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Abstract: This paper describes theoretical estimation of domains mean using double sampling with a non-linear cost
function in the presence of non-response. The estimation of domain mean is proposed using auxiliary information in which the
study and auxiliary variable suffers from non-response in the second phase sampling. The expression of the biases and mean
square errors of the proposed estimators are obtained. The optimal stratum sample sizes for given set of non-linear cost

function are developed.
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1. Introduction
1.1. Domains

Domain is a subgroup of the whole target population of
the survey for which specific estimates are needed. In
sampling, estimates are made in each of the class into
which the population is subdivided; for instance, the focus
may not only be the unemployment rate of the entire
population but also the break-down by age, gender and
education level. Units of domains may sometimes be
identified prior to sampling. In such cases, the domains can
be treated as separate stratum from a specific sample taken.
Stratification  ensures a  satisfactory level  of
representativeness of the domains in the final sample. These
domains are called planned domains.

1.2. Domain Estimation

Consider a finite population under study U of size N
divided into D domains; U,,U,,..,U, respectively.

Domain membership of any population unit is unknown
before sampling. Its assumed that the domains are quite large

and for a typical d” domain U, several characteristics
maybe defined as described by Gamrot [4]. This includes;
= Z ydk

Uy

Domain total; Yy,

= 1
Domain mean; Yv, = N zydk

d

1 _ 2
Domain variance; S0, (¥) = N Z (Yd _Yud)

Domain Covariance between two characters X and Y is
given by;

Covy, = Ndl—l z (Xdk —)_(u,, )()’dk _Zm)

kO,

According to Meeden [7] domain can be estimated by use
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of a non-informative Bayesian approach where a polya
posterior is used on finite population that has little or no prior
information about the population. Although a prior
distribution is not specified there is a posterior distribution
which may be used to make inferences.

Udofia [12] proposed estimate of domains using double
sampling for probabilities proportional to size (PPS) with
known constituent domain. The assumptions proposed by
Udofia [12] are;

(i) The size of auxiliary variable X is not known.

(ii) The distribution of the variable (Z) that defines the
domain is the not known prior and therefore the population
size (N,,/) of the domain is also known.

(iii) The cost of measuring the variable X and Z in each
stratum is much lower than that of measuring of the study
variable Y .

Aditya et al. [1] developed a method of estimating domain
total for unknown domain size in the presence of non-
response with a linear cost function using two-stage sampling
design. In this method the response mechanism is assumed to
be deterministic.

1.3. Double Sampling in the Presence of Auxiliary
Information

In many sampling procedures the prior knowledge about
the population mean of the auxiliary variable is required.
If there is no such information, it’s easier and cheaper to
take on the large initial sample from which the auxiliary
variable is measured and from which the estimation of the
population parameters like the total, mean or the

frequency distribution of the auxiliary variable X is made.

Srivastava [11] proposed a large class of ratio and product
estimators in double sampling. It was found that the
asymptotic minimum variance for any estimator of this
class is equal to that which is generally believed to be
linear regression estimators. According to Sahoo and
Panda [10] if an experimenter knows the population mean
of an additional auxiliary variable, say, Z whereas the
population mean of an auxiliary variable X is unknown
and can be estimated using double sampling scheme, it is
possible to come up with a class of estimators for the
finite population mean f .

1.4. Double Sampling for the Ratio Estimator in the
Presence of Non-Response

Hansen and Hurwitz [5] proposed a way of dealing with
non-response to address the bias problem. In this case, when
dealing with non-response, a sub-sample is taken from the
non-respondents to get an estimate of the sub-populations
represented by the non-respondents. Cochran [2] employed
Hansen and Hurwitz [5] technique and proposed ratio and
regression estimation of the population mean of the study
variables where the auxiliary variable information is obtained
from all the sample units with some of the sample units
failing to supply information on the study variable.
According to Oh and Scheuren [8] and Kalton and Karsprzyk

