[O,l] , we have

{x0M|F(2).(a) <u (@)
and
{xDM|F(x) (@) (@)

are closed set. Hence A" (F ) is closed set.

Definition 2.3 [6]. Let F: M — F be a fuzzy mapping,

XM . The sub-differential o F fat X is defined as
0F (x)
={&|E0F"(R), F(2) 2 F(x) +(&,z~x),0z 0 M}

If OF(x)#0, then [ is called sub-differentiable at
X -

If OF is a single point set {f} , then F is called
differentiable at x , and denote as & =0F (x) .

Theorem 2.2 . Let F,F,:M - .7-"(1' = 1,2) be fuzzy
mappings, xUM , then

(@) 9(AF)(x)=AF(x)(1>0)

) 9(F, +F,)(x) DOF, (x)+0, (x).

Proof. (I) For

&=(uuy,+u,)D0(AF)(x),
by Definition 2.3, we have
/]F(z) > /]F(x) +<f,z —x)

forany zOM .
Therefore

F(z)ZF(x)+<%E,z—x>,
So
%fl]aF(x),

ie., E0A0F(x).

Therefore

0(AF)(x) O A0F (x).
We can similarly obtain

AOF (x) D0 (AF)(x).

So

AOF (x) =0 (AF)(x).
(IT) Let

E:(ul,uz,-~~,un)DOF1 (x)+6Fz(x)

>

then there exist & 00F, (x), &, JOF, (x) such that

E=&+¢,

and by Definition 2.3, we have
F(z)2 F (x)+(&,z-x) (1)
F(2)2 F (x)+(&,2-x) 2

foranyzOM .
According to (1)+(2), we have

(F+E)(2)2(F+E)(x)+{(§ +&.2-x).
So
E=§+&D0(F+F)(x),
OF, (x)+0F, (x) DO (F +F,)(x).

We can easily obtain the following Corollary 2.1 according
to Theorem 2.2.

Corollary 2.1. LetF, : M - .7-'(1' 21,2) be fuzzy mapping,

and
F (x) = AF, (x)(1>0)
forany xOM , then
OF, (x) +F, (x) =0(F, + F,)(x)

Theorem 2.3. Let F : M — F be fuzzy mapping. If F(xo)

is the minimum of F in M , then
000 (x,)(0=(0,0,++-0,).

Proof. Let F(x, ) be the minimum of FinM | then for any
xOM,

F(z)zF(x,).
Therefore, foranyzOM and 0= (6, 6,---,6,) , we have
F(Z) = F(x0)+<0,z—x0>

ie., 0 DaF(xO) .
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3. Fuzzy Variational Principles

X stands for R” or asub set of R” in this section.
Definition 3.1. Let (X ,d ) be complete metric space,

continuous mapping 0: XXX - F,is called a gauge fuzzy
mapping. If it has the following properties:

@ p(x,x) = 6, UxOX;
(II) For arbitrary & >0, there exists J >0, such that
d(y.z)<

forany »¥,zUOX when ,O(y,z) <4,

(I11) p(X x X ) is the totally ordered sub set of F, .

Theorem 3.1 (Variational Principles of Fuzzy Mapping).
Let (X ,d) be a complete metric space. If fuzzy mapping
F:M - F satisfy conditions (I)-(I11):

IO F (X ) is a totally ordered sub set of F with a
H-difference;

(II) F 1is lower semi-continuous and il’)l(fF mya (X ) ;

(III) pis a gauge fuzzy mapping, {5 }::0 is a positive

n

sequence of points.
Then for any £€>0 andzOX , when

F(z)<inf F+£,

there exists a sequence of points x, 0 X (n=1,2,...) such

that X, — x(n — ) and

m p(z,y)<é/a,
when F Z)SiI)l(fF"'é;

(
any F(y)+op(y.x,)<F(z)

n=0
when F(z)Sian+£‘;
X

) F(x)+X0,0(xx,)2 F()+3.0,0(r.5,)

n=0

forany x0X .
Proof. First we build a sequence of points{xn} which
satisfies x, X (n =
Let

L2,..) and x, - x(n - ©).