[6], non-response is often compensated by weighting
adjustment and imputation respectively. In these methods it
was argued that the procedure used in weighting adjustment
and imputation aimed at eliminating the bias due to non-
response. Okafor and Lee [9] employed the double sampling
method to estimate the mean of the auxiliary variable and
went ahead to estimate the mean of the study variable in a
similar way as Cochran [2]. In this method double sampling
for ratio and regression estimation was considered. The
distribution of the auxiliary information was not known and
hence the the first phase sample was used to estimate the
population distribution of the auxiliary variable while the
second phase was used to obtain the required information on
the variable of the interest. The optimum sampling fraction
for the estimators for a fixed cost was derived. Performances
of the proposed estimators were computed and compared
with those of Hansen and Hurwitz [5] estimators without
considering the cost. It was noted that for the results for
which cost component was not considered, regression
estimator functions were consistent than the Hansen and
Hurwitz [5] estimator. Chaudhary and Kumar [3] proposed a
method of estimating mean of a finite population using
double sampling scheme under non-response. The proposed
model was based on the fact that both the study and auxiliary
variable suffered from the non-response with the information
of X not available. Hence the estimate of X at first phase is
given by,

_ M, ),

n/

/
X

(M

With the corresponding variance of,
* / —_—
V(f/ )=(i/—ijsj+ L /1 W,S; )
n N n :

=/ =/ .
Where x, and X, are means from the nl/ responding

units and né non-responding units respectively. Si and S)?z

are mean square errors of the entire group and non-
responding respectively with ' as the inverse sampling rate
at first phase of the sampling.

From the previous studies, a number of researchers have
considered a linear cost function when estimating domains.
In dealing with non-response most of them have considered
subsampling while holding to the idea that the response
mechanism is deterministic. This study therefore focuses on
the estimation of domain mean using double sampling for
ratio estimation with non-linear cost function with a random
response mechanism. In this study we therefore establish an
efficient and cost effective method of estimating domains
when the travel cost component is inclusive and it is not
linear. The problem of minimum variance and cost is
addressed while considering non-linear cost function and
optimal sample size.
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2. Estimation of Domain Mean and
Variance in the Presence of
Non-Response

2.1. Developing Domain Concept Theory with
Non-Response

The problem of non-response is inherent in many surveys.
It always persists even after call-backs. The estimates
obtained from incomplete data will be biased especially when
the respondents are different from the non-respondents. The
non-response error is not so important if the characteristics of
the non-responding units are similar to those of the
responding units. However, such similarity of characteristics
between two types of units (responding and non-responding)
is not always attainable in practice. In double sampling when
the problem of non-response is present, the strata are
virtually divided into two disjoint and exhaustive groups of
respondents and non-respondents. A sub-sample from non-
responding group is then selected and a second more
extensive attempt is made to the group so as to obtain the
required information. Hansen and Hurwitz [5] proposed a
technique of adjusting the non-response to address the
problem of bias. The technique consists of selecting a sub-
sample of the non-respondents through specialized efforts so
as to obtain an estimate of non-responding units in the
population. This sub-sampling procedure albeit costly, it’s
free from any assumption hence, one does not have to go for
a hundred percent response which can be substantially more
expensive.
In developing the concept of domain theory with non-
response the following assumptions are made;
i. Both the domain study and auxiliary variables suffers
from non-response.
ii. The responding and non-responding units are the same
for the study and auxiliary characters.
iii. The information on the domain auxiliary variable X,
is not known and hence X ; is not available.
iv. The domain auxiliary variables do not suffer from non-
response in the first phase sampling but suffers from
non-response in the second phase of sampling.

2.2. Proposed Domain Estimators

Let U be a finite population with N known first stage
units. The finite population is divided into D domains;
U,,U,,...Uy of sizes N;,N,,...,N,,..,Np respectively.
Further, let U, be the domain constituents of any population
size N, which is assumed to be large and known. LetU and
N be defined as,

D D
U=UU, and N = ZNd respectively.

d=1 d=1
Let Y, and X, be the domain study and auxiliary

variables respectively. Further, let ?d and X 4 be their
respective domain population means and auxiliary means

with  y, (i=1,2,3,.,N,) and  x, (i=12,.,N,)

observations on the

unit. In estimating the domain
auxiliary population mean X, double sampling design is
used.

A large first phase sample of size n’ is selected from N
units of the population by simple random sampling without

replacement (SRSWOR) design from which n; out n' first
sample units falling in the d” domain. The assumption here
is that all the ' units supply information of the auxiliary
variable X, at first phase. A smaller second phase sample of
size n is selected from n' by SRSWOR from which n, out
of n second phase sample units fall in the d” domain.

For estimating the domain population mean X, of the

auxiliary variables X, from a large first phase sample of

. . / .
size nc/, , values of the observations x; (i = 1,2,3,...,n£/,) are
1

obtained and a sample auxiliary domain mean )_cé is

computed. From the second sample of sizen, , let y, and
x; be the domain study and auxiliary observations with
(i =1, 2,3,...,nd). Let ng units supply the information on
Y4 and x,; respondents while n, be the non-respondents

for both the study and the auxiliary domain variables
respectively such that,

ng =ny +ng,2 .

For the ng, non-respondent group at the second phase
sampling, an SRSWOR of 1, units is selected with an

inverse sampling rate of Va, such that,

r, = —ndz ith v, >1
d, = , With Vg,

All the 7z, units respond after making extra efforts of

subsampling "4, non-responding units. In developing the

framework of double sampling there are two strata that are
non-overlapping and disjoint. Stratum one consist of those
units that will respond in the first attempt of the second phase

population made up of Ny, units and stratum two consist of
those units that would not respond in the first attempt of
phase two with domain population units Ng, =Ny~ Ny .
Both N4 and N, units are not known in advance. The
stratum weights of the responding and non- responding

N N, . .
groups are defined by 7, =Nfd‘ and 7, =Nfd: respectively with
d d

1 — ndz

~ n ~
their estimators defined by W, =w, =ni and W, =w, =
. )

ng

respectively.
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Following the Hansen and Hurwitz [5] techniques, the
unbiased estimator for estimating the domain population

mean using (nd1 +rd2) observations on y, domain study

character is given by;

=W, )_/dl twy, .)_}rdz 3)

Similarly the estimate for domain auxiliary variable is
given by;

ng
_ Ny _
d d

ng
L —
X,

= Wd] xd] +Wd2x”d2 (4)

Where y, and X, are the sample domain means for the

observation y, and x, respectively.

The following sample characteristics are defined when
estimating domain mean,
ndl
i) Ya, =—Z Ya, -domain mean of the study character
ndl i=1
from the response group based on ng units

7’42

ii) J_/rd = —Z »y,; -domain mean of the study character

2 J
Ta, =1
for the non-responding group of 7, respondent units

g

iii) xg :—Zxd_ -domain mean of the auxiliary
dy =1

character from the response group based on 7, units

(?d - I7d )2
YdZ
_ Lyvar(z,)
Y}

1

d

et
Y7\ \nf Ny

de
=—Zxd_ -domain mean of the auxiliary
J

v) x, .
dy j=1

2

character for the non-responding group of 7,

respondent units
In estimating the overall domain population mean in the
presence of non-response, double sampling ratio estimation
of the domain mean is used. Define;

d = — . =/ v o=Yd - — —
— Xg =TIy Xy and de —j.xd =ryX,
Xq

With the assumption that,
E[x) = B[%,]= X, E(3,) =1, &)
3. Bias and Mean Square Error of the

Ratio Estimator

The expression for the Mean square error (MSE) of Z,R
1

and Z,R are derived by the use of the Taylor's series
2

approximation.
Let
_Va _}701 = _v

€4, —T3Yd =1, (Edo +1)

Xa _Xd - _
Ep = e 3xd—Xd(€d +1)

d

y-X,  _ _ s

£, :d)?—dd:xd =X, (&, +1) 6)

?[VIEZEB ()_’d /nél) +EV,Ey (yd /nd) +E E); (yd Iy, )]

2 1 1) [Vl 2
]Sy,z +(Z E SYd + ;d Wd2SYd2 (7
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B
ny
Where,

S yzd = Variance of the whole domain population mean of

the study variable Y,
Sﬁd =Variance of the domain population mean for the
2

stratum of non-respondents for Stratum of non-respondents
for the study variable Y,

Consider also

=—=Var ()_Cd)
1 _ _
= —_2[1/1 [Ez (% /nd)] + L [Vz (xd /14, )ﬂ
d
2
= L_L Si.q.W Ve, ~
v2 d,
ng Ny )Xy ny
Where,
Sf = Variance of the whole domain population mean of

e o] 55

1
X7, E[(y %) (%
d*d

37

)_(
Sxd Syd
Xde Xd Yd

oo |35 B

Next,

C2 1 L C2 + de -1
Nd ny na/, Y ng

Cov[ (yd /nd)E()_cd /nd)]+)_(1

vy, ~1 W
+
n, deZJ’dz d, X Yd

2
J Wdz CMZ

the auxiliary variable X,
Vi, = The inverse sampling rate
Sf = Variance of the domain population mean for the

stratum of non-respondents for Stratum of non-respondents
for the auxiliary variable X,

fé—)?d:lz_ 1 — 2
Ml = — %, - X,

Next consider E(sj ) =E { =
b 4 Xd

:_—5 Var ()_ca/, )