Xy =z,
So :{xDX|F(x)+0'0p(x,x0)SF(xo)} 3)

Because F and p(DxO) are lower semi-continuous, S is

closed set according to Theorem 2.1. And for any x 1§, , we
have
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)F() F(x)

( )—1an<£ @)

ap(x,x

Find an X, O So , which allows
F(x)+3p(x1.%)
< ;Ilesfo [F(x)+0yp(x.x,)]+018/20, | (5)

Let

Sy =1xUS, k=0 (6)

Assuming that we define S,_, and x, S _ , which
allow
n-1
+dep(xn,xk)
k=0
n-l1
< inf | F(x)+ ) o.plxx,)|+é0,/2" 0 7
nf kZ:(;k( W) [+é0,/2"0 ()
Let

+Z(7kp(x,xk)

x0S, = (8)

n—

SF(xn)+Zl:Jkp(xn,xk)

k=0

S =

n

We can obtain that {Sn}::o

set according to Theorem 2.1. So by (7) and (8) we have:

is a list of nonempty closed

o,p(x,x,)

S[F(x,,pgakp(xn,xk)}
_{F(Xﬁgw(x,xk)}

S[F(x,,p:z;akp(xn,xk)]
)+ Sanpto ]

— inf
xS,
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<éo, / 2"0, .
Therefore, for any x 1.5, (n =12, ) , we have

p(x.x,)<é/2" g, ©)
Since p is a fuzzy gauge mapping, so by (9) we have

d(x,xn) - O(n . 00)

On the other hand, by
S, 08, and diam(S,) -0

there exists an unique

>

»yans,,

n=0

which allows a sequence{xn} convergeto y[X.

Next we will prove that{xn} and y satisfy the conclusion

(D)- (II) of Theorem 3.1.
(I) by (4) and

yans,,
n=0

it’s obviously that p(y,z)<é/0, ;
(1) by (3) ,(8) and

for any natural number ¢ =m , we have

m=1
F(xo) = F(xm)+ZUkp(xm,xk)
k=0
q-1
2 F(xq)+ZUkp(xq,xk)
k=0

q
>F(y) +Z‘7kp(y=xk)
k=0
Therefore

9
F(xo)zF(y)+ZUkp(y,xk). (10)
k=0

Let g - +o, according to (10), we have
+00
F(z) 2F(y)+20’kp(y,xk)
k=0

(IIT) Since for any x # y, x0O () S,. There exists natural
n=0

number m which allows x0S,,. So according to (8) we
have

F(x)+§akp(x,xk)

2 F(x) +Z(7kp(x,xk)
k=0

m=1

2 F(x,)+ D 0,0(x,.%)(%m - w). (1)
=
Le tm — +o, according to (11), we have
F(x)+§(;akp(x,xk)2F(y)+§(;akp(y,xk)
Corollary 3.1. Let F:R" - F be a fuzzy lower

semi-continuous bounded mapping. If F satisfy conditions
(D-3):
O F (R”) is the totally ordered sub set of F with

H-difference;
(IT) ianDF(R")and A>0,p>1.
R

Then for any &£ >0andz[OR", there exists y JR" which
allows:

UNEEEVE
(an F(y)sF(z);

&
(1) F(x) +F||x -z

" OxOR"

£
> F (1) + ]y

When F(z)sigﬂfF+f_
Proof. Let
pls) =l &7
then
p:Rn an — E_

is a gauge fuzzy mapping.
Take

then we can easily prove the conclusion of Corollary 3.1
according to Theorem 3.1.
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4. Fuzzy Approximate Sum Rule
Lemma 4.1. Let

F,GZR" - F

be lower semi-continuous fuzzy mapping. If F (R”) is
totally ordered sub set of F , G(M ) OR and G is
differentiable at point X,,, we have

O(F +G)(x,) =0F (xo) +0G(xp) . (12)
Proof. According to Theorem 2.2 (I), we have

OF (x,)+0G(x,) D 8(F +G)(x,).
So we can prove (12) by proving

O(F +G)(xy) OOF (x,)+0G(xq).