(NS
Xil Ny ”Zl

= L_L Sfd (9)
”Zl Ny Xd

Consider,

-X,)]

[Cov( dxd)/ndJ [Cov( dxd)/rdJ

de d*d

E[Cov()_/dfd ) / 1, J

dd

xdz J’dz

(10)
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[ (7 -7 - %)

Xa¥y
= 7 Cov(fd)_cd/)
= 7 Cov[E()_/d/n‘/,),E()_cd/n:l)}+%E[Cov(J7dE‘;)/n‘/]}+A_/dl?d E[Cov(frdzfrdz)/n‘/,}
S. S
Consider, . —
o A
E[edledz]ﬂ[[fd:xd](fi:Xdﬂ SR
Xq X4 _ —
| (e )X 1+5,,)
:%EIEZ[(E[, -X%,)(% —)?d)/né,:| Xy (1+e,)
d
[lise)0ve)
_ S: =Y, : :
el w L

S 2 _= 2
3.1. The Bias of the Ratio Estimator del and Ydl?z =Y [(1 T &y, TEu, TEEa, ~Ea T &4 € Ca, TE )J (13)

The ratio estimator of Yo, and Yy, can be defined as; 377 Bias of Ratio Estimator 17‘1”
1

voo_Vd = _ v Va - _ . = .
del ==X, =1yX; and Yy = =1 Xg 14X, respectively ~
Yd Xd The bias of the ratio estimator YdR is given by,
1

Proposition 1

Define Y, as
R

Yd [___/] CXd (CX,,J _pxdydcyd )+( ;ld ]Wdz dez (th’z _px‘lzy“’Z Cx"Z)

Where,

S, S, s
de :)—(—d,Cyd = )—;}d , de = )_(dz and Cyd :%
d d ’ d ? d

Syzd = Variance of the whole domain population mean of the study variable Y,

S yzd =Variance of the domain population mean for the stratum of non-respondents for Stratum of non-respondents for the
2

study variable Y,
Sfd = Variance of the whole domain population mean of the auxiliary variable X,
Va, = The inverse sampling rate

Sﬁd = Variance of the domain population mean for the stratum of non-respondents for Stratum of non-respondents for the
2

auxiliary variable X,
Proof

S _ e _ 2
de1 =Y, [(1 tEy tEy YEEy —EG TE 4 Ey TELE, TE )}
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1+E gd +E(gd )+E(gdogd2)—E(edl)—E(edogdl)—E(gdlgdz)+E(€§1)”

el
<1+ el - elee ) (e )

=7, 1+ - c.c, -| -] c c 2=y c. c, -|L-Lle
~d Z N_d pxdyd Xa " Va E N_d pxdyd Xa " Va n, d2pxd2yd2 Xdy Y, Z N_d Xa
v, —1
+(L_LJC§1 +[ dz ]Wdzc}%d :|
ng Ny ny :

- 11 Ve, ~1
- Yd I:l+[a__/](CXd _deYd de CY41)+[ ny ](Wdz Xa p)‘dﬂdz Xd, C)’dz ):l

ny
S - = 1 1 Vg, ~1 )
E(del )_Yd - Yd [[Z_ZJ( pxdyd Xa CYd ) [ ny ](Wdz C)‘d _pXJZJ’dz C)‘dz Cde )
. = - 1 1 2 d _1 2
Hence Bias of Yde - Yd n_ T (de - pded de C)’d ) + (Wd C - ’0%1 Yy CMZ C)’dz )
d Ny g

3.1.2. Bias of Ratio Estimator Zf,
2

Proposition 2

The bias of the ratio estimator I?d is given by, Y, LI 0 S_x" S_i +W, p S_Xi Sf"z
Ry d ny n; XaYa Xd Yd d, Xay Yy Xd Yd

Proof

A

el g _ yd - _ —
Define ¥, as Yo, ==7%; =74%,
Ry R Xy

Z,(l+£d0))?d(1+£d])

X, (1+£d2)

(1+e, ) (1+2,)
(1+.,)

—v 2
=Y, [(1 HEy HE, HE Eq T Ey TEg Eq ~EsEa FEL )J

L

ZRZ =Y [(1"'5(10 Y&y Y€ Ea ~Ea, T €4 6a, ~€a €, "'532 )J
B\ ) =T (142 (e )+ B (o) + B (oo ) - (o) - B(enen ) Elenes )+ £(2))]

=7, [(1+E(a‘do£d1)—E(é‘(;zofazz)_E(‘Edl‘gdz)JrE(‘g‘f2 )H

2
e, S S (L L S S ety T T (11T
d n, Nd XqVa X, 7, n/d Nd XqYa X, 7, n, dy Fxay Y, X, Y, n, Nd )_(5
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. = - 1 1 Sx Sy Vd _1 Sxd Syd
Hence Bias of de2 =Y, [(Z_EJ Py, )_(—"?—dd + ;d Wd2 p%ydz )_(; }7;

3.2. Mean,Square Error (MSE) of the Ratio Estimator Yd .
and Yd Sa

Ry

The ratio estimator of I?dR and I?dR can be defined as;
1 2

_Yd =l _ . = SV~ . < .
dy == Xa TTaXa and Yo == X4 = 14Xy respectively
X X
‘. R, =Population ratio of Yd to Xd
Proposition 3

=S, +S: Ri-2p, , RS, S

2 Q2 202 _
SdRZ - SJ’dz +Rd Sxdz 2'0 Xdy Vi Rd Sxd S

35

Xa " Va

Y

With the notations def ned as in preposition 1 above and

The mean square error (MSE) of the estimator defined by Proof N
A i By definition,
dy = _—dfé = rdfé is given by,
R X, A R . 5
MSE(YdR] ) = E[Ydm —Yd} _E{y_d X - gj}
1 1 1 1 v, —1 X,
EREA PR RN
na Na fla Mg 1 & Substituting the values of equations (5) we obtain
Where,
_ _ 2
T (1+,, )%, (1+2,) -
- “la
X, (1 te, )
— 72 (1+Ed0)(1+£d2) 2
e o PR A Y A

(1+£,)

—vy2

£, )(1 -&, +£§1 +...)}2

— 2
—v2

=Y} [E(gjo ) +E(£§1 ) +E(£§2 ) +2E(€d0€d2 ) —2E(£,],0(sd1 ) —2E((s[,,1 £, )J

2 2 2
1R T Y (S O VIO (27 s
ng No)Y) \nma my )Y} g 5

S. S S?
-2 pxd Y Wdz — -2 L_L _xd ]
2742 X Yd n; Nd X;

= i/—i 2+ L_L/ s? + L/_L S R2
n, N, ¢ ng ny ¢ n, Ny ¢

52 -1)S;
+ L/—L _x‘; + Wd de _dz
ng Ng )Xy o Xj

+2 L—L s, Sy" —=L-2 LN Yo, %{’S_i
n, N, Prasa X, Y, ng, N, )X, v,
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d, -1

1%
- [i/—ijsfdkj+ (
ny Nd

ny

1 1 1 1
+2 (E_N_d]pde’deSXdSJ’d _Z[Z_N_d]pxdydeSdeyd
1 1 5 1 1 5 2
(Z_N_dszd + Z_Z]{SW +SXde _szdeRdSXd S)’d}

2 2¢2 _
]Wdz |:SJ’d +Rd Sxd 2p Xdy Vi Rd Sxdz

=L
ny

2
+
SYd

Voo
X4 s given by,

%

R
ny Nd “

[ o2 202 _
] ]Wdz SIHRISL <2, RiS,, Sydz}

L
Nd

The mean square error (MSE) of the ratio estimator ?d,q

/2 2 2 p2
= + +
S de SJ’d Sxd Rd 2’0 XaVa Rd Sxd SJ’d
/
2 2 2q2
= + +
Sd Ry SJ’dZ Rd Sxdz 2p Xay Yy Rd Sxdz SYdZ

With the notations as defined in proposition 1 above

Proof

MSE of ¥, :MSE(Z,Z):E[Q,Z -
3 R R

—E| 2L %,
L *a
=F )701

Ry

T

(1+,,)

(1+£d0)(1+£d1)

— 2
— y2

2
el

Y

-1

i

v 2 2
Y; E[(é‘d1 +te, tE, &, —(sdz)(l—ed2 +ey, +)}

2

2 2
S)’d +[Vd2 _IJW Sydz
72 dy 372
Y, g Y;