Let
E:(ul,uz,---,un)|:|6(F+G)(x0),

then for any x[OR", we have
(F+6)(x)2 (F+6)(x) +(£.2-x).
Therefore for any & 0[0,1], we have
(F+0)(z).(a)
2(F+G)(x). (@) +(&(a).2=x,),
(F+G)(z) (a)
>(F+G)(x) (a)+(¢ (a).2=xy).

According to the basic properties of the sub-differential of
real valued functions, we have

& (a)00(F +)(x,). (a)
=0 (x,). (a) + 06 (x,). (a).
£ (0)00(F+6)(x) (a)
=or () () +06 (x,) (a)

So there exists

&« (@) 00F (x,), (a)

& (a) 006 (x,). (a) (13)
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& (a)0or (x) (a) (14)
& (2)00G(x) (a)

Such that
&(a)=&.(a)+ée(a) (15)

£ (a)=£ (a)+& (a)

On the other hand, by G(M ) ORand Gis differentiable

at x,, we have

0G(x). (@) =06 (x,) ()
and
0G(x)={&}
Therefore for any @ 0[0,1], we have
& (a)=&(a)OR".

I (a ) and EZD (a ) determine a same fuzzy vector &,. So
according to (15), fm(a ) and fl* (a) also determine a fuzzy
vector & OF" (R) for any @ D[O,l] . And

§=6+4,.
By (13) and (14), for any a D[O,l] we have
F(Z)*(a)zF(xo)*(a)+<<‘1*(a’),z—x0>,

F(z) (a)2 F (%) (@) +(& (a).2=x).

Therefore,
F(z)2F(x)+(&.2-%),
ie.
& 00F(x,).
So

E=&+&00F (x,)+0G(x,).
Theorem 4.2 (Fuzzy Approximate sum rule). Let
Fi:R" - F(j=12,,m)
be lower semi-continuous bounded fuzzy mappings. If
F; (j =1,2,--, m) satisfy conditions (I)-(II):
O F; (R”) (j =1, 2,---,m) is totally ordered subset of F
with H-difference;
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) inf £, 0F, (R)(j =1.2+.m).

Then for any £>0 and z,JR", there exists y, UR"
and u, LJOF, ( yj) , which allow:

6D2uj+éB,
J=1

when F(zj) <inf F, +&, where B is a unit ball in R" .
e

Proof. Let
Fi:R" - F(j=12,,m)

be fuzzy mapping which satisfies the conditions of Theorem
4.2. Then when

A>2m,e>0,z; ORrR"
and

Flz;)sinfFeé,

according to 3.1, there exists y;, OR" (j 21,2,---,m) which

allows
| =] <
and
F(xj) +ij —zj“2 é‘//]2

obtain the minimum at X, = ;. So by Theorem 2.3, we

have
000( £, +|x, == | /2% )(»,).
On the other hand, according to Lemma 4.1, we have:
JCRCER PRy )
=or, (v,)+ 0|, = &/2°)
=0r; (v,)+(28/2%)(x; -2, )(j =1.2.+.m)

According to

we can obtain

Therefore

(")DiaFj(yj)+£B_

j=1
So there exists ujDaFj(yj) (j:1,2,-~-,m), such that

6D2uj +éB-
=

5. Conclusion

We are inspired by non-smooth variation principles and try
to introduce the skill of non-smooth variation into fuzzy
analysis. The basic properties of sub-differential of fuzzy
mapping is discussed. A variation principle of fuzzy mapping
is proved and applied into the variation problem of fuzzy
mappings. Its approximation and rules in sub-differential are
given. Studying method in this paper and the conclusion we
get may extend a new searching direction and it is hopeful to
obtain a new series of conclusion.
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