2 2

SXd +(Vd2 _1]W Sxdz

2 dy, 2

X, g X

)+E(£§2 ) +2E(£{],0(sd1 ) —2E(£dO£{],2 ) —2(,5,],1 &, )J

L
ny

S

Ya,

]
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v, —1
Lo ges? o YTl g2s?
n, Nd d n, 2 dr

11 Va, 71
+2[Z_N_dexdydeSX4SM +2[ :l JVV“’szdzydz Rdedz SJ’dz

d

11 11 )nes
_Z[Z_N_dexdyu’Rdeu’Syd _2(_/__]R‘!SXLJ

1

— 1 1 2 1 2 2 p2
_(E_N_dijd +(Z_”_/J(Syd +Sded +2'0XdJ’deSdeJ’d)

de

ng

d
-1
2 22
+[ ]Wdz (Syd +Rded2 +2,0xd2yd2 Rdedz Sydz)

1

-1
n[/i Nd Ya n, n[/i R n, 2 Ry

4. Estimation of Sample Size in the
Presence of Non-Response

Estimation of domain mean is developed using double
sampling design based on the technique of sub-sampling of
both the study and auxiliary variable of the non-response
with unknown domain size. A study of cost surveys is
therefore considered where a non-linear cost function is
employed in obtaining the optimal sample sizes by
minimizing variance for a fixed cost

4.1. Optimal Allocation in Double Sampling for the
Estimation of Domain

An optimum size of a sample is required so as to balance
the precision and cost involved in the survey. The optimum
allocation of a sample size is attained either by minimizing
the precision against a given cost or minimizing cost against
a given precision. In this study, a non-linear cost function has
been considered.

Denote the cost function for the ratio estimation by

(14)

)
_ .
oF —Cd(nd) +Cq, Mg T Cq My T Ca Ty,

Where,

cé, = The cost of measuring a unit in the first sample of
size nc/,

¢y, =The cost of measuring a unit of the first attempt on
v, with second phase sample size n, .

Cy = The unit cost for processing the responded data of y,
at the first attempt of size n, .

¢;, = The unit cost associated with the sub-sample of size

7, from non-respondents of size n,
2 2

However the first sample of size 75 and sub-samples of

size 7z, are not known until the first attempt is carried out.
The cost will therefore be used in the planning for the survey.

Hence the expected cost values of sizes 7y, and 7z, will be
n
. - - d
given by; g =Wyn; and 7a, =W T
d2

Hence the

expected cost function is;

g n
e d
E[C,]=Cy = < (”d) +eg, g Feq g T eq, Wy, .
2
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6+1
Ch= ¢ (”; )H tny ( Cay TCaWa, Fcq, I;de ] (15) = _Syzd +S§R1 +Acy (né) =0
d
2 / o1 _ 2 _ 2
4.2. Results for Double Sampling for Domain Estimation in Acy ("d) =8, =S, dy,
the Presence of Non-Response

. 6+1 S2 _Sj

Proposition 5 ( " ) =t m
The variance for the estimated domain mean for the /10;6’

. . v o =Ya - . .
estimated domain mean Yy, =3 e is minimum for a ) ) )
. d Let Sy, =5, —Sde >0, thus,
specified cost C; when,

2
, (n/ )9+1 _ Swd
1 4 =
§2 e Ach0
- ]
ny = U
Geq 1 1
2 — 2
P O P UE R g+
SZ _ SZ ng = / - / O
dy, Wa, dy, Ac, 6 c,0
(cd +c, W, ) . . . .
0 o Next the partial derivative with respect to Va4, obtained as;
e (53,53 w,s2 A
vy, = o] 0G(W,) _VaSa, _AcWana =0
a 2 = - =
SdR2 (cdo +cd1 Vle) avd2 ny ij
Where, 2
Wa,Sa,, _ Acg Wyng
2 _ 2 _@2 2
Sey =Sy, =Sa, >0 & Vd,
2_.2 2
O :i /]Cdedznd _vdZWdZSdRZ
A
S =82 +S2R2%2p, | RS, S _May A, 17
dy ~ Sva w a2y, y, Kadx, Oy, Va, = S, (17)
Ry
2 2 2a2
= + + . .
Sdaz Sydz R Sxdz —2'0% Yay R4S Xa, Sydz Consider the equation
Proo
4 . . / G(Wd)zi/_Lsi“LL_l/ S, . W,,S;
To determine the optimum values ofv, , n; and n; that ng Ng) 7 \nmg nyp) ™ \ng mg ) "0

minimizes variance at a fixed cost, define

A Wa, .
_ +A| ¢ (nd) +ny| ¢y tey Wy ey — |-Cy (18)
1 1) (1 1) (V] 2 R
G(Wd) =l |8, | — |8y | —=—— W, S 2
Ya 2 dp,

ny N g omy ) ny
But from (17),
al (Y Wa, \_ Do
+ Cd I’ld + I’ld CdO + Cdl Wdl + Cd2 . Cd (1 6) Vi _ cdz
Y, no S,
To obtain the normal equations, the expression of Equation and
(16) is differentiated partially with respect tov,, , n, and n[/i ,
and the partial derivatives are equated to zero Mg _ S dry (19)
V4 Ac
2 2 2 dy
oG(w,) _-S

= a4 dy +Ac 6(n 6-1 =0
/ N 12 CaY\ Ny - Substituti his in E . 1 btai
ony, n; n; ubstituting this in Equations (18) we obtain
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g Sd %
"'/]{ Ca/i(”a/t) "'”d[ cq, Teqa Wy J+cd W, —= j_cd } (20)
0 1 d 2 2\/@

The partial derivative of the equation (20) with respect to n, is obtained as

oG(w,) _ Si, VS,

= + + =
on 2 2 (Cdo Cdl Wdl ) 0
d ng ng

2 2 2
== +W + +c, W =
Sde d, SdRZ Ang (Cdo Ca,"a, ) 0
2 2 2
+c, W, | = -w
Ang (Cdo €a,"a, ) Sde dy SdR2

2 2
Sdkl —WdZSdRZ
A (cdo e Wy )

=

S2 -w, S2

de d, dR]

nd = |:| -_—

Cdo +Cd1 Wdl

[Ac
Where O =% But v, =5 L 0, from equation (19)
dy,y

Thus,

2 _ 2
Cdz (Sde VVaI2 Sa!R2 )
7
SdRz (Cdo + Cdl Wdl )

de =

To obtain A the values of Va,» g and nfl are substituted in the cost function equation (16) and then solve for the value of A .

Suppose the cost function is given by

e (Vs fe W+ Wa,
Cy = Ca\a ng| Cay, TCa W, Cd2~v_
d2

Then,

2n

Let,
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The equation (20) becomes;

AN 0L +BA 2 —C=0

(22)

If @ =1 and substituting this value in the equation (20) we obtain a linear equation of the form

With the values of 4 and B defined as;

A:(C;);{Sg ]2, B:(Cdo +Cled1)

Solving the linear equation solution obtained is,

1= /A+B
C

When g-1 and substituting this value in the equation (22)
3

we obtain a linear equation of the form,

1 1

AN 4 +BA2-C=0 (23)

With the values of A4 defined as;

1
ol

While B and C remains as carlier defined
Solving the equation (23) solution obtained is,

4

Proposition 6

If the expected cost function is of the form ci=

W

/ / d .

c; logn +nd( cq, +ea Wy +cd2-7v : then the variance of
d,

the estimated domain mean y; is minimum for a specified

2 2

W, Sy, \Jea, and C=C

Cq, Fy, Wd1
cost C; if;
2
e S 0
oc,
2 2
0= D (Sde _WdZSdR )
, =
(cdo +ey, Wdl)
2 2
Cd (Sde _Wdz Sdkz )
Ve, =13
2 Sd (Cdo +Cledl)
Where,
1
] :7
Proof

The proof for n, and v, is the same as the one in

proposition 5 above. For né the Lagrangian multiplier

technique is used.
Let,

11 1 1 Vg, ~1
G(Wa) =| == |3, *| — == [Si, | —— |WaSi,
ny Nd Ny ny 1 ny 2
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w. R
+/1[ cylogn +”d( Cay FCa Wy +cy, vdz ]_Cd } (24)
d2

To obtain the normal equations for the expression (24) the
equation is differentiated partially with respect to né and the
partial derivatives are equated to zero

2 2
0G(Wy) _ =Sy, , Siy , Ac, o

/ 2 2 /
on n; n;  ny
2 2 /o

= - + + =

S5, Sde Acyn; =0

I —q2 _q2
Acyng =85, Sde

(1 1), (1
G(Wd) —(n—/_N—dJSyd +(E
d

= L—L S}% + L_
”[/1 Ny ! ny

S G e
g oy

S
2 2 2 | ®y _
{ (Sdkl W, SdR2 ) vy, W, SdR2 } Nd +V |=0

2 2
S)’d Sd R

/=
ny =
Ac

But, Sg, =S, =Sg, >0, thus,

2 2
/ _Swd — Swd 0
ha == =177
Acy ¢y
n=1
A

To solve for A, let the variance be given as V| then

substitute the values of v, , n,; and n[/, into the equation,

v, —1
_1/ S5+ 2 Wy Sa, =Va
n, R n, 2 AR,
1 |2 Va, ~1 2
— |82+, $2 -¥ =0
n R n, 2 Tdg,

2

(25)
d

Substitute the values of v, , n, and nc/, into the equation (25) and simplify to obtain,

/ / ;=
Acy +\/7[\/(Sa21,¢1 -y, Sjkz )(Cdo +teg Wy, )} +W,, Sj,gz cq, “V4 =0

Let,

(26)

S2
* | — ./ — 2 2 2
v -[Nd' +V0], A=c and B -\/(sde W, 53, )(ea, +ea )+, 3, Jeu,

Thus equation (26) becomes,

1

AA+BA2 -V} =0 27)

Solving for A in equation (27) the solution becomes,

(Vo i) -]

24

A=

5. Conclusion

From the results it is noted that as values of first sample
domain size ( n[/, ) tends to ( - ) domain population size (N, ),

second sample size ( n, ) tends to (a) né, and inverse

sampling rate ( v, ) tends to (a) 1 then the MSE tends

asymptotically to 0. From theoretical analysis it is observed
that the Mean Square Error of the proposed estimator will
decrease as the sub-sampling fraction together with the
number of auxiliary characters is increased. As the sub-
sampling fraction also increases and the value of & increases

then the values of nc/, and n,; are minimized with the

reduction in the value of Lagrangian multiplier (A) which
minimizes the cost function.

References

[1] Aditya, K., Sud U., and Chandra H., (2014). Estimation of
Domain Mean Using Two-Stage Sampling with Sub-Sampling
Non-response. Journal of the Indian Society of Agricultural
Statistics 68 (1) pp. 39-54.

[2] Cochran W. G., (1977) Sampling techniques. New York: John
Wiley and Sons, (1977).



42

[3]

[4]

[5]

[7]

Alila David Anekeya ef al.: Domain Mean Estimation Using Double Sampling with Non-Linear Cost
Function in the Presence of Non Response

Chaudhary M. K, and Kumar A., (2016). Estimation of Mean
of Finite Population using Double sampling Scheme under
Non-response, Journal of Mathematical Sciences 5 (2), 4 pp
287 297.

Gamrot, W., (2006). Estimation of Domain Total under Non-
response using Double Sampling, Statistics in Transition, 7 (4)
pp. 831-840.

Hansen M. H. and Hurwirtz W. W, (1946). The problem of
Non-response in Sample Surveys, The Journal of the
American Statistical Association, 41 517-529.

Kalton, G., and Kasprzyk, D (1986). The treatment of Missing
Survey Data, Survey Methodology, 12 pp. 1-16.

Meeden, G., (2005). A Non-information Bayesian Approach
to Domain Estimation. Journal of Statistical Planning and
Inference, 129 (2) pp. 85-92.

(8]

9]

[10]

[11]

[12]

Oh, H. L, and Scheuren F. J., (1983). Weighting adjustments
for unit non-response, In W. G Madow, I, Olkin And B Rudin
(Eds), Incomplete data in sample surveys New, York
Academic press, 2 pp 143-184.

Okafor F. C, (2001). Treatment of Non-response in Successive
Sampling, Statistica, 61 (2) 195 204.

Sahoo, L. N and Panda, P., (199). Estimation Using Auxiliary
Information in Two-Stage Sampling, Austrialian and New
Zealand Journal of Statistics 41 (4) pp. 405-410.

Srivastava, S. K., Jhajj, H. S., (1983). A Class of Estimators of
Population Means Using Multi-Auxiliary Information. Cal.
Stat. Assoc. Bull. 10 (2) pp. 47-56.

Udofia G. A., (2002). Estimation for Domains in Double
Sampling for Probabilities Proportional to Size, the Indian
Journal of Statistics 63 pp. 82-89.